Chapter 2

Singularity theory with a distinguished
parameter

2.1 Introduction

In chapter 1.6 the spruce budworm model was introduced

dz _ (i =@\ _ =
dt q 14227

The steady-state solutions of this model were found to be z = 0 and the solutions of the equation
g=r(i+a) (1-2) =20

When ¢ = 10 or ¢ = 20 the steady-state diagram, shown in figure 1.10, of this last equation was found to have
two limit point bifurcations. When ¢ = 3 the steady-state diagram, shown in figure 1.11, did not appear to
contain a limit point. We noted that these steady-state diagrams seemed to differ in a ‘fundamental’ manner.
By numerical trial-and-error you have found a critical value of ¢, g.r, such that if ¢ > ¢, the steady-state
diagram is qualitatively the same as those shown in figure 1.10 whereas if ¢ < ¢ the steady-state diagram is
qualitatively the same as those shown in figure 1.11.

In chapter 1.7 we raised the following questions. Firstly, is it possible to find the critical value of ¢ without
resorting to numerical trial-and-error? Secondly, is it possible to define in a rigorous manner what we mean
by steady-state diagrams differing in a ‘fundamental’ way? Thirdly, given a model, is it possible to find all the
different types of steady-state diagrams? For example, we have shown that the spruce budworm model has at
least two different types of steady-state diagram — are there any more?

By the end of this chapter we will have answered these questions. The mathematical basis for a detailed analysis
of such questions is provided by singularity theory.

2.2 Singularity theory with a distinguished parameter

Many models of physical systems can be reduced to a non-linear implicit scalar equation of the form,
G (z,p,p) = 0. (2.1)

This equation contains a state variable (), a distinguished parameter, (1), also known as the primary bifurcation
parameter, and several secondary bifurcation parameters (p). The choice of a primary bifurcation parameter
usually depends upon the physical nature of the underlying problem giving rise to equation (2.1). We will
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assume that the function G has continuous derivatives of all orders! both with respect to the state variable, the
primary bifurcation parameter and to the secondary bifurcation parameters where required. Equation (2.1) is
often referred to as being the singularity equation.

Singularity equations naturally arise when we try to find steady-state solutions of the scalar differential equation

dz
@ f(2).
The singularity function is given by
G=f(") =0.

For the spruce budworm model we have already obtained the singularity function
G=r(1+2%) (1-%) —z=0.

(Note that in this equation we have written z rather than z*. From now on in this chapter we drop the
superscript notation.)

2.3 Singularity theory and bifurcation points

In chapter 1.5.2 we considered three archetypical steady-state problems. In chapter 1.5.2.1 we showed that the
steady-state diagram for the scalar equation

do _ g
dt_u I

has a limit point bifurcation at the parameter value (u,z) = (0,0). The steady-state diagram for this system is
shown in figure 1.7.

In chapter 1.5.2.2 we showed that the steady-state diagram for the scalar equation

dz o 22
dt_“ ’

has a transcritical bifurcation at the parameter value (u,z) = (0,0). The steady-state diagram for this system
is shown in figure 1.8.

In chapter 1.5.2.3 we showed that the steady-state diagram for the scalar equation

dz 3
— =ur—z
dt M )

has a pitchfork bifurcation at the parameter value (u,z) = (0,0). The steady-state diagram for this system is
shown in figure 1.9.

In this section we show how singularity theory can be used to find the location of any limit point, transcritical
or pitchfork bifurcation points without having to first construct the steady-state diagram.

2.3.1 The limit point function

Theorem 2.1 (Limit point bifurcation) Suppose that at the point (1, z) = (u,zo) the singularity function
G satisfies the set of equation

g:gzzoa
gww#oa
gu,#O

Then a limit point bifurcation occurs at the point (u, o).

LA function that has derivatives of all orders is known as a smooth function.
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The conditions G,, # 0 & G, # 0 are known as the non-degeneracy conditions.

Example 2.1 Show that the steady-state diagram for the differential equation

dr 9
WM

has a limit point bifurcation at the point (u,z) = (0,0).

Solution We have

G=p—a,

G, = —2x.
Then

G.=0=>z=0.
Hence

G=0=>u=0.

The non-degeneracy conditions are satisfied at the bifurcation point (u,z) = (0,0) as

gzz=_27éo7
G, =1+#0.

Thus there is a limit point bifurcation at the point (u,z) = (0,0).
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Question 2.1 We know that the problem considered in example 2.1 has a limit point at (z,p) = (0,0) from
chapter 1.5.2.1. We established this result by finding the steady-state solutions as a function of the primary
bifurcation parameter and plotting this information in the form of a steady-state diagram. We might therefore

ask, what is the point of using 2.17

2.3.2 The transcritical bifurcation

Theorem 2.2 (Transcritical bifurcation) Suppose that at the point (u, ) = (u, o) the singularity function

G satisfies the set of equation

Gg= ga) = gu =0,
ng‘ # 0;
gzz - gwwgpp > 0.

Then a transcritical bifurcation occurs at the point (u, o).

The conditions G,, # 0 & gfw — G220, > 0 are known as the non-degeneracy conditions.

Example 2.2 Show that the steady-state diagram for the differential equation

@_ .'I»'—.'L'Q
a M

has a transcritical bifurcation at the point (u,x) = (0,0).
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Solution We have

G = pz — 27,

Gr = p — 2z,

L=
Then

w=0=2=0.
Hence

Ge=0=>p=0,
and at (u,z) = (0,0) we have

G=0.

The non-degeneracy conditions are satisfied at the bifurcation point (u,z) = (0,0) as

Gz = —2#0,
Gup =0,
Guz =1
=G — GooGuu = 1> 0.
Thus there is a limit point bifurcation at the point (u,z) = (0,0). O

Note, this example is somewhat ‘funny’. We have managed to solve three equations (G = G, = G, = 0) using
only two parameters (u,z). Usually we require four parameters to solve four equations!

2.3.3 The pitchfork bifurcation

Theorem 2.3 (Pitchfork bifurcation) Suppose that at the point (u,x) = (u, o) the singularity function G
satisfies the set of equation

G=0r =02z =06, =0,
Goae 7 0,
Guz # 0.
Then a pitchfork bifurcation occurs at the point (u, o).

The conditions Gz 7# 0 & Gz # 0 are known as the non-degeneracy conditions. They are sometimes combined
to give the equivalent form

Example 2.3 Show that the steady-state diagram for the differential equation
dx 9
Pl

has a pitchfork bifurcation at the point (u,z) = (0,0).

Solution We have

g= HT = x3,
Gz = p— 327,
Gze = —6z,

G, ==
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Then
Gez =0=>2=0.
Hence
Go.=0=>pu=0.
and at (u,z) = (0,0) we have
Gg=0 & G,=0.

The non-degeneracy conditions are satisfied at the bifurcation point (i, z) = (0,0) as

Grge = —6 # 0,
Guz =1#0.
Thus there is a pitchfork bifurcation at the point (u,z) = (0,0). O

Note, this example is again somewhat ‘funny’. We have managed to solve four equations (G = G, = G,z = G, = 0)
using only two parameters (u, ). Usually we require four parameters to solve four equations!

2.3.4 Exercises

1. Consider the differential equation

d
d—i:m3—ua¢+a+[3x2.

The singularity equation is
G=a®—pr+a+pz®=0.
(a) Figure 2.1 shows a steady-state diagram for the singularity equation
G=2°—pr+a+ Bz’ =0.

