Example

Advanced Data Analysis ,
flxy, z2) = da2e®2.

3
= %f(ml,xz) = 8r1e™2

Hessian Matrices and

22 3
- a%ff(xl’m) = Re”2

Statistics
a%zf(:vl,m) = 12x%x%ewg
= ﬁgzzf(xl,xg) = 24x1$§e””§
Definition of Hessian Matrix Example (continued)
Eventually:
f:r? >R
Hf (x) is the d x d matrix with (i, 7) entry 3 ) .3
Hf (2, a9) = 8e*2 24z 125672
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52 2417562 120%19(2 + 373)e™?
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Why Are Hessian Matrices Important in Fisher Information Result
Statistics?

Model is: |
X1, X, R fx(x;0)
where 68 = (6,,...,0,) is a vector.

1. Fisher information of multi-parameter models.
The Fisher information matrix is

2. Solution of multivariate optimisation problems 1,(0) = E{—H((0)}

5

(e.g. maximum likelihood) via Newton-Raphson where ¢(0) is the log-likelihood.
iteration.



Why Do We Care About Fisher Information?

If 6, is the maximum likelihood estimate
of 0 then the
asymptotic standard error

AN

of 0 is

Univariate Newton-Raphson Method

Goal: Maximise S(z) over z € R; S is 'nicely behaved'.
Maximum occurs where S’(z) = 0.

xo = initial guess at solution.

XTip1 = x; — S'(x;)/S" (x;).

Zo, T1, T2, ... converges (hopefully) to maximiser.

Multivariate Newton-Raphson Method

Goal: Maximise S(x) over « € R%; S is ‘nicely behaved'.
Maximum occurs where DS(x) = 0.

x, = initial guess at solution.

x; = x; — {HS(z;)} " {DS(z:)} 7.

Ty, T1, X2, . .. cONverges (hopefully) to maximiser.



Obtaining Hessian Matrices

For small multiparameter models such as N(u,c?) we can do directly
using partial differentiation rules.

How about models such as the linear regression one:

y=XB+e, e~ N(0,0%I)?

Second Identification Theorem of Vector Calculus

f:R* = R.

If A isthe d x d matrix for which

& f (@) = (dz)" A(dw)

then
A=Hf(x).

[llustration

For the linear regression model can show:

di(B) = (1/0°)(y — XB)" X dpB.

The second differential is:

a{(1/o*)(y — XB)" X dpB}
= (1/o})(-X dB)"X dp
dB)"(1/0*)(-X"X)dp

d*0(B)

By the Second Identification Theorem

HUB) = —(1/63)XTX.



The Fisher information matrix is then (for o known)

L,(B) = (1/65)XTX.



