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1. A particular form of the Holling-Tanner model is given by

ẋ = f (x, y) = x
(

1− x

7

)
− 6xy

7 + 7x
,

ẏ = g (x, y) = 0.2y
(

1− Ny

x

)
.

We investigate the steady-state solutions of this system, and their stability, as a function of the parameter
N (N > 0).

(a) What does the Holling-Tanner model model?

(b) In this question we find the physically meaningful steady-state solutions of the model.

(i) Show that there are three steady-state solutions: x̄1, in which the species y becomes extinct and
x̄±.

(ii) Show that the steady-state solution x̄− is not of physical interest because both components of
the steady-state solution are negative.

(c) Determine the stability of the steady-state solution x̄1.

(d) In this question we investigate the stability of the steady-state solution x̄+ as a function of the
parameter N .

(a) Show that along this solution branch we have

fx (x̄+) =
2x∗ (3− x∗)
7 (1 + x∗)

.

(b) Show that

det J =
0.4x∗

7 (1 + x∗)
· 1
N

[Nx∗ + 3 (1−N∗)] .

Hence, or otherwise, deduce that

det J > 0∀N > 0.

(c) Show that

trJ =
2x∗ (3∗)

7 (1 + x∗)
− 0.2,

tr J = 0⇒ x∗
2
− 2.3x∗ + 0.7 = 0.

(d) Hence, or otherwise, deduce that there are critical values of N , N1 and N2, such that the steady-
state solution x̄+ is
stable if 0 < N < N1

unstable if N1 < N < N2

stable if N2 > N

(e) Draw steady-state diagrams showing how the values for x and y vary as a function of N .

2. Use appropriate Liapunov functions to determine the stability of the steady state solutions of the following
systems

(a) ẋ1 = −x1 + x2 + x1x2, ẋ2 = x1 − x2 − x2
1 − x3

2,

(b) ẋ1 = x1 − 3x2 + x3
1, ẋ2 = −x1 + x2 − x2

2,

(c) ẋ1 = −x1 − 2x2 + x1x
2
2, ẋ2 = 3x1 − 3x2 + x3

2,

(d) ẋ1 = −4x2 + x2
1, ẋ2 = 4x+ 1 + x2

2.