(stability is not indicated).

b mu
-4 2 F: 2 4
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O

Figure 2.1: Steady-state diagram for the singularity equation z® — uz + a + fz®> =0. Parameter values:

a=0.5,8=3.0.

Write maple code to obtain this figure. Your answer must include your code and the graph that it
generates.
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(b) Figure 2.1 has three limit points.
(i) Using theorem 2.1 show that the limit points of the singularity equation

G=2—pz+05+322=0

(u,21) = (—2.25,-0.5),
(N; w2) = (_2605 _137) )
(1, z3) = (2.60,0.37).

(You may use maple as much as you require.)
(ii) Show that the required non-degeneracy conditions are satisfied.

(c) Write maple code to obtain figure 2.2. Your answer must include your code and the graph that it

generates.
lf <

-4 -2 0 2 4
lambda

Figure 2.2: Steady-state diagram for the singularity equation z® — px + a 4+ 32* = 0. Bifurcation points marked
by circles. Parameter values: a = 0.5, = 3.0.

(d) Determine the stability of the steady-state solutions shown on figure 2.2. Hence sketch a steady-state
diagram that indicates stability.

2. In chapter 1.6 the spruce budworm model was introduced

d—m—ra: 1—E — @
dt q 1422

The steady-state solutions of this model were found to be 7 = 0 and the solutions of the equation

G=r(1+2? (1—2)—%‘:0-

Find the location of the limit points (r,z) for the singularity function G when

Check that the appropriate non-degeneracy conditions are satisfied.
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2.4 How do steady-state diagrams change in a ‘fundamental’ way?

In the spruce budworm model the qualitative structure of the steady-state diagram was different when ¢ = 10,
figure 1.10, from when ¢ = 3, figure 1.11. In the former case there are two limit point bifurcations whereas in
the latter there were no bifurcation points.

What do we mean by a qualitative, or ‘fundamental’, change in a steady-state diagram? We do not pursue
this matter. However, it turns out that there are only three mechanisms by which a steady-state diagram can
change in a qualitative manner [27]. These are known as:

1. the cusp singularity (or hysteresis point);

2. the isola singularity;

3. the double limit-point singularity.
Consider a scalar differential equation of the form

dx
a = f ("1:7 H, Oé) )
where p is the primary bifurcation parameter and « is a secondary bifurcation parameter. We want to find the

values of the secondary bifurcation parameter, a, at which the steady-state diagram changes in a qualitative,
or ‘fundamental’, manner. To do this we introduce the singularity function G defined by

g (@ pa)=f(z,pa)=0.

In this section we give the defining conditions for the cusp, isola and double limit-point singularities in terms
of the singularity function G (z, i, @).

2.4.1 The cusp singularity

Theorem 2.4 (Cusp singularity) Suppose that at the point (u,za) = (u, zo,00) the singularity function
G (u,x, ) satisfies the equations
G= Gz‘ = Gzz = 0;
G, #0. (2.2)

Then a cusp singularity, or hysteresis point, occurs at the point (i, To, p)-
Typically when the cusp curve is crossed a hysteresis loop appears or disappears in the steady-state diagram as
two limit points appear or disappear, as is shown in figure 2.3.
We can think of the cusp singularity as being a limit-point bifurcation in which the non-degeneracy condition
Guu # 0 is violated and is replaced by the condition G,,, = 0.
Example 2.4 Find the value(s) of a for which the singularity function

G=2—p+azxr=0

has a cusp singularity.

Solution We have
G=2—pu+ax=0,

G =32° + a,



34

0.4+
X
X
0.54
0.2+
— — 0
I 05 0 05 1 1 0.5 0.5 1
mu mu
~0.2
—0.5+
—0.4+

Figure 2.3: The disappearance/appearance of a hysteresis loop in a steady-state diagram due to a cusp singu-
larity.

Then

gzz=0$$:0,
gz=0:>a:07
G=0=>u=0.

The non-degeneracy conditions are satisfied at the cusp point (u,z,a) = (0,0,0) as

gwwz =6 # 0,
Gu=-1#0.
Thus there is a cusp singularity at the point (u,z,a) = (0,0,0). O

We therefore know that the steady-state diagram when o < 0 is different in a ‘fundamental’ way from that
when a > 0. In one of these cases the steady-state diagram will look qualitatively the same as figure 2.3 (a)
whereas in the other case the steady-state diagram will look qualitatively the same as figure 2.3 (b). Which
ones is which? Although singularity theory provide a tool to answer this question, in practice it is simpler to
plot the steady-state diagrams for o < 0 and a > 0.

Example 2.5 For the singularity equation
G=1%—pz + o+ B2’

find an equation in the (o, B) plane along which the cusp singularity occurs.

Solution We have

G=2®—pzx+a+ph2’=0,
G. = 322 — p + 20z,
Grzw = 62 + 20.
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Then

gm=0:>x=—é,

3

_ __z

Ge=0=>pu= 3
_ _#

Q—O=>a—27.

The non-degeneracy conditions are satisfied along the curve

_(. B Bp
(/,L,.’L',Oé,ﬂ) - <_?7_§72_77 )
as
Gmxm =6 # 0;
G,=-z= g #0  provided that B #0.

Thus there is a cusp singularity along the curve

(. B BB
(/J”maaa/B)_( 33 37275/8
provided that 8 # 0. Thus the required equation in the («, 8) plane is
3
a=?
27
subject to the restriction that g # 0. O

2.4.2 The isola singularity

Theorem 2.5 (Isola singularity) Suppose that at the point (u,x,a) = (u,xo, o) the singularity function
G (u,z,a) satisfies the equations
G=G, =G, =0,
Goo #0, (2.3)
waGim - (qu)2 7é 0.

Then an isola singularity occurs at the point (u, o, ).

When the isola singularity is crossed two limit points appear or disappear. Two types of behaviour may occur.
In the first case, illustrated in figures 2.4 (a & b), the steady-state diagrams separate locally into two isolated
curves. We call this transition the transcritical variety of the isola singularity. In the second second, illustrated
in figures 2.4 (c & d), an isolated branch of connected solutions appears or disappears. We call this transition
the isola variety of the isola singularity.

The isola singularity is very closely related to the transcritical bifurcation. The only difference is that in the
former we have Gy Gy — (Gop)® # 0 whereas in the latter we have Gu,Guy — (Gop)” > 0.

The type of transition that occurs depends upon the sign of the function

GooGpp — G2

T

evaluated at the isola singularity. In practice it is simpler to plot the steady-state diagrams for o < 0 and o > 0
and deduce from these which type of transition has occurred.
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Figure 2.4: The separation of the steady-state diagram into isolated curves due to an isola singularity (trans-
critical variety) (a-b) and the appearance/disappearance of an isolated branch of connected solutions due to an
isola singularity (isola variety) (c-d).
Example 2.6 Find the value(s) of a for which the singularity function

G=a>—py’+a=0

has an isola singularity.
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Solution We have

G=2>—p’+a=0,

g$:2rc,
gu:_zlua
Then
G,=0=>pu=0,
z»=0=>2=0,
G=0=a=0.

The non-degeneracy conditions are satisfied at the isola point (u,z,a) = (0,0,0) as

gza) =2 # 05
Guu = —2,
gzp = 07

= GuoGup — (Gap)® =4 #£0.
Thus there is an isola singularity at the point (u,z,a) = (0,0,0).

