Treating the z; as fixed and the y;'s as random
we have the probability function of each y; is:
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Whiteboard Lecture

forl <i<n.

In the BPD/birthweight example let

The likelihood of (3, 1) is then

y; = BPD; n
L(Bo,B1) = [[F(Bo+ Brai)”
i=1

x{1—F(Bo+ Briai)}' ¥

r; = birthweight,

1<i<n (n = 223)



The log-likelihood of (3, 1) is
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where logit(u) = In (1 “

), 0<u<l.

Question:
How might we choose F' : r — (0,1)?

Any cumulative distribution function has this
property.

The choice FF = ® leads to what is known as
probit regression.

Probit regression log-likelihood

n

((Bo, B1) = > _[wilogit{ D (B + By z:)}

l:+ In{1 — ®(8 + B zi)}]

Question:  Can we make /£(5, 1) less
complicated?

Answer:

How about choosing F' so that

yilogit{ F'(Bo + Bi17:)} = vi(Bo + Brxzi) 7



Wanted:
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F(u) = logit™" (u).
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Note
F(z) =1

Tte®
is the cumulative distribution function of the
random variable X having density

x

ex

(1+er)?
known as the logistic density.

fx(z) = F'(x) =

Hence, this choice of F' for binary responses is
known as
logistic regression.

An immediate benefit of the simple form of

£(Bo, B1) is

Fisher information calculation.
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= (1,1) entry of I,,(Go, 1)

We will return to Fisher information later.

First, address the problem of finding

(B\o, 31) = maximisers of £(3,, 51).



Streamlined matrix notation:

Y1 1 z
y=| | x=| - ,ﬁ:[
Yn 1 x,

Bo ]
)

Also let
b(x) = In(1 + €%).
— the log-likelihood is

((B) =y"XB - 1"b(X ).

Maximum occurs when

D¢(3) = 0.

Newton-Raphson iteration is:

Bir1 = B — {HU(B,)} 'DLB,).

So we need D/(3) and H{(B) . . .

di(B) = d{y' X8 -1"b(XB)}
y' X dB — 17diag{t'(XB)} X d3
= {y-V(XB)}' X d3

— By the First Identification Theorem, and
using v'(u) = e"/(1 + %),

Similarly,

H{(B) = —XTdiag{t'(XB)} X = - XWX

where



eXP
W = diag{bt"(X3)} = diag {m} :

The Newton-Raphson update is

XB;
o T AT €
Bis1 = B +(X W X)X (y —1+6Xﬂi>

= B+ (X'WX) ' X "Wy}

| . X0
where y3' =Wy |y — ——=5

and is called the
adjusted response variable.

Logistic Regression Fitting Algorithm:
Step 0: Get initial value g.

Step 1: W «— diag {%}.

Step 2: yj — W' <yﬂ — i—X%).

Step 3: B — B+ (X' WsX) ' X' Wy

lterate Steps 1-3 until convergence.



This algorithm is called
iteratively reweighted least squares.

¢(3) is well-behaved so convergence to unique
global maximum often occurs quickly.

(see Assignment 4, Question 2).

Fisher Information for Logistic Regression

I(B) = —E[Hpl(B)]

Tdl " lx
B (=

— T4 €Xﬁ -
— se(1) = 4| (2,2) entry of | X" diag RS L X

Computer Demonstration

We will now demonstrate these results in R.

Extensions

1. Several predictors;
higher degree polynomials.

2. Other GLMs (e.g. count data).



Extension 1 involves simply making or

logit{ P(BPD; = 1)} = [y+ibirthweight,+FoMumSmoker;

where

more general.

For example: MumSmoker; = indicator of Mum of ith baby is a smoker

logit{ P(BPD; = 1)} = 3y + Bibirthweight; + Brbirthweight?

B birthweight, MumSmoker;
set .

1 birthweight, MumSmoker,

[ 1 birthweight, birthweight?

1 birthweight, birthweight?



Extension 2 often simply involve replacing

b(z) =In(1+e)

by other b functions.
e.g. for count data and Poisson model set
b(z) =e"

(see Question 1 of Assignment 4)
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