Hence
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Laplace’s Method and PQL
By the First ldentification Theorem
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D h(u) = %{y —VXB+Zu)}'Z -u'G.

The likelihood is:
The stationary point uy needed for Laplace’s

i Method solves:
L(B,G,¢) = (2m) e VG712 (uis gx1)

where D h(uy) = 0.
J = / "W du
Ra
and This can't be found analytically so need
T Newton-Raphson iteration:
hu) = y (X8 + Zu) _¢ 1"b(XB + Zu) LG P

g1 = ug; — {Hh(ug;)} 'Dh(ug;)"



The Hessian matrix required for this iteration
can be shown to be

Hh(u) = —%ZTdiag{b”(Xﬁ +Zu)}Z - G

After obtaining uy we approximate J by

g [ (M7
—[HA ()|

This leads to the approximate log-likelihood

yI(XB + Zuy) — 176(X 8 + Zuy)
¢
+17¢(y) - %uOTGfluo
—iIn |1+ GZ" diag{t'(XB + Zuy) } Z|

UB,G,¢9) ~

The last term is usually dropped, based on
the argument that b”"(X8 + Zuy) is relatively
constant as a function of 3, leading to:

y'(XB + Zug) — 176(X B + Zuy)
¢
+1%c(y) — tuf G 'y

(p,G,¢) ~

The GLMM approximate fitting method known
as PQL involves estimation of g by maximisation
of the right-hand side of above expression
using Newton-Raphson iteration.

G and ¢ are estimated with other restricted log-
likelihood approximations.

The main reference for this methodology is:
Breslow, N.E. & Clayton, D.G. J. American
Statist. Assoc., 1993.



Question Why the name PQL?

Answer uy is the PQL estimate of wu.
So estimation of 8 and u jointly involves
maximisation of

y (X8 + Zu) — 17h(X 3 + Zu)
¢

— %uTG_lu.

The second term acts as a penalty for the
random effects component.

So the thing that we are maximising is a
penalised log-likelinood.

For the quasi-likelihood extension we get
penalised quasi-likelihood.

i.e. PQL.

Fisher Information

LM L(XTX)!

N

GLM  XTdiag{t"(X3)/s}X
LMM  XT(R +ZGZ")'X

GLMM ?

In practice the PQL approximation is often
used:

X [diag{Vt' (XS + Z1)/o} ' + ZGZT] ' X.



