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Differentiate the following functions
Integration - dy
y=x P
dz
3.1 The indefinite integral and =41 dy _
the definite integral dz
=+ 2 dy _
3.1.1 The indefinite integral v de
dy
gypbpose that y=z+3 der ——
dy qubpose that
E—T
dx dy
True or False The tunction Y 1S a =1
given by Then
y=ax?
y =
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We know that

@) =

-

3.1.2 The antiderivative

Definition

d
Suppose that =F(z) = f(z). The F is

called an antiderivative or

indefinite integral or primitive of a

True or Fals®
Therefore, the integral of 2z with re-

spect to z is 227

This is written

/ 2xdx = x°

.dz denote ‘the

where the s i : )
HUSCARY -ymbﬁls gespect to x'.

.

function f.

The antiderivative F is usually denoted
by

Fla) = [ fla)ds
More generally,
/f(a:)dx = F(z)+c

where ¢ 1s known as the

constant of integration.
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Evaluate the integrals c=constant

1./1-d:z: T+ c

2. 2xdx >+

3z°dx 3+ ¢

1
“dxr Inx+c
x
e’dx et + ¢

sin (z) dz —CcoST + ¢

/
/
/
5. / sec? (z) da tan z + ¢
/
/
/
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quPbpose that

d
—F(x) = f()
Hence
/f(x)da: =F+c
Thus

€. dz

d

JECHIEE®
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3.2 The Definite Integral

3.2.1 Fixed end points

If F is the antiderivative of a function f,
then the definite integral of f is given by

/ f(z)dz = [F(2)]) = F(b) — Fla)

Example Calculate

[1ear=12=

a and b are called the

limits of integration, and x the

dummy variable of integration. The

function f(x) is called the integrand.

. J

X

2—-0=0
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b
Question. What does / f(x)dz Evaluate the definite integrals
‘mean’? " 5
1. / 1-dz
0
5
2. / xdx
1
3
3. / 6z2dx
2
/2
4. / cos (2x) dx
0




12

38

5(62 — 1)

( —

The value of the integral depends on the
function to be integrated, not on the

particular variable used, i.e.
b b b
[ t@ie= [ sa= [ s
=...=F() — Fl(a)

e.g.

2 2 2
/ 2xdx =/ 2tdt :/ 2udu
1 1 1
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4—-1=3

( —

3.2.2 Varialde Endpoints

A definite integral can take the following
form [ f(z)dz where the upper limit is

allowed to vary. For such integrals it is
best to use a letter different from z for
the variable of integration; thus we write

/93 f(t)dt rather than /w f(z)dx.

Both endpoints may be functions, for

example

Motivation?

. _
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Evaluate the integrals

t2
1./ 5-dx
t
sin t
2./ fdx
cost 2
t
3. / cos <§> dx
0 4
2t
“ 1
4./ —dz
et 227

5t
5. / sin (z) dz
t

12

5t (t—1)

i (sin2 t — cos® t)

t

4sin | —
()
t
2

cos (t) — cos (5t)



We know that
/ " f () dt = Fla) - F(a)
Claim
d xT
o NICEEE

Proof

& F0d= 1 Fe - F)
d

= [F@)] - [F(a)]
d
= = [F(@)
= f(2).
\Motivation?
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A more general result can be found
using the chain rule.

Claim

g9(x)
[ rd= sl g @)

Motivation?

2

d X
Example Evaluate — [ /
X s

COS tdt] by

1. Using the above formula

2. By first integrating and then
differentiating

.




1. Use the formula
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2. (i) First do the integration

1:2

costdt =[] v

M:\\
ISERS

(ii) Now do the differentiation

2

d xTr
d_ [/ CoS tdt] =
COS (332) - 2x T/




sint

sin (xz) — sin (%)

4 gn 22 - L (=
dz Sin (33) dr Sin 1,

2x cos (1112)



Example Evaluate

% lfow(t2—2t+4)dt].
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2 —2t+4



(x2—2x+4)-1

Example Evaluate

% [/ (£ - 2t-|—4)3/4dt]

o d /
dx |/,

(2 — 2t + 4)*" dt]




(2 — 2t + 4)**

2x

[(m2)2 — 2 (x2) +4

(:1:4 — 2% + 4)3/4 - 2T

]3/4

-2
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3.2.3 Properties of Integrals

(1) [2(f+9)(@)da=[" f(z)da+ [’ g(z)dz

(ii) ) (af)(@)da=][; af()dz=a [, f(=

(iii) [* f(z)dz =0
)
)
)

(v ff de =—[;'f

(vi) If f(
f()

x) is an odd funCtiOH (ie.,

—f( z) for all )

(vii) If f(ac) is an even function (i.e.,
f(x) = f(—=z) for all x)
fja f d.CU = 2 fO dx

(viii) If f(z) < g(2) for a <z < b, then
[P f(z)dz < [P g(z)da

g

(iv f fle)de = [, f(z d$+fcbf(x)d:c
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3.2.4 Exercises




