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1.

(a) According to a particular model, the exchange rates, X and Y, of two currencies
with respect to the Australian dollar have joint distribution

X 41 9 8
(8 s )
If X is observed to be 39.2 then what is the best prediction of Y7
(b) Let Xi,..., X, be modelled as a random sample from the distribution

[z;0] = az® '™, >0, a>0.

Write an algorithm for maximum likelihood estimation of a. The algorithm
should be refined to the point that it can be directly implemented in a computer
programming language such as R.



(a) Consider the generalised linear model with log-likelihood
((B) = y"XB + 17 (=2XB)" + 1" c(y). (1)

Here y is a vector of responses, X is a design matrix of predictors and c(y)
involves normalising factors that do not depend on .

(i) Derive the Fisher information matrix of 3.
(ii) A quasi-likelihood extension of (1) is

gl(B,0) = (y"XB +17(—2XB)"/?) /¢

where ¢ > 0 is a dispersion parameter. If B is the estimate of § and ¢ is
estimated to be 4.71 then obtain an expression for the standard errors of
the entries of g.

(b) The simple random intercept model for longitudinal data is
Yij = Bo + Ui + bixij + €45.

where
d.

U; N N(0,0%), independently of &;; ~ N(0,02).
Derive an expression for
COV(yz'j7yz'j’)7 J ?é j/v

and simplify as much as possible. This corresponds to the covariance between
repeated measurements on the same subject.



3. Nanette Corrigan is an obstetrician working with and researching the inhabitants
of Mussau Island in Papua New Guinea. A current research project involves risk
factors for rubella in new-born babies. A survey involving a random sample of 107
births leads to a logistic regression model of the form

logit{ P(y; = 1)} = Bo + B1 w1; + B T

where, for birth 7,

y; = indicator of rubella,
xry; = maternal age in years,
and x9; = glycemic control index

for 1 <1 < 107.
Nanette fits the model using R and obtains the following output:

Call:
glm(formula = y ~ x1 + x2, family = "binomial")

Deviance Residuals:
Min 1Q Median 3Q Max
-2.2029 -0.5420 0.1407 0.5279 2.1464

Coefficients:

Estimate Std. Error z value Pr(>|z]|)
(Intercept) -7.94435 1.81804 -4.370 1.24e-05 **x*
x1 0.16901 0.04726 3.576 0.000348 x*xx**
X2 7.27934 1.36447 5.335 9.56e-08 *x*x

Signif. codes: O ’**x’ 0.001 ’*x’ 0.01 ’x’ 0.05 ’>.” 0.1’ > 1
(Dispersion parameter for binomial family taken to be 1)

Null deviance: 148.100 on 106 degrees of freedom
Residual deviance: 84.844 on 104 degrees of freedom
AIC: 90.844

Number of Fisher Scoring iterations: 5

(a) Let

1 @107 2107

and ,B be the 3 x 1 vector of maximum likelihood estimates of (3, #; and fs.

Explain how, given X and ,/8\, computation of the standard errors can be per-
formed.



(b)

()

Nanette decides to perform some diagnostic checks on her model. The first of
these involves a normal qg-plot of deviance residuals

d == (dl,...,dlo'y)

which are given by

d = 2sign(y — i)/yT In(y /) + (1 —y)"In((1 —y)/(1 — &)

where PO ~
pi = 1/{1 4+ exp(—0Fy — Bix1; — Poxa;)}

The sign function is defined by

—1 ifx<0
sign(x) = 0 ifz=0
1 if x> 0.

If (211, 291,91) = (24,0.7,0) then what is the value of d;? Simply your answer
as much as is possible without the aid of a computer or calculator.

Nanette obtains the normal qg-plot of the deviance residuals, which is shown
below. Briefly comment on this plot in the context of Nanette’s analysis.

Normal Q-Q Plot
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Nanette then obtains partial residual plots, which are shown below. Briefly
comment on these plots in the context of Nanette’s analysis.
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(e) The complementary log-log regression model for these data is

C{P(y; = 1)} = Bo + Brw1; + Bo 29

where the function C' is given by C(p) = In{—In(1 — p)}, 0 < p < 1. Obtain
an expression for the likelihood of ((y, 81, 52) according to this model.



4.

(a) Alvin Semba works as a statistician for the Yundini wine investment consor-

tium. Yundini recently commissioned a 10-year study where 87 vintages from 3
different countries, Australia, Chile and France, were followed. Quality scores
based on expert tasting were recorded every 3 months. For 1 < ¢ < 87 and
1< <40 let

y;; = quality score for vintage ¢ at the jth recording,

1 if ¢th vintage is from Chile
C; = .
0 otherwise,

f = 1 if ¢th vintage is from France
| 0 otherwise,

and
a;; = age in years of vintage ¢ at the jth recording.

Alvin decides to fit the additive mixed model

25

Yij = Bo+ Beci + By fi + Ui + Boayy + Zuk(aij — Kk )+ + €ij (2)
k=1

where K1, ...,k are knots, By, §; and [ are fixed (non-random) regression

coefficients, U ..., Us; ~ N (0,0%) is a random vintage effect intercept and
ind.

Uy, ..., U ~ N(0,02%) are random spline coefficients and independent of the

U;. Lastly, €;; ~ N(0,02) are random errors independent of the U; and u;.

