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1. Analysis of a mathematical model for a chemostat with a variable yield coefficient [1] shows that the values
of the residence time at which Hopf bifurcations occur correspond to the roots of

H(T*) = =S57 + 3857 —[3S5 + 148" (1— S3)] 7 — (8" — 1) (1 +55) =0, (1)

subject to constraint that 7* > 1 + % In this equation Sj is the dimensionless substrate concentration
0
in the feed (S§ > 0), 8* is the dimensionless variable yield coefficient (8* > 0) and 7" is the dimensionless

residence time (7* > 0).
(a) Draw the Hopf bifurcation unfolding curve in the S — 7* plane when §* = 5.25.
(b) Hence show that when 8* = 5.25 there is a double Hopf bifurcation at the parameter values

(Sak,cr7 7-*) = (39097, 2103) .

(c) With the stated value of 3* do Hopf bifurcations occur in the model for S5 > Sj ., or for Sg > Sg .7

(d) Construct a diagram showing how the critical value of the dimensionless substrate concentration Sg,
S5,cr» varies as a function of the dimensionless variable yield coefficient 8* with 0 < % < 20.

On your diagram marks the regions in which there are zero and two Hopf bifurcation points respec-
tively.

2. The normal form of the Bautin bifurcation is given by the system
p=p B+ B0 —p*),
6=1.
Analyse the steady-state solutions of equation (2) in the 8; — S plane.

(a) Identify parameter regions in which there are zero, one and two limit cycles.

(b) Hence, or otherwise, draw a figure in the 8;-f2 plane showing how the number of limit cycles depends
upon the values of 3 and fs.

(c) Determine the stability of the limit-cycles identified in your answer to the previous question.

3. In this question we return to the model for cubic auto-catalysis.
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In these equations the primary bifurcation parameter is the dimensionless residence time (7%, 7% > 0).
The secondary bifurcation parameters are the dimensionless inflow concentration of the autocatalyst (5o,
Bo > 0) and the dimensionless decay rate of the autocatalyst (k2, k2 > 0).

(a) Show that the condition for the double-zero eigenvalue bifurcation can be written in the form

/30=f(0<)7
ke =g (a).

(b) Plot the double-zero eigenvalue locus in the ko — S plan. Is the region in which a Hopf bifurcation
exists the interior or exterior of this locus? Carefully justify your answer.

References

[1] M.I. Nelson and H.S. Sidhu. Analysis of a chemostat model with variable yield coefficient. Journal of
Mathematical Chemistry, 38(4):605-615, 2005.



