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A USEFUL RESULT INVOLVING NORMAL DENSITIES

Definition
Let

φΣΣΣ(x) ≡ (2π)−d/2|Σ|−1/2 exp(−1
2
xTΣ−1x)

denote the density of the d-dimensional N(0,Σ) distribution.

Result

φΣΣΣ(x−Aa)φΛΛΛ(a) = c φ(AT ΣΣΣ−1A+ΛΛΛ−1)−1

(
a− (ATΣ−1A + Λ−1)−1ATΣ−1x

)
where the factor c depends only on x,Σ,Λ and A, but not on a.

Derivation of Result
We may ignore any multiplicative factors not involving a. The left-hand side of the result
is proportional to

exp{−1
2
(x−Aa)TΣ−1(x−Aa)} exp(−1

2
aTΛ−1a) = exp[−1

2
{(x−Aa)TΣ−1(x−Aa)+aTΛ−1a}].

Then minus twice the exponent is

(x−Aa)TΣ−1(x−Aa) + aTΛ−1a

= aT (ATΣ−1A + Λ−1)a− 2aT ATΣ−1x + xTΣ−1x

= aT (ATΣ−1A + Λ−1)a− 2aT (ATΣ−1A + Λ−1)(ATΣ−1A + Λ−1)−1ATΣ−1x + xTΣ−1x

= aT (ATΣ−1A + Λ−1)a− 2aT (ATΣ−1A + Λ−1)(ATΣ−1A + Λ−1)−1ATΣ−1x

+xTΣ−1A(ATΣ−1A + Λ−1)−1(ATΣ−1A + Λ−1)(ATΣ−1A + Λ−1)−1ATΣ−1x

−xTΣ−1A(ATΣ−1A + Λ−1)−1ATΣ−1x + xTΣ−1x

= {a− (ATΣ−1A + Λ−1)−1ATΣ−1x}T (ATΣ−1A + Λ−1){a− (ATΣ−1A + Λ−1)−1ATΣ−1x}
+terms not involving a

Therefore exp[−1
2
{(x−Aa)TΣ−1(x−Aa) + aTΛ−1a}] is proportional to

exp[−1
2
{a−(ATΣ−1A+Λ−1)−1ATΣ−1x}T (ATΣ−1A+Λ−1){a−(ATΣ−1A+Λ−1)−1ATΣ−1x}]

which is proportional to the right-hand side of the result.