Example 2.7 For the singularity equation
G =2®—px+a+ B>

find an equation in the (o, 8) plane along which the isola singularity occurs.

Solution We have
G=2°—pz+a+pz®=0,
Ge = 322 — p + 20,

G, =—u.
Then

G,=0=>2=0,

e =0=>p=0,

G=0=a=0.

The non-degeneracy conditions are satisfied along the curve

(M’xJQJﬂ) = (0,050718)

as
Guow =62 +28=28+#0, provided that
Gun =0,
gmu = _15

= GoaGpp — (Gop)? = =1 0.
Thus there is an isola singularity along the curve
(, z,0,8) = (0,0,0, 8)
provided that 8 # 0. Thus the required equation in the («, 3) plane is
a=0

subject to the restriction that 8 # 0.

B#0,

37
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2.4.3 The double limit-point variety

Theorem 2.6 (Double limit-point singularity) Suppose that at the points (u,z,a) = (u,zo,ap) and

(1, z, ) = (1,21, 00) the singularity function G (u, za) satisfies the equations

G (zo, p, ) = G (x1, p, ) = 0.

Gy (zo,p, ) = Gy (21, p,) = 0.
Gaz (To, pr,a) #0 Gy (21, 1,2) # 0,
G (wo, p,0) 0 Gy (z1,p,0) #0,

o # T1.

Then a double limit-point singularity occurs at the points (u,xo, o) and (u,z1,00).

(2.4)

At a double-limit point two limit points, at z¢ and x1, occur at the same value of the distinguished parameter.
(The non-degeneracy conditions for a limit point bifurcation must also hold at the points (u,x;).) As the the
double limit point singularity is crossed the number of limit points does not change. What does change is the
relative position of these limit points. This transition is shown in figure 2.5. Figure 2.5 (b) corresponds to
parameter values at which a double-limit point singularity occurs: two of the limit points in this figure occur
at the same value of the primary bifurcation parameter (u) but for different values of the state-variable (z).

‘ 0 ‘ ‘ ‘ ‘ ; ; ‘ ‘ ‘
0.2 // 02 0.4 202 01| TTT0d 02 03 04 o 2 o2 o7
/ / ]
/ mu mu /
S 4 V, m
e e /
yd -05 7 o5 arys
/ /
// /
{ { (
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— — N~
\;\\i’; \\\\;T“—\, \i —

(b) The double-limit point singu-
larity.

(2)

Figure 2.5: The relative changing of position of two limit-points as a double-limit point singularity is crossed

in a bifurcation diagram.

Example 2.8 For the singularity equation
G =2%—pz + o+ B2’

find an equation in the («, ) plane along which the double limit point singularity occurs.

Solution When the double limit point singularity occurs there is a value of the distinguished parameter, or
primary bifurcation parameter, (here u) for which two distinct limit points occur. This means that there is a
neighbourhood of the critical value of p in which the singularity function has four solutions, see figure 2.5. A
cubic equation can not have four solutions. Thus for the given system the double limit point singularity can

not occur.

O
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For all but the simplest problem there is very little hope of finding the location of a double-limit point by hand.
We must expect to use numerical techniques to find the double limit-point singularity.

Mention quartic fold singularity here and rewrite this section when the quartic fold singularity

has been added.

2.4.4 Exercises

1. Consider the singularity function
G=x2—p+axr=0.
(a) Show that there is a critical value of a, a.,, such that a cusp singularity occurs when a = a;.
(b) Can either the isola or double limit-point singularities occur in this model?

(c¢) By considering steady-state diagrams for a < a¢ and a > a.r explain how the steady-state diagram
depends upon the value of a. Provide appropriate steady-state diagrams (do not show stability).

2. Consider the singularity function
G=az*-p?>+a=0.
(a) Show that there is a critical value of a, a.,, such that an isola singularity occurs when a = aq;.
(b) Can either the cusp or double limit-point singularities occur in this model?

(c¢) By considering steady-state diagrams for a < aq and a > a.r explain how the steady-state diagram
depends upon the value of a. Provide appropriate steady-state diagrams (do not show stability).

(d) Is this an example of the ‘transcritical singularity’ or the ‘isola singularity’?

3. Consider the singularity function
G=2+p*+a=0
(a) Show that there is a critical value of a, a.r, such that an isola singularity occurs when o = ac;,.
(b) Can either the cusp or double limit-point singularities occur in this model?

(c¢) By considering steady-state diagrams for a < a¢ and a > a.r explain how the steady-state diagram
depends upon the value of a. Provide appropriate steady-state diagrams (do not show stability).

(d) Is this an example of the ‘transcritical singularity’ or the ‘isola singularity’?

2.5 Constructing a bifurcation diagram

2.5.1 Introduction

In this section we answer the third point that was raised in section 2.1. Given a model, is it possible to find
all the qualitatively different types of steady-state diagrams? In practical problems it is important to be able
to specify all possible steady-state diagrams and to identify where they occur in parameter space. Why is it
important? It is important because we want to know how a change in a design or operating parameter will
change the structure of the steady-state diagram.

Given what we have already learnt we rephrase this question in a slightly different way. Given a singularity
function,

G (z,pu,p) =0, (2.5)
it is possible to find all the qualitatively different types of steady-state diagrams?

In equation 2.5 y is, the distinguished parameter, or more commonly, the bifurcation parameter, x is a scalar
variable, and p is the set of secondary bifurcation parameters. Different values for the secondary bifurcation
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parameters p may produce qualitatively different steady-state diagrams. For practical problems it is often very
important to know the values of the parameters p for which different steady-state diagrams occur.

To illustrate the variation in steady-state diagrams as the secondary bifurcation parameters (p) are changed
compare figures 2.1 & 2.6, which both show a steady-state diagram singularity equation

G=12®—px+a+pz?=0.

The steady-state diagram shown in 2.1, with @ = 0.5 and g = 3.0, is qualitatively different from that shown in
figure 2.6, where a = 0.5 and 8 = 1.0. How many other steady-state diagrams does this singularity function
have?

x
~ . S o
(62} [ a o [4;] =

)

N
3

-4 -2 0 2 4
mu

Figure 2.6: Steady-state diagram for the singularity equation z® — uz + a + Bz® =0. Parameter values:
a=0.5,8=1.0.

Question 2.2

1. Using theorem 2.1 (and maple) find the bifurcation points of the singularity equation

G=a®—pzr+05+22=0.

2. In what ways are the steady-state diagrams shown in figures 2.1 € 2.6 different?
3. As B has decreased from B = 3.0, figure 2.1, to B = 1.0, figure 2.6, what kind of singularity has occurred?

Definition 2.1 (Bifurcation diagram) A figure which shows divides the parameter space p into regions with
qualitatively different kinds of steady-state diagrams is known as o bifurcation diagram.

A bifurcation diagram may be in any number of dimensions depending upon the number of parameters in p.
For example, an equation
G(z,p,0) =0

will have a one-dimensional bifurcation diagram — consisting of a line. The equation
G(xauaaaﬂ) =0
will have a two-dimensional bifurcation diagram in the a — 8 plane.

