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FULL WORKING is to be shown for all solutions.
Untidy or badly set out work will not be marked and will be recorded as unsatisfactory.
This assignment is to be handed in during the Tuesday of stuvac

1. Analysis of a mathematical model for a chemostat with a variable yield coefficient [4] shows that the values
of the residence time at which Hopf bifurcations occur correspond to the roots of

H(r*)=— 6‘7*3 +35{§7—*2 —[BS;+1+p8"(1=5y)]™—-(B"=1)(1+S;) =0, (1)

subject to constraint that 7* > 1 + SL;; In this equation Sj is the dimensionless substrate concentration
in the feed, 8* is the dimensionless variable yield coefficient and 7* is the dimensionless residence time.

(a) Show that when * = 5.25 there is a double Hopf bifurcation at the parameter values
(S5.ero ™) = (3.9097,2.103).

(b) With the stated value of 3* do Hopf bifurcations occur in the model for S5 > Sg ., or for S5 > S5 .7

(c) Construct a diagram showing how the critical value of Sg > Sg .. varies as a function of 8* with
0 < B* < 20.

2. The normal form of the Bautin bifurcation is given by the system
ﬁzp(ﬂl + Bop® —P4),
6=1.
Analyse the steady-state solutions of equation (2) in the 8; — 2 plane.

(a) Identify parameter regions in which there are zero, one and two limit cycles.

(b) Determine the stability of the limit-cycles identified in your answer to the previous question.
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3. The following predator-prey system is a generalisation of the Volterra equations [2]

. 2?2 (1—2)
T=-— 7
n+x Y
y=-vy(m-az),
where m, n, and v are positive parameters. (See also [1] for more information about this model).

(a) Derive the equation for the Hopf bifurcation curve in the system and show that it is independent of
7.
(b) Compute the first Liapunov coefficient along the Hopf curve and show that it vanishes at a Bautin

point when
( ) 11
m,n) = 18]

[3, exercise 3 on page 324]
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