Advanced Data Analysis

Whiteboard Lecture

Prediction

Much of undergraduate Statistics is concerned
with estimation of fixed (non-random) quantities
such as:

pu = mean travel time of company’s workers

p = proportion of American voters preferring
Sarah Palin as next President

B1 = coefficient of birthweight in a
logistic regression

How about random quantities such as:

X = tomorrow’s maximum temperature in Canberra

Y = US dollar exchange rate on 2nd May, 2011

1 if South Sydney win their next game
Z = .
0 otherwise



The word prediction is usually used when the
target is random.

Suppose X and Y are defined by

X = today’s US dollar exchange rate
tomorrow’s US dollar exchange rate

|.<
I

and suppose we have a probabilistic model
defined by the joint density function

fX,Y(wv y) — [w7 y]'

Given that X = 0.91 what is a good prediction
of Y?

More formally, we want g(-) such that
g(X) ‘closeto’ Y

In estimation theory
0 ‘closeto’ 0

is often measured via mean squared error:
MSE(0) = E{(6 — 6)?}.
In prediction theory we have

MSE{g(X)} = E[{g(X) — Y}"].

i.e. choose g(+) to minimise

E[{g9(X) — Y}* = MSE{g(X)}.



RESULT Answer

The best MSE predictor of Y based on X is

g*(X) = E(Y|X). yla] = [z, y]
. . []
It is often called the best predictor (for short). - 2122y
B f; 21x2y3 dy
Proof to be given a little later. 4y3
= 2 <<y <l.
1—=x
Example
BY|IX =2) = [ ylyleldy
[z, y] = 212%y°, O0<z<y<l. . /1 4y* p
), 1 —xt Y
. 4(1 — x°)
X is observed to be 0.254. = — 7 0<x<1
5(1 — x4)

What is the best prediction of Y'?



So the best predictor of Y is

4(1 — X°)
(X) = .
If X = 0.254 we get
4(1 — 0.254%)
= 0.802.
5(1 — 0.2544)

Our best prediction for Y is 0.802.

Proof of Best Prediction Result

We will do the proof for X and Y both
continuous.

MSE{g(X)} = E[{Y — g(X)}?]
— B (E{Y — g(X)¥|X))

N /_O:o (/_o:o{y —9(@)} frix(ylz) dy) fx(z)dz
= /_o:op($)fx(m) dx

where p(z) = [%_{y — 9(=)}* fy | x (y|z) dy.

Note that

p(x) >0 forallx € r.

MSE{g(X)} is minimised by minimising p(x)
pointwise for x € r.

For example, if x = 2.7,

p) = [ {y—9@DPx(ul2) dy

Let ¢ = g(2.7). We need to choose ¢ to
minimise

p21) = [ " (v — )2y x(w]2.7) dy



g*(2) = E(Y|X = )

op(2.7)
Oc

=2/ (v — &) Frix(y]2.7) dy
=0

if and only if

Hence,
c / Frix(y]2.7) dy = / yfyix(y]2.7) dy

— o0

cx1 = E(Y|X =2.7) g (X) =E(Y|X).
c = E(Y|X =2.7)
g(2.7) = E(Y|X =2.7)

Repeating the same argument for general x we
get