If one or two parameters then why not bifurcation diagrams with three, four, or more secondary bifurcation
parameters? Mathematically, there is no reason to limit the number of secondary bifurcation parameters. A
problem with two secondary bifurcation parameters produces a bifurcation diagram that is drawn in a plane.
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This is both easy to construct and easy to understand. A problem with three secondary bifurcation parameters
produces a bifurcation diagram in three dimensions. This is more difficult to draw, and much more difficult
to understand — even with software visualisation. It is impossible to draw bifurcation diagrams for problems
containing four, or more, secondary bifurcation parameters. In practice two secondary bifurcation parameters
often suffices.

We discuss in the next section how to a construct bifurcation diagram.

2.5.2 The method

A bifurcation diagram will generally contain curves, points in one dimension, which divide it into regions.
Crossing from one-region to another will cause the steady-state diagram to change in a ‘qualitative’ manner.
Obviously it is important to define what one means by a ‘qualitative’ change in a steady-state diagram.

In section 2.4 we stated there are only three mechanisms by which a steady-state diagram can change in a
qualitative manner. These are:

1. the cusp (or hysteresis) singularity;

2. the isola singularity; and,

3. the double limit-point singularity.

The defining conditions for these singularities were stated in sections 2.4.1, 2.4.2, & 2.4.3 respectively.

A qualitative change in a steady-state diagram occurs if and only if the secondary bifurcation parameters p
cross the boundaries that define these transitions [27]. Bifurcation diagram are constructed by determining the
locus of these three curves in parameter space p. This method divides the parameter space into regions, each
corresponding to a different steady-state diagram of the problem G = 0. Thus once the parameter space has
been divided into regions all that remains is to determine one steady-state diagram in each region bounded by
these surfaces.

Example 2.9 Construct the bifurcation diagram for the singularity function

G=a%—pz+a+p2’=0.
Solution To construct the bifurcation diagram we must determine the locus in the (a, 8) plane of:

1. the cusp singularity;
2. the isola singularity, and,

3. the double limit point singularity

From example 2.5 we know that the cusp singularity occurs along the curve

3
a=L.
27

From example 2.7 we know that the isola singularity occurs along the curve
a=0.

From example 2.8 we know that the double limit point singularity does not occur in this problem.

3
Thus the bifurcation diagram for this problem contains the lines @ = 0 and o = 5 = 0. As shown in figure 2.7

these divide the o — 8 plane into four regions. Thus there are four, and only four, qualitatively different
steady-state diagrams for this problem. O
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Figure 2.7: Bifurcation diagram for the problem G = 2% — uz + o + 82*> = 0. The steady-state diagrams for
regions B& C are shown in figures 2.1 & 2.6 respectively.

Question 2.3

1. Obtain steady-state diagrams for regions A & D of figure 2.7. How many bifurcation points are there on
there on each steady-state diagram?

2. Starting in region A explain how the steady-state diagram changes as you move from region A into region B,
from region B into region C, from region C into region D and from region D into region A.

3
3. From figure 2.7 the point (o, 8) = (0,0) is special because the cusp singularity curve, a = '2—7 and the isola

singularity curve, the line o = 0, intersect at this point.

(a) Find the steady-state diagram at the point (a, ) = (0,0).
(b) What kind of bifurcation occurs in this steady-state diagram?

2.5.3 Questions

In the following G is a steady-state equation, x is a state variable, y is the primary bifurcation parameter and
a & [ are secondary bifurcation parameters.

1. For each of the following functions construct the bifurcation diagram in the a — 8 plane and provide
representative steady-state diagrams.
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(a) F=a?—p® +a+Bu=0.
Show that there is a point on the isola locus where the degeneracy condition

GooGy — G2, #0

is violated. Mark the location of this point on your bifurcation diagram.
(b) F=2*-p+az+p2?=0.
Show that there is a point on the cusp locus where the degeneracy condition

is violated. Mark the location of this point on your bifurcation diagram.

2. The spruce budworm model is given by

de _ (i_=\__="
dt q 1422

Find all the steady-state diagrams for this problem when the primary bifurcation parameter is . You
may assume that » > 0 and ¢ > 0.

3. (This question is based upon work presented in a research paper and is likely to be non-trivial!)
Consider the singularity function [10, pages 1616 & 1617]

5 3 2
G(z,p,01,02,03) = 2° — a3x” — 22" — a1 — [

(a) Find the parameter values at which the butterfly catastrophe occurs for this singularity function.
(b) Show that no higher-order singularity can occur.

(c) Show that the hysteresis singularity can be parameterised by
o) = 30431’2 — 151’4,
as = 102% — 3asx,

where the ‘parameter’ z varies over the range —oo < z < oo.

(d) Show that the double limit-point singularity can be parameterised by

t(4?+7t+4) ,

a = —————a3,
(32 + 4t + 3)

, A1+ (1+3t+12)7

o = o5,
2 (3t2 + 4t + 3)° ’

with —00 < t < 00 being a parameter. cases ag < 0 and az > 0.

(e) Plot the cusp hysteresis curve in the (a1, as) plane for the case az < 0.
(a) Into how many regions does the cusp curve divide the bifurcation plane?
(b) How many limit points are there in each region?

(c) Can the double limit-point singularity occur in this case? If no, explain why not. If yes, add the
double limit-point curve to your bifurcation diagram.

d) How many generic steady-state diagrams are there?
8 g
e) Provide an illustrative steady-state diagram for each region.
g
(f) Plot the cusp hysteresis curve in the (ay, as) plane for the case az > 0.
i) Into how many regions does the cusp curve divide the bifurcation plane?
b
(ii) How many limit points are there in each region?

(iii) Can the double limit-point singularity occur in this case? If no, explain why not. If yes, add the
double limit-point curve to your bifurcation diagram.

(iv) How many generic steady-state diagrams are there?
(v) Provide an illustrative steady-state diagram for each region.
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2.6 Some background on the pure mathematics of singularity theory

In this section we give a little taste of the mathematics behind singularity theory. I will call this ‘mathematical
singularity theory’. If you can’t get your head around this section then don’t panic! You don’t need to
understand it to be able to apply singularity theory to construct bifurcation diagrams. And that is what you
need to do. Familiarity with the concepts of this section will only be useful to you if you are going to read
papers on mathematical singularity theory.

Consider the singularity equation
G=(z,1,p).

We have seen that singularities occur when the function G and certain of its derivatives vanish. For instance,
the cusp singularity occurs when

G=0; =0zz =0,
gzzngu 7é 07

Singularities happen when the secondary bifurcation parameters, p, take certain values, say pg. For values of
p near the critical value pg the singularity equation exhibits qualitatively different steady-state diagrams — it
is this mechanism that allows us to find all possible steady-state diagrams for the singularity function G.

One of the questions that mathematical singularity theory was developed to answer is to establish which types
of steady-state diagrams exist for different types of singularities. We have learnt of three singularities: the cusp,
isola and double limit-point; there are others.

It is now time to introduce some terminology.

Definition 2.2 (Contact Equivalent) Two steady-state diagrams F (z,p) and G (y, A) are said to be contact
equivalent if the steady-state diagram of one can be transformed into the other without changing any of its
qualitative features in the neighbourhood of the origin by using a smooth and invertible change of coordinates,
possible combined with o scaling factor. The phrase ‘without changing its qualitative features’ means that the
number and order of the steady-state solutions (x) of the function F for any fized value of p are the same as
the number and order of the steady-state solutions of the function G (y) for the corresponding A [27].

