Fundamentals Lecture

Basic

Eight
Trig Identities :

Pythagorean Formulae (1.13,
page 1-31)

Sum and Difference of Angles
Formulae (1.13, page 1-32)

Double Angle Formulae (1.13,

page 1-32)

Half-angle Formulae (1.13, pages
1-32 & 1-33)

Products as Sums and
Differences (1.13, page 1-33 &
1-34)

Half-Angle tangent formulae
(1.14, page 1-34)
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Basic Trigonometric
Identities

(i) Pythagorean Formulae

sin® @ + cos®’0 = 1
1+ cot’d = cosec®d

tan’f+1 = sec’d

Question: How are the second and

third of these formulae derived from the
first?




Example

Show that

(sin @ + cos 0)* + (sin @ — cos §)” = 2

Solution

LHS = (sin 6 4 cos 6)® + (sin 6§ — cos §)’
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+ sin* 0 + cos® @ + 2 cos @ sin 6
+ sin? @ + cos® @ — 2 cos @ sin 6
2sin” @ + 2 cos 6

2 (sin® 0 + cos