(i) Alvin would like to fit (2) using mixed model software. This involves
writing it in the form:
y=XB+Zu+c¢

u 0 G O
HEHEEY)
What are the matrices X, #, Z, u, G and R for Alvin’s model (i.e. (2))?

(ii) It can be shown that the maximum likelihood estimator for 3 satisfies

ﬂ — (XTV_1X)_1XTV_1Y

where V = Cov(y). Use this to obtain an expression for

Cov(p)

and simplify as much as possible.

(iii) Describe how Alvin should assess the difference in quality between French
and Australian wines. Your answer should include a (point) estimator for
the mean difference and a measure of the estimate’s variability.



(b) Let (x;,v;), 1 <i < n, be aset of predictor /response pairs. The nonparametric
regression model for these data is

yi = f(xi) + &

where f is some smooth function ¢;. The vector of fitted values for a penalised
spline smoother can be written in the form

y)» = C(CT'C+ AD)'CTy

where C is an n X L design matrix containing polynomial and spline basis
functions of the x;s and D is a L x L diagonal matrix of zeroes and ones.

The generalized cross-validation criterion for choosing A is

RSS(\)

where RSS()\) = ||y — ¥a||? is the residual sum of squares and
df(\) = tr{C(CT"C + \D)'C"} (3)

(i) Obtain an explicit expression for RSS(A) involving quadratic forms in y
(i.e. those of the form y” Ay) and simplify it as much as possible.

(ii)) The degrees of freedom expression (3) suffers from the problem that it
involves the n x n matrix C(CTC + AD)~!C”. This can lead to storage
problems when n is large. Show how matrix algebraic manipulations can
overcome this problem.



5. Consider the (frequentist) Poisson mixed model
[yilu] '~ Poisson{exp(XB + Zu);},

[u] ~ N(0,0°I).

where u is a ¢ X 1 random effects vector. The likelihood for estimation of (3, 0?) is
L(B,0%) = (2r0?) q/2J (B, H 1/y;!)
i=1

where

ulu
J(B,0°%) = / exp {YT(X,B + Zu) — 17 XPr2n _ —} du.
Ra

202

Use Laplace’s Method to approximate the log-likelihood ¢(8,0%) = In{L(8,0?)}.
All working should be shown.



(a) Consider the Bayesian normal linear regression model
[y1B.0%] ~ N(XB,0°T)
with prior distributions
(8] ~ N(0,031), [0?] ~IG(A, B).
(i) Derive the full conditional distributions

[Bly,o? and [0%8,y]

(ii) Let B and (0)!! be initial values of B and o2 respectively, assumed to
be drawn from the posterior distributions [B|y] and [0?]y]. Write down
the set of steps required to obtain the Gibbs samples

AP (0*)P, g and  (0*)F.
(If you do not have a solution to (i) then write your answer in general

terms).

(b) Consider the Bayesian probit regression model: independently for 1 <i < n,

P(y; = 1|B) = ®((XB):), [B] ~ N(0,10°D),

where y; € {0,1} is binary, (Xf); is the ith entry of X, X is a design matrix
(suitably standardised) and 8 is a vector of regression coefficients. Note that
® is the cumulative distribution function of the standard normal distribution.

The posterior [B]y] does not have an explicit form, so a common step to-
wards Bayesian inference is to introduce an n x 1 auziliary random vector
a = [ay,...,a,)" and re-write the model as:

lyla, B] = HI ;> 0)Y 1 (a; < 0)'7Y,

[@|B] ~ (Xﬂ, D),
[B] ~ N(0,10°1).

where, for a logical condition P,

1 if P is true
I(P) = { 0 if P is false.

(i) Determine the full conditional distribution [8|e,y].

(ii) Obtain an expression for full conditional distribution [a|3,y]. The nor-
malising constant can be ignored.

(iii) If y; = 1 then what is the distribution of [a1|3,y]?
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POSSIBLY USEFUL FACTS
The X ~ IG(A, B) then X has density function

A Bl 2> 0.

[z; A, Bl = F?A)

If the d x 1 random vector X has a multivariate normal distribution with mean g and
covariance matrix Y then the density function of x is

Px(x —u) = 2m) "B exp{—3(x — ) = (x — p)}.
For vectors x and a and matrix A,
QSE(X — Aa)gbA(a) = C¢(AT271A+A71)71 (a — (ATZ_IA + A_l)_lATZ_1X>
where the factor ¢ depends only on x, 3, A and A, but not on a.

If x is a random vector, A is a constant matrix and c is a constant vector whose dimensions
are such that Ax + c is defined then

E(Ax+c)=AFEx)+c and Cov(Ax +c) = ACov(x)A”.

The updating step for the Newton-Raphson Method for maximising the smooth function
S(x) over x € R? is:
Xitr1 = X — HS<X1>_1{DS(XZ)}T

For square matrices A and B, |AB| = |A||B|.
If A is a d x d matrix and a € R then |aA| = a?|A].

ME(AEEH)

is a general partitioned normal random vector, then the marginal distribution of x5 is
N (2, Xo2) and the conditional distribution of x5 given x; is

[xalx1] ~ N(py + B By (%1 — py), Voo — B By ).

Multivariate Laplace’s Method

h(x) ~ ph(x0)
e dx ~ e _—
/Rd | — HA(xo)]

where xq is the solution to D h(x) = 0.
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