Why is this concept useful? Suppose that the function H is a horribly complicated non-linear function whilst
the function P is a simple polynomial. If the functions H and P are contact equivalent then the qualitative
features of the steady-state diagram of H can be found by studying those of the function P. As P is a much
simpler function, being a polynomial, it is much easier to study the steady-state diagrams of P than the original
function H.

Consider a function satisfying the requirements of a cusp singularity

g:gzzgzzzo,

2.6
gugu # 0’ ( )
at the singular point (z, u) = (0,0).

A key topic in mathematical singularity theory is to establish the ‘best’ way to approximate the function G near
the singular point. In the next part of this section we’ll discuss in a loose way the meaning of the word ‘best’
in this context. The simplest function to satisfy 2.6 is

G =2 — .

However, the steady-state diagram for the function G, is unstable for the problem 2.6. What does it mean to
say that the steady-state diagram of the function G; is unstable?

Question 2.4 Determine the steady-state diagram for the function G, .
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In chapter 1.4 we introduced the concept of stability for a first-order differential equation. A steady-state
solution was stable if when it is perturbed by a ‘small’ amount we did not qualitatively change the long-term
behaviour of the system, i.e. the system returns to the steady-state. Stability is being used in a related sense
here.

Definition 2.3 (Stability of a steady-state diagram) The steady-state diagram of the function G is said
to be stable if when we change the function Gy by a ‘small’ amount we do not change the qualitative features of
the steady-state diagram.

Example 2.10 (The steady-state diagram of the function G; is unstable) Consider the function Go de-
fined by
Go=12°—ax—pu=0, la| < 1.

This function is ‘close’ to the function Gy, being equal when a = 0. However, the steady-state diagrams of the
function G assume different forms depending upon the sign of the secondary bifurcation parameter o and this
s true no matter how small this parameter is.

Thus the steady-state diagram of G1 is unstable because we can perturb the function Gi by an arbitrary amount
and obtain qualitatively different steady-state diagrams.
Question 2.5 Determine the bifurcation diagram for the singularity equation
Go=2°—azr—p=0, la] <« 1.
1. Show that the function G2 has two qualitatively different steady-state diagrams corresponding to o < 0 and
a>0;
2. Compare these steady-state diagrams to the steady-state diagram for the function Gy, which corresponds

to the case a = 0 in Gs.

It can be shown that each of the steady-state diagrams for the function G, is stable for a # 0. Is the function
G- the simplest stable function that represents problem 2.6? To develop an answer to this question we need to
introduce a few more ideas.

Definition 2.4 (Unfolding of a function) An unfolding of o function G is a smoothly parameterized family
of functions which includes G.

Example 2.11 (Example of an unfolding of a function) The family of functions represented by Go is an
unfolding of G .

Definition 2.5 (Versal unfolding) A versal unfolding of G is an unfolding which contains, up to contact
equivalence, all the possible small perturbations of the function G.

Example 2.12 (A function that is an unfolding but not a versal unfolding) The function
Gs = 2> + o’z — A

is an unfolding of the function Gi but it is not a versal unfolding. The reason for this is that the function Gs
does not exhibit the same qualitative steady-state diagrams that the unfolding function G does.

Question 2.6 Determine all qualitatively different steady-state diagrams for the function Gs. Show that they
do not include all of those found in the unfolding function Gs.

Definition 2.6 (Universal unfolding) A universal unfolding of the function G is a versal unfolding with the
minimum number of secondary bifurcation parameters.
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Definition 2.7 (Codimension) The number of secondary bifurcation parameters in a universal unfolding of
the function G is called the codimension of G.

Example 2.13 (Example of a universal unfolding and of codimension) It can be shown that the func-
tion Gs is a universal unfolding of the function G1. The codimension of G is one.

We have now answered the question which is the ‘best’ function to model problem 2.6: G-.

The function
Gi=12°—B2*> —ar—A=0

is a a versal unfolding of the function G;. However, it has codimension two and therefore can not be a universal
unfolding of the function G .

Question 2.7 Find all the qualitative different steady-state diagrams of the function Gy.

The point in the secondary bifurcation parameter space pg is a singular point if in the vicinity of pg the
function G exhibits qualitatively different stable steady-state diagrams. Singular points are characterised by
the vanishing of the singularity function and some of its derivatives. Two questions that are of interest in
mathematical singularity theory are

1. What combination of derivatives are required to vanish for the point pg to be a singular point?

2. For a given singular point find all qualitatively stable steady-state diagrams.

It turns out, and this is useful for the mathematical analysis, that for any singular point there is polynomial
function that is contact equivalent to the function G. Thus mathematical singularity theory reduces, after a
considerable amount of work, to the study of polynomial equations.

The universal unfolding for some of the singularities that we have already come across are provided in table 2.1.

Singularity Universal Unfolding

Cusp G=a®—p+ax=0.
Isola (isola case) G=2+12+a=0

Isola (transcritical case) G =2>—pu®>+a=0.
Pitchfork G=z®—px+a+p2>=0

Table 2.1: Examples of universal unfoldings for common singularities.

2.7 Not just the cusp, isola and double limit-point: Higher order
singularities

In this section we discuss some higher-order singularities.
2.7.1 How many steady-state solutions does that singularity function in the win-
dow have?

Theorem 2.7 Consider the singularity function

g (ma/f’ap) = Oa
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which satisfies

g(0:05p0) = 0:
o'g o
%(0705p0)_07 i=,1,2,...r
with
6r+1g ag
A=o-510,0,p0) o (0,0,po) # 0.

Then in the neighbourhood of po, G (x, ) is contact equivalent to

—si, if A <0
F o) = o™ A sign if o7
(@p) =2 F {-i—sign if A>0 @7)
whose universal unfolding is
Uz, o) =2 —ap 12" —ap 0™ 2 — ... —auz F A (2.8)

This theorem is a special case of a more general result proved in [27]. Why is this theorem useful? Because it
shows that if such a singular point exists, then the maximum number of solutions of the equation

G(z,p,p)=0

next to the singularity point pg is r + 1. Thus we can use singularity theory to find the maximum number of
steady-state solutions.

We have already met the cases r = 1 and r = 2 which represent the limit-point bifurcation and the cusp singu-
larity respectively. The maximum number of steady-state solutions exhibited by these singularities are two and
three respectively. The cases r = 3 and r = 4 are known as the swallowtail and butterfly singularity respectively.
They exhibit a maximum number of solutions of four and five respectively.

2.7.2 The double limit-point singularity revisited

There is another application of theorem 2.7 that is often very useful. In answering example 2.8 we realised that
a polynomial of degree three can not exhibit the double limit-point singularity because the maximum number of
steady-state solutions that a cubic can have is three: in the neighbourhood of the double limit-point singularity
the function G must exhibit four steady-state solutions.

This is a very useful result, but it only applies to polynomials and most models contain other types of functions.
It would be very useful to know for what kinds of singularity functions the double limit-point singularity can
not occur. Theorem 2.7 provides the required characterisation. A double limit-point singularity can not occur
if the maximum value of r is either one or two because in these cases the maximum number of steady-state
solutions are two and three respectively.

Need to discuss quartic fold singularity here.

2.7.3 Some other higher-order singularities

The function G given in questions la, 1b & 3 are the ‘universal unfoldings’ representing the asymmetric cusp
and the quartic fold respectively. These are higher-order singularities which we have not discussed.
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2.8 Mathematical singularity theory: All that is gold does not glit-
ter

Mathematical singularity theory enables singular points to be located in the secondary bifurcation parameter
space p- These points are characterised by the vanishing of the singularity function G and several of its partial
derivatives. In the vicinity of such points qualitatively different steady-state diagrams exist. The theory predicts
all the steady-state diagrams existing locally to a singular point [28].

