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3.3.5 Algebraic substitution

3.3.5.1 Indefinite integrals Consider

/ 2¢2%d .

We know that

d 2x 2
g2 _ 9,2
dxe e

/262"’"daz — e 4 ¢

Similarly, | 3c0s3zdz can be evaluated
by knowing that
d
e (sin 3x) = 30837
T

/3008 3xdx =sin3dx + ¢
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In each of these examples we have
e a composition ofunctions: f(g(z))
e the derivative of g(z): ¢'(z)

In our first example

Flo(z) = & where f(z) = ¢
y(z) = 22 and ¢'(x) = 2.

In our second example
f(g(x) = cos 3z where f(z) = cosz,
d(z) = 3z and ¢'(z) = 3.

Both these integrals have the form
[ o) @)ds

Integrals of this type can be solved by
using the method of substitution by

substituting u = g(z).

.
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How to integrate /f(g(x)) - g (x)dz

1. let u = g(x)

d
2. Compute d_u = ¢'(x). Thus
T

du = ¢'(x)dz

3. Make the substitutions
u = g(z) and du = ¢'(z)dzx to give

/f )du

4. Evaluate the integral / f(u)du

5. Replace u by g(z) so the final

answer is in terms of z.

We can use this techniqi€ only when we

have both f(g(z)) and ¢'(z) present in
the integrand.
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We will use this method to evaluate out

previous two examples.

7= /262$dx Let u=__=g(x)

du
“dx T -




2x

2dzx

/ e*du

e +c



=sin3x + ¢

Example Evaluate the following integrals

using an appropriate substitution.

1. /2$ (:1:2 + 1)5/2 dx

9. /—sinw - cos® zdx

g

I:/Scos?)xd:c Let u=_ =
d
'_ﬁz_ordu:

I:/COS3£U-3dZC

/ cos udu

sinu + ¢

3x

3dx
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I:/2a3(x2—|—1)5/2dx

w=z*+1
du = 2zdx

71 = /u5/2du

2
= Zu"? 4 ¢

7

— % (:EZ + 1)7/2 + c.

c is an arbitrary constant.



T — /—sinx . cos® xdx
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U = COS I
du = — sin #dz
4
1= /u3du =L +c
4
cos?
= C
4

c is an arbitrary constant.
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If ¢'(z) differs from what we have in the Example
integrand by a constant factor only our
method will still work. 7= / COSVT g,
NZ
Z/x\/l—l—xzda: Let u=2a>+1 Let u=__
codu = 2zdx s du =

1 = /Qx\/l—l—a: dz

/fdu
— / 1/2du
2
_ 172 5
—2<3 )-I—c

1
= —u¥? 4 ¢

3

:%(1+x2)3/2+c

. J g




x
L 1
— d
5% T
2du 1

— /2
ey R 2z /°du

I_ / cosu - 2x1/2
172

= 2/cos(u) du
= 2sin (u) + ¢

= 2sin (V) + ¢

c an arbitrary constant.

du



(

3.3.5.2 Definite Integrals
b
- [ flo@)) o (2)do
x=b

= flg(z)) ¢ (x)da

o)
= f(u)du
)

g(a

When we make the substitution

u = g(x) in a definite integral, the
x-limits of integration are affected. We
can deal with this in one of two ways

1. Change the limits of integration,
which eliminates the need to
back-substitute.

2. Evaluate the indefinite integral first
and then substitute in the x-limits.

g
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2
Example Evaluate / x (:1:2 + 1)3 dz.
0
(Method One)

r=2 3
1= / x (x2 + 1) dx
=0

Letu=2°>+1 .. du=2zdz




(
? 3
/ z (z* +1)" dz. (Method Two)
0
(1) Determine the indefinite integral

I:/x(xQ—l—l)?’daz

et u=a2+1

1
I:§/u3du:

(2) Determine the definite integral

/02:1:(:52+1)3:%[(x2+1)4]

2

0
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3.3.6 Integrals of the form
/
/ f (@) dz
/(@)
Consider the following derivatives

d 1 d
—[ln‘azg—l—lu :x?’—l—l.dx

dz
322

3+ 1

d 1 d

o [In [sin z|] = pril (sinx)
COS T

(@ + 1)

sin x

d 1 d

P [ln‘xz —!—23:‘] = 2 1 om ' (ZE2 —|—2ac)
20 + 2

x2 + 2x

In each of these derivatives, involving the
In function, the answer is a quotient in

which the numerator is the derivative of

the denominator.

\_




True or False?

F@ i
[ = mis)

Examples Evaluate the following
integrals

1./ v dzx
2 +4
w/2
2'/ COST 3.
o 2-+sin?
3. /tanxdx

In2 T
4. / ‘ dx
0 1 + e*
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1

~In|z® +4

5 I |2% + 4]
In1.5

In [sec z| + ¢

In1.5
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Solution.

1. Evaluate the integral /

T
— d
/372—|—4 s
Letu:x2—|—4,
d d
Then—u:2x:>dx:—u,
dz 2x
ThusIz/g-d—u,
u 2z
1 1
:—/—du,
2 U
1
:§ln|u|+c,

:%ln‘xz—i—ll‘—l—c,

where c is an arbitrary constant.
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2. Evaluate the integral

/2
/ _COST gy,
o 24sin”®

Solution.
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/2
7— / CcoS T dz,
0

24+ sin®
Letu =2+ sin %,
du
d
Then _ =cosr = dzr = ¢ ,
T COS X

r=0=u=2+sin(0) =2,

a::E:>u:2—|—sin<g):3,

2
3
cosr du
ThusZ = :
ue /2 u  cosT’
3
1
:/ —du,
o U
3
= [In |ul];,

=In3 —-In2=1In1.5.
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3. Evaluate the integral / tan zdzx.

Solution.

\
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I:/tanxdx:/

Let u =

COS T,

— _gipr=>dr =—

1
_/—du,

U
—In|u| + ¢,

—In|cos z| + ¢,

In [sec x| + ¢,

Sin &

dz,

COST

du

R )
sin L

. sin & du
¢ Y
U sin L

where c is an arbitrary constant.
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4. Evaluate the integral

11’12 €T
/ ¢ dx.
o 1+e”

Solution.
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In 2 X
I:/ ¢ dz,
0 1‘*‘6:'3

Letu =1+ €*,
d d
Then—u =¥ = dzr = —u,
dx e’

r=0=>u=1+¢e"=2,
r=In2=u=1+¢e"2=3,

3 =z
ThusZ:/e—-d—u,
5 U er
31

:/—du,
5 U

3
= [Infull3,

=In3—-In2=1n1.5.



3.3.7 Exercises

The following questions are about the

key ideas in this section.
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