
STAT 902: Advanced Data Analysis

Residual Analysis and Prediction in

Longitudinal Data Analysis

Matt Wand
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Pig Weights Example

Recall the longitudinal data example
involving

9 repeated measurements

on
48 (Victorian) pigs
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Random Intercepts Model

weightij = Ui + β0 + β1 weeksij + εij

where
Ui

ind.∼ N(0,σ2
U)

are independent of the

εij
ind.∼ N(0,σ2

ε).
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fitted random intercept model

weeks

w
e
ig
h
t

20

60

2 4 6 8

!
! !

!
! ! !

! !

18

! !
! ! !

! !
! !

30

2 4 6 8

!
!

!
! !

!
!

!
!

9

! ! !
! !

!
! ! !

41

2 4 6 8

!
!

!
!

!
! !

! !

5

!
!

!
!

!
! ! ! !

4
!

!
! !

!
!

!
! !

27

! !
! ! !

!
!

! !

25

! !
!

!
!

!
!

!
!

26

!
!

!
!

! !
!

!
!

6

!
!

!
!

! !
! !

!

14

20

60
!

!
!

! !
!

! ! !

43
20

60
!

!
! !

!
!

! !
!

1

!
!

!
! !

!
!

! !

28

!
!

!
!

!
!

!
!

!

16

!
!

!
!

! !
!

!
!

36

!
!

! !
!

! !
!

!

8

!
!

!
!

!
! !

!
!

13
!

!
! ! !

! !
!

!

21

!
!

!
! !

!
!

!
!

7

!
!

!
!

!
! !

!
!

12

!
!

!
!

! !
!

! !

20

!
!

!
!

!
!

! !
!

42

20

60
!

!
!

!
! !

!
!

!

33
20

60
!

!
!

!
! !

!
!

!

40

!
!

! !
!

!
!

!
!

3

!
!

!
!

!
! !

!
!

10

!
!

!
!

!
!

!
!

!

11

!
!

!
!

!
!

!
!

!

37

!
!

!
! !

!
!

! !

44
!

!
! !

!
!

!
!

!

31

!
!

! !
!

!
!

!
!

2

!
!

! !
!

!
!

!
!

24

!
!

!
!

!
! !

!
!

22

!
!

!
!

!
!

!
!

!

39

20

60
!

!
!

!
!

!
!

!
!

35
20

60
!

!
!

!
!

!
!

!
!

46

!
!

! !
!

!
!

! !

45

!
!

!
!

!
! !

!
!

19

!
!

!
!

!
!

!
!

!

34

!
!

!
!

!
!

!
!

!

38

!
!

!
!

! ! !
!

!

17
!

!
!

!
!

!
!

!
!

32

2 4 6 8

!
!

!
!

!
!

!
!

!

23

!
!

!
!

!
!

!
!

!

29

2 4 6 8

!
!

!
!

!
!

!
!

!

48

!
!

!
!

!
!

!
!

!

15

2 4 6 8

20

60
!

!
!

!
!

!
!

!
!

47

6

Fitted values

S
ta

n
d

a
rd

iz
e

d
 r

e
s
id

u
a

ls

!4

!2

0

2

4

20 40 60 80

!

!

!

!

!
!

!

!

!

!

!

!

!
!

!

!

!
!

!

!

!

!
!

!
!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!
!

!
!

!

!

!
!

!

!
!

!

!

!

!

!
!

!

!
!

!

!

!
!

!

!

!

!

!

!

!

!

!
!

!

!
!

!

!
!

!

!

!

!

!

!
!

!

!

!

!
!

!

!
!

!

!

!
!

!

!

!

!
!

!

!

!
!

!

!

!
!

!
!

!

!
!

!

!

!

!

!

!

!

!

!

!

!
!

!
!

!

!

!

!
!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!
!

!

!

!

!
!!

!

!

!

!

!

!

!

!

!
!

!

!

!
!

!

!

!

!

!
!

!
!

!

!

!

!

!

!

!
!

!
!

!

!

!

!
!

!

!

!

!
!

!

!

!

!
!

!

!

!

!

!

!

!

!
!

!

!

!
!

!

!

!

!
!

!

!

!
!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!
!

!

!
!

!
!

!

!

!

!
!

!
!

!
!

!

!

!

!

!
!

!

!
!

!

!

!

!

!

!

!

!

!

!

!
!

!
!

!

!
!

!

!

!

!

!

!

!
!

!

!

!
!

!
!

!
!

!

!
!

!
!

!
!

!

!

!
!

!

!

!

!
!

!
!

!

!

!

!

!

!

!

!
!

!

!
!

!
!

!
!

!

!
!

!

!

!

!

!
!

!

!

!
!

!

!

!

!

!
!

!

!
!

!
!

!
!

!
!

!
!

!

!

!

!

!
!

!

!

!

!
!

!

!
!

!
!

!

!
!

!

7

Comments on Previous Two Slides

Close inspection of the fitted red lines shows that the
parallel line assumption

inherent in the random intercepts model is
too restrictive.

This is confirmed in the residual plot which shows a
pronounced

bow tie pattern.
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Random Intercepts and Slopes Model

A remedy is to allow each pig to have

his/her own slope...
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Random Intercepts and Slopes Model II

weightij = Ui + β0 + (β1 + Vi) weeksij + εij

where
[

Ui

Vi

]
ind.∼ N

([
0
0

]
,

[
σ2

U ρUV σUσV

ρUV σUσV σ2
V

])

are independent of the

εij
ind.∼ N(0,σ2

ε).
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fitted random intercept and slope model
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Comments on Previous Two Slides

Close inspection of the fitted red lines shows that the
lines have slightly different slopes

The residual plot is now showing
no systematic patterns

The second model is an improvement.

14

Fundamental Question

How are the red lines fitted?

15

Partial Answer

The fitted line for the ith pig is

Ûi + β̂0 + (β̂1 + V̂i) weeks

The fixed effects estimates β̂0 and β̂1 are obtained via
maximum likelihood.

How about the random effects counterparts: Ûi and V̂i?
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Answer

Maximum likelihood not defined for random effects.

We need to appeal to best prediction theory:

Ûi = best predictor of Ui given (weight) data

i.e.

Ûi = E(Ui|y)

where y is the vector of weight observations.

Similarly for V̂i.
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Whiteboard Interlude

We will now go through the mathematics
of

best prediction of random effects
for general linear mixed models.
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