For instance, a singular point satisfying
G = gzc = wa = gpw = Oagwwwg)\)\ neqo;

is known as a winged-cusp and such a singular point has seven qualitatively different steady-state diagrams in
a neighbourhood of pg [28, pages 208 & 209].

In the early days of singularity theory it was claimed that theorem 2.7 was useful because it can be used to
find all possible steady-state diagrams for a system which does not exhibit either the isola or double limit-point
singularities. This is both true and false. It is true that it is ‘easy’ to find all possible steady-state diagrams
of the universal unfolding. However, in practice you don’t just want to know how many different qualitative
steady-state diagrams your system has. And neither do you just want to know what they look like. You actually
want to know where in parameter space they occur!

Note that the original problem contained a set of secondary bifurcation parameters p whereas the universal
unfolding contains a different set of secondary bifurcation parameters a. Knowledge about the location of the
steady-state diagrams in the parameter space a will only be of interest if you can find a smooth and invertible
change of coordinates, possible also including a scaling factor, that will convert your function G to the universal
unfolding ¢{. In theory you can find the required the required transformation, in practice you can not.

To find the parameter regions corresponding to each type of steady-state diagram will need to apply the method
described in section 2.5, i.e. you must construct the cusp, double-limit and isola singularities in the parameter
space p.

Another mistake in early singularity theory was to claim that identifying the highest order singularity allows
you to identify the number of different possible steady-state diagrams in a model.

Need to extend this section

2.9 Conclusions

At the start of this chapter, in section 2.1, we posed three questions in the context of the spruce budworm
model from chapter 1.6. These questions can be stated for a general model of the form

G(z,p,0,8) =0 (2.9)

as follows

1. What does it mean for two steady-state diagrams to differ in a qualitatively different manner?
2. Can we identify when a steady-state diagram changes between qualitatively different forms?

3. Is it possible to identify all qualitatively different steady-state diagrams and find their location in param-
eter space?

The mathematical basis for answering these questions is provided by singularity theory with a distinguished
parameter. The answer to the first two questions is provided in section 2.4. Namely that a steady-state diagram
can only change in a qualitative way if the secondary bifurcation parameters cross one of three surfaces. These
surfaces represent the cusp singularity, the isola singularity and the double limit-point singularity. This provides
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the basis for answering the third question (section 2.5): parameterise the three surfaces in the space of the
secondary bifurcation parameters.

Singularity theory, via theorem 2.7, can also be used to find the maximum number of steady-state solutions
exhibited by equation 2.9.

An attractive feature of this method Balakotaiah and Luss) is that the location of the boundaries is determined
directly in the physical parameter space, whereas in singularity theory proper, the boundaries are defined in
terms of the unfolding parameters appearing in the normal form of the singularity; in practice it is very difficult
to relate the unfolding parameters to the physical ones.

Singularity theory is thus an efficient and powerful tool, that is easy to apply in a systematic manner to specific
models. It has become a standard tool, particularly in chemical engineering, for investigating multiplicity
features of equations of the form of (2.9).

We have considered the special case in which the state variable (x) and the singularity function (G) are scalar.
Although the theory can handle it, we have not considered the more general case in which both of these quantities
are vectors.

2.9.1 Background

Singularity theory grew out of an earlier mathematical theory called catastrophe theory. Catastrophe theory,
which originated with work carried out by the French mathematician Rene¢ Thom in the 1960s [62], explains
the circumstances in which a system which usually behaves smoothly can undergo a single abrupt change. It
was popularised to the general public in the 1970s through the work of Christopher Zeeman [65]. Catastrophe
theory was applied to problems from a wide range of disciplines, stretching from the physical sciences through
the biological sciences and onto the social sciences. What we have called a limit-point bifurcation is often known
as the “fold” in catastrophe theory.

A formal, rigorous survey of singularity theory is presented in [28].

This methodology of constructing a bifurcation diagram by calculating the locus of the cusp, isola and double-
limit point singularities was first systematically applied to investigate multiplicity features of open chemically
reacting systems by Balakotaiah and Luss [8, 9, 10, 11].

A heuristic description of this theory with a focus on applications to chemical systems has been written by
Balakotaiah [7].

2.10 Maple commands

2.11 Revision of key ideas

The following questions are about the key ideas in this chapter.

2.12 Questions on singularity theory with a distinguished parameter

1. The singularity function for a single first-order exothermic reaction taking place in a cooled continuously
stirred tank reactor is given by [10]?

G(Y,B,D)=Y —D(B-Y)exp[Y]

(a) Find the parameter values at which the cusp singularity occurs.

2To obtain the singularity equation the positive exponential approximation has been made. If you do not understand this, do
not worry. It’s of interest only to individuals working in combustion science.
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(b) Can the swallowtail singularity occur?

d
(e) Suppose that the primary bifurcation is B.

)

(c) Can the isola singularity occur?

(d) Can the double limit-point singularity occur?
)

(i) How many types of steady-state diagrams are there?
(ii) Exhibit all types of steady-state diagram and specify the values of D over which they occur.

(f) Suppose that the primary bifurcation is D.

(i) How many types of steady-state diagrams are there?
(ii) Exhibit all types of steady-state diagram and specify the values of D over which they occur.

2. There is often more than one way to scale an equation and the scaling used should reflect a feature of
interest. If we wish to investigate how the steady-state temperature for a single first-order exothermic
reaction taking place in a cooled continuously stirred tank varies as a function of either the coolant or
feed temperature then the governing equations should be scaled differently to that used to obtain the
singularity function given in the previous question.

A more appropriate version of the singularity function for this problem is given by [10, page 1620]
G(0,0,Da,8)=60—0—Da(B+o0c—0)exp [——] =0.

a) Find the parameter values at which the cusp singularity occurs.

(a)
(b) Can the swallowtail singularity occur?
(c) Can the isola singularity occur?
(d)

)

d

(e) Suppose that the primary bifurcation is o.

Can the double limit-point singularity occur?

(i) How many types of steady-state diagrams are there?
(ii) Exhibit all types of steady-state diagram and specify the values of D over which they occur.

3. (This question is based upon work presented in a research paper and is likely to be non-trivial!)

The singularity function for two consecutive first-order exothermic reactions taking place in a cooled
continuously stirred tank reactor is given by [10]*

G (6,Day,v, By, Bs) = Day (B; — 0 — v8) ¢’ + v (Day)? (B, + B, — 0) %! — 6 = 0.
Note that the state variable and all bifurcation parameters are non-negative.

(a) Find the unique physically meaningful parameter values at which the butterfly singularity occurs.

Note. There are two parameter sets at which this singularity occurs. However, one of them corre-
sponds to a negative value for By and is therefore not physically meaningful.

(b) Is it possible for this system to have a steady-state equation with six steady-state solutions?
(¢) Can the isola singularity occur?

(d) It can be shown that there are four generic bifurcation diagrams in the (v, By) plane depending upon
the value for Bs. These regions are

(i) 0<B2<6\/§(2—\/§).
(ii) 6\/5(2—\/5) <B2<2§7

2
(iii) ?7 < By <4

3To obtain the singularity equation the positive exponential approximation has been made. If you do not understand this, do
not worry. It’s of interest only to individuals working in combustion science.

