School of Mathematics & Applied Statistics
MATH971: Applied Non-Linear Differential Equations
Assignment Week 4
Autumn 2008

Student Name: Student Number:

FULL WORKING is to be shown for all solutions.
Untidy or badly set out work will not be marked and will be recorded as unsatisfactory.
This assignment is to be handed in during the examples class in Week 5.

1. Consider the differential equation

dr 9
7 =° Az + a + Bz°.

The singularity equation is
G=a2= Az +a+ Bz =0.
(a) Figure 1 shows a steady-state diagram for the singularity equation
G=2-dz+a+p2’=0.
(stability is not indicated).
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Figure 1: Steady-state diagram for the singularity equation 2® — Az + a + fz? =0. Parameter values:
a=0.5,8=23.0.

Write maple code to obtain this figure. Your answer must include your code and the graph that it
generates.

b) Figure 1 has three limit points.
g b
(i) Using the Limit-point bifurcation theorem show that the bifurcation points of the singularity
equation

G=2>-Az4+05+322=0
are

()\1, .CL'1) = (—2.25, —05) 5
(/\2, .’L'Q) = (—2.60, —137) )
(/\3, .’173) = (260, 037) .

(You may use maple as much as you require.)



(ii) Show that the required non-degeneracy conditions are satisfied.

(c¢) Hence write maple code to obtain figure 2. Your answer must include your code and the graph that

it generates.
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Figure 2: Steady-state diagram for the singularity equation z*> — Az + a + Bz? = 0. Bifurcation points marked
by circles. Parameter values: a = 0.5, 5 = 3.0.

(d) Determine the stability of the steady-state solutions shown on figure 2. Hence sketch a steady-state
diagram that indicates stability.

2. The spruce budworm model

doe (1 _®\_ =
dt q 1+ 22

was investigated in the previous assignment. The steady-state solutions of this model were found to be
21 = 0 and the solutions of the equation

G=r(l+2% (1—§>—$:0-

Find the location of the limit points (r,z) for the singularity function G when

(i) ¢ = 10.
(ii) ¢ = 20.

Check that the appropriate non-degeneracy conditions are satisfied.
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