The Bayesian version is:

Advanced Data Analysis

[y|3,u, G, R] ~ N(X3+ Zu, R)
[u|G] ~ N(0,G)

(8], [G], [R] requiring priors

to be specified.

Whiteboard Lecture

Bayesian Normal Mixed Models

The normal mixed model is Let’s focus first on the special case:

y=XB8+Zu+¢ G:aZI

HEHREE) n=o

(appropriate for the random intercept model).



Common priors are:

(8] ~ N(0,0'EI)
[a‘i] ~ IG(Ay, By)
[0‘?] ~ IG(A., Be)

where [0%] ~ IG(A, B)

BA

—A—1 _—B/o2
m(GZ)Ale B/, 0_2>0

< [0?] =

(Inverse Gamma distribution with parameters
A and B).

Note: ag, A,, B., A; and B, are called
hyperparameters.

These have to be set by the analyst.In the
absence of prior beliefs

AND ASSUMING DATA HAVE BEEN
APPROPRIATELY STANDARDISED

“reasonable” values are:
ag = 108 and

~ 100



Wanted: Posterior distributions: Treating (3, u) as an entity, the full conditionals
are:

[Bly]

[/6, ulaiv 0'37 y]
[uly] [012,,|Bau9 U?ay]
[0§|5a u, 0'37 y]

[o2]y]

[o21y]

BAD NEWS: None of these are available in

qup B, u, Uga Yy
closed form. 028, u, 0%, y] = [ ‘ ]
[57 u, o, y]

GOOD NEWS: The full conditionals are all x [y,8,u,02,07]

available in closed form! = [y|B,u,0? 0'2]

X[8,u,02, 0]

— Gibbs sampling (simplest type of MCMC) = [y|B,u,o0? az]
is available! x [u]B, o2 2] 8, ‘73’ 03]

— [y|/37u 0' 02]

x [ulo][Bllo][o?]

o< [u|o][o]



since [y|,6' u,02,0?%, [B] and [0?] do not o _ly=XB—zu)?
involve o2 ’ [y|8,u, 02, 0% = (2ma?) "2 202
(7

(where ||v]|? = vTv for any vector v).

Question The variable of current interest, o2 does not
appear in this expression, so can be ignored
in the above calculations (absorbed into the
part).

What do we mean by [y|8, u, o2, %] does not
involve o27?

Answer

[y|/69 u, 037 0'3] ~ N(X/B + Zu, GSI)

— So we have



[02|/39 u, Uia y]
[Uzlﬁvua 0'37 y] X [u|ai] [Ui] )
~ IG(A: +
_ (277)—q/2(02)—q/2e—uTU/(203)
BA“
“T(4)

272I|y X/g ZU||2—|—B)-

( 2) —Ay,— 1e—Bu/0'

where q is the length of the u vector (i.e. u is
qg X 1).

This simplifies to Finally,

2 2 2\—Ay—3-1_— 2uTutB,)/o?
[a'u|,8,u, O y] o (G'u) e 2 e, [B,ulaﬁ,aﬁ,y] [y,ﬁ,u 0' 0,2]
[y]8, u, 0' 0'2][/89U7 ]
[y|B,u, o, 02][5,UIUU,02][%,02]
[y|B, u, o3, o218 [uloy][o;][07]
[y|B, u, o7, 72](8][ulo]
0318, u, 02, y] ~ 1G(Au + §, 3l|ull® + Bu). = ¢o21(y — XB — Zu)ﬁbagI(,@)ﬁbagI(u)

= Go2r (y—C[Z])¢[”§’ ] ([51)

|

®

Similarly,



where C' = [X Z].

We have thus established that

l.e.
1B, u|0'§9 Gia y| o< By ulozs ol
3 3 [ (ere e | ! ?D
Po2r (y_C[u])¢[”§I ] ([u]) ot (¢ +@iran [ VT Y ] )
Now apply ‘A Useful Result Involving Normal Gibbs sampling involves:
Distributions’ (hand-out) with Step 0: Get initial values 6[0], wlol (03)[01
(o2)l0],
2
= USI’ A = GgI 21]
Tu Step 1: Generate (8!, ul1) from
A=C, a= m, r =y 8, u|(e2), (a2)1°], y].
to get

Step 2: Generate (o2)1] from

gl o (T AT ) 21800, (02)0), ],



Step 3: Generate (o2)!! from After discarding the first 1000 (say) we should
. have samples from the posterior distributions:
[Uglﬁ[ ]9 u[l]a (ai)[l]a y]

[Blyl, [ulyl, [o2]y], [o2]y]

Step 4: Generate (312, u[2!) from with which to make inference.

18, ul(e2)M, (a2)1, ). ¢ e

Continue until we have

Bl ol (0-3)[9], (Jg)[g]

for1 < g < G, where G is ‘large’ (e.qg.
G=5000).