4To obtain the singularity equation it has been assumed that the activation energies of the two reactions are identical and that
the intermediate species is not present in the feed. Furthermore, the positive exponential approximation has been made. If you do
not understand this, do not worry. It’s of interest only to individuals working in combustion science.
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(iv) 4 < By

For each region pick a value for By and determine the corresponding bifurcation diagram.

Hint. First draw the cusp locus and determine how many regions the plane is divided into. For
each region find the number of limit points on the steady-state diagram. This will tell you if the
double-limit point singularity can occur in that region.

Hint 2. The first two bifurcation diagrams are much easier than the last two. You shouldn’t really
bother attempting the last two...unless you are doing this question as part of a project!

2.13 To do

A S

10.

. The application of singularity theory may reduce the amount of systematic experimentation required to

establish the system’s properties.

Explain the significance of G,,, = 0 for the double-limit point singularity. When this has been done
rewrite the end of section 2.4.3.

Look at questions for assignment to round out the discussion.
Better answer question 1.19.
Need to discuss quartic fold singularity in section 2.7.2.

Boundary bifurcation. Maybe in an extra chapter at the end of the course on advanced singularity theory.
A good example is a single zeroth-order reaction in a CSTR [10, pages 1615 & 1616]

Further examples: Balakotaiah and Luss 1983. Chem Eng Sci 38, 1709-1721.
Balakotaiah and Luss 1982. Chem Eng Sci 39, 865-881.

. Balakotaiah and Luss 1982. Chem Eng Sci 37, 433 has more detail on the multiplicity for two consecutive

exothermic reactions.

. Mathematical theory for the butterfly catastrophe are reported in detail in: Brocker, Th. and Lander, L.,

Differentiable Germs and Catastrophe. Cambridge University Press (1975).
Poston, T., and Stewart, I. Catastrophe THeory and its Applications. Pitman. London (1978).

Probably should read [27] at some stage.

Need to add this in an appropriate place

2.13.1 Unfolding diagram

It is sometimes useful to construct a figure showing how the value(s) of the primary bifurcation parameter at
a particular type of bifurcation point vary as a secondary bifurcation parameter is changed. Such a figure is
sometimes called an unfolding diagram.

For the singularity function

G=2—p+oazx

we showed in example 2.4 that a cusp singularity occurs when o = 0. For this particular model there are two
limit points when a < 0 and no limit points when « > 0. Thus for a given value of the secondary bifurcation
parameter, provided that a = ag < 0, there are two values of the primary bifurcation parameter (u), g and
2, corresponding to a limit-point bifurcation on the steady-state diagram.

Question 2.8 Construct an unfolding diagram for the limit points that occur in the singularity function

G=a®—p+oax.

On your diagram identify the location of the cusp point.
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To do. Maybe I should even give the figure in the notes, to clarify what the figure should look like. Note hard
. 3/2 . 1/2
to show that a = —32” and p = (Ta) +a (%‘) _

Maybe better is & = —3z? and p = —22>.

2.13.2 Notation

There is no consistency of notation in the literature. What we call a steady-state diagram has been referred to
as a bifurcation diagram by some authors. Similarly what we call an unfolding diagram has also been called a
bifurcation diagram.



XIV



Bibliography

[1] K. Alhumazi and A. Ajbar. Dynamics of predator-prey interactions in continuous culture. Engineering in
Life Sciences, 5(2):139-147, 2005.

[2] J.F. Andrews. A mathematical model for the continuous culture of microorganisms utilizing inhibitory
substrate. Biotechnology and Bioengineering, 10(6):707-724, 1968.

[3] A. Andronov and E. Leontovich. Some cases of the dependence of the limit cycles upon parameters. Uch.
Zap. Gork. Univ, 6:3—24, 1939. In Russian.

[4] A. Andronov, E. Leontovich, I. Gordon, and A. Maier. Theory of Bifurcations of Dynamical Systems on a
Plane. Israel Program of Scientific Translations, Jerusalem, 1973.

[5] A.A. Andronov, A.A. Vitt, and S.E. Khaykin. Theory of Oscillations. Princeton University Press, Prince-
ton, USA, 1949. Abridged by N. Goldskaja; translated and edited by S. Lefschetz.

[6] V.I. Arnold. Yesterday and Long Ago. Springer, 2007.

[7] V. Balakotaiah. Steady-state multiplicity features of open chemically reacting systems. In G.S.S. Ludford,
editor, Reacting Flows: Combustion and Chemical Reactors Part II, volume 24 of Lectures in Applied
Mathematics, pages 129-161. American Mathematical Society, 1986.

[8] V. Balakotaiah and D. Luss. Analysis of the multiplicity patterns of a cstr. Chemical Engineering Com-
munications, 13:111-132, 1981.

[9] V. Balakotaiah and D. Luss. Analysis of the multiplicity patterns of a cstr. Chemical Engineering Com-
munications, 19:185-189, 1982.

[10] V. Balakotaiah and D. Luss. Structure of the steady-state solutions of lumped-parameter chemically
reacting systems. Chemical Engineering Science, 37(11):1611-1623, 1982.

[11] V. Balakotaiah and D. Luss. Global analysis of the multiplicity features of multi-reaction lumped-parameter
systems. Chemical Engineering Science, 39(5):865-881, 1984.

[12] N. Bautin. Behaviour of Dynamical Systems near the Boundaries of Stability Regions. OGIZ GOSTEXIZ-
DAT, Leningrad-Moscow, 1949. In Russian.

[13] N. Bautin and E. Leontovich. Methods and Tricks for Qualitative Study of Dynamical Systems on the
Plane. Nauka, Moscow, 1976.

[14] A. Bazykin. Mathematical Biophysics of Interacting Populations. Nauka, Moscow, 1955. In Russian.

[15] A. Bazykin and A. Khibnik. On sharp excitation of self-oscillations in a Volterra-type model. Biophysika,
26:851-853, 1981. In Russian.

[16] T. Bendixson. Sus les courbes définies par des équations differentielles. Acta Mathematica, 24:1-88, 1901.

[17] C. Bissell. The role of A.A. Andronov in the development of Russian control engineering. Automation and
Remote Control, 62(6):863-874, 2001. ict.open.ac.uk/reports/1.pdf. Accessed 06.05.08.

[18] F. Brauer and C. Castillo-Chavez. Mathematical Models in Population Biology and Epidemiology. Springer-
Verlag, Berlin, 1st edition, 2001.

XV



XVI

[19] N.F. Britton. Reaction-Diffusion Equations and Their Applications to Biology. Academic-Press, 1st edition,
1986.

[20] N.F. Britton. Essential Mathematical Biology. Springer-Verlag, first edition, 2003.

[21] A.D. Dalmedico and I. Gouzevitch. Early developments of nonlinear science in Soviet Russia: The Andronov
school at Gor’kiy. Science in Context, 17(1/2):235-265, 2004.

[22] H. Dulac. Points Singulieres des E‘quations Differentielles, volume 61 of Mém. Sci. Math, Fasc. Gauthier-
Villars, Paris, France, 1934.

[23] L. Edelstein-Keshet. Mathematical models in biology. Random House, New York, 1988.
[24] M. Farkas. Dynamical models in biology. Academic Press, San Diego, 2001.

[25] G. Feichtinger. Hopf bifurcation in an advertising diffusion model. Journal of Economic Behaviour and
Organization, 17:401-411, 1992.

[26] R. Freter. Mechanisms that control the microflora in the large intestine. In Human Intestinal Microflora
in Health and Disease, pages 33—-54. Academic Press, Inc, 1983.

[27] M. Golubitsky and D. Schaeffer. A theory for imperfect bifurcation theory via singularity theory. Commu-
nications on Pure and Applied Mathematics, 32:21-98, 1979.

[28] M. Golubitsky and D. Schaeffer. Singularities and Groups in Bifurcation Theory, volume 1 of Applied
Mathematical Sciences 51. Springer, New York, first edition, 1985.

[29] B. Gompertz. On the nature of the function expressing the law of human mortality. Phil Trans, pages
513-585, 1825.

[30] B.F. Gray and M.J. Roberts. A method for the complete qualitative analysis of two coupled ordinary
differential equations dependent on three parameters. Proceedings of the Royal Society A, 416:361-389,
1988.

[31] R. Grimshaw. Nonlinear Ordinary Differential Equations. Number 2 in Applied Mathematics And Engi-
neering Science Texts. Blackwell Scientific Publications, 1 edition, 1990.

[32] J. Guckenheimer and J. Holmes. Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector
Fields. Number 42 in Applied Mathematical Sciences. Springer-Verlag, 1986.

[33] M.W. Hirsch and S. Smale. Differential Equations, Dynamical Systems, and Linear Algebra. Pure and
Applied Mathematics. Academic Press, 1974.

[34] E. Hopf. Abzweigung einer periodischen losung von einer stationaren losung eines differetialsystems. Bericht
der Math,-Phys. Klasse der Sdchsischen Akademie der Wissenschaften zu Leipzig, 94:1-22, 1942.

[35] 1. James. Remarkable Mathematicians: From Euler to von Newmann. Cambridge University Press, 2002.

[36] D.W. Jordan and P. Smith. Nonlinear Ordinary Differential Equations. Oxford Applied Mathematics and
Computing Series. Clarendon Press, 2nd edition, 1989.

[37] Y.A. Kuznetsov. Elements of Applied Bifurcation Theory. Applied Mathematical Sciences 112. Springer-
Verlag, 1st edition, 1995.

[38] D. Ludwig, D.D. Jones, and C.S. Holling. Qualitative analysis of insect outbreak systems: the spruce
budworm and forest. Journal of Animal Ecology, 47:315-332, 1978.

[39] R. Luedeking and E.L. Piret. Transient and steady states in continuous fermentation. Theory and experi-
ment. Journal of Biochemical and Microbiological Technology and Engineering, 1(4):431-459, 1959.

[40] S. Lynch. Dynamical Systems with Applications using MAPLE. Birkhauser, Boston, 2001.

[41] R.H. MacArthur. Species packing and competitive equilibrium for many species. Theoretical Population
Biology, 1:1-11, 1970.



Singularity theory with a distinguished parameter XVII

[42] N.K. Marsden and R.F. Sincovec. Software for partial differential equations. In L. Lapidus and W.E.
Schiesser, editors, Numerical Methods for Differential Systems. Academic Press, New York, 1976.

[43] R. May. Stability and Complezity in Model Ecosystems. Princeton University Press, Princeton, second
edition, 1974.

[44] J. Monod. La technique de culture continue théorie et applications. Annales de linstitut pasteur, 79:390—
410, 1950.

[45] J.D. Murray. Mathematical Biology. Biomathematics Volume 19. Springer-Verlag, 2nd edition, 1989.

[46] A.H. Nayfeh and B. Balachandran. Applied Nonlinear Dynamics: Analytical, Computational and Ezperi-
mental Methods. Wiley Series in Nonlinear Science. Wiley Interscience, 1st edition, 1995.

[47] M.L. Nelson, E. Balakrishnan, H.S. Sidhu, and X.D. Chen. A fundamental analysis of continuous flow
bioreactor models and membrane reactor models to process industrial wastewaters. Submitted.

[48] M.IL Nelson, X.D. Chen, and M.J. Sexton. Analysis of the Michaelis-Menten mechanism in an immobilised
enzyme reactor. The ANZIAM Journal, 47(2):173-184, 2005.

[49] M.IL Nelson, T. Kerr, and X.D. Chen. A fundamental analysis of continuous flow bioreactor and membrane
reactor models with death and maintenance included. Asia Pacific Journal of Chemical Engineering,
3:70-80, 2008.

[50] R.M. Nisbet and W.S.C. Gurney. The systematic formulation of population models for insects with dy-
namically varaying instar duration. Theor. Pop. Biol., 23:114-135, 1983.

[51] A. Novick and L. Szilard. Experiments with the chemostat on spontaneous mutations of bacteria. Proceed-
ings of the National Academy of Sciences of the United States of America, 36:708-719, 1950.

[52] S.G. Pavlostathis and E. Giraldo-Gomez. Kinetics of anaerobic treatment. Water Science and Technology,
24(8):35-59, 1991.

[53] L. Perko. Differential Equations and Dynamical Systems. Texts in Applied Mathematics 7. Springer, 2nd
edition, 1996.

[54] S.J. Pirt. Principles of Microbe and Cell Cultivation. Blackwell Scientific Publications, Oxford, 1975.

[55] N. Roschin. On dynamics of an optic quantum generator with controllable resonator. Izv. Vuzov, Ra-
diofizika, 1973. In Russian.

[56] N. Serebryakova. On the behaviour of dynamical systems with one degree of freedom near that point of
the stability boundary, where soft bifurcation turns into sharp. Izv. AN SSSR, 1959. In Russian.

[57] L.P. Shilnikov. Evgeniya Aleksandrovna Leontovich-Andronova. In L. Lerman, G. Polotovskii, and
L. Shilnikov, editors, Methods of Qualitative Theory of Differential Equations and Related Topics, vol-
ume 200 of American Mathematical Society Translations. Series 2., pages 1-14. American Mathematical
Society, Stuttgart, 2000.

[58] F.E. Smith. Population dynamics in Daphnia magna and a new model for population growth. Ecology,
44:651-663, 1963.

[59] H.L. Smith and P. Waltman. The Theory of the Chemostat: dynamics of microbial competition. Cambridge
University Press, Cambridge,, 1995.

[60] C.C. Spicer. The theory of bacterial constant growth apparatus. Biometrics, 11(2):225-230, 1955.

[61] F. Takens. Unfoldings of certain singularities of vector fields: generalized hop bifurcations. Journal of
Differential Equations, 14:476—493, 1973.

[62] R. Thom. Stabilité Structurelle et Morphogénése, Essai d’une Théorie Gévérale des Modéles. Benjamin, New
York, 1971. English translation by D.H. Fowler. 1975. Structural Stability and Morphogenesis. Benjamin,
Reading, Massachusetts.



XVIII
[63] S. Wiggins. Introduction to Applied Nonlinear Dynamical Systems and Chaos. Texts in Applied Mathe-
matics 2. Springer, 1st edition, 1990.

[64] E.O. Wilson and E.G. Hutchinson. Robert Helmer Macarthur. In National Academy of Sciences, editor,
Biographical Memories Volume 58, pages 318-327. National Academy Press, 1989.

[65] E.C. Zeeman. Catastrophe Theory. Addison-Wesley, Reading, Massachusetts, 1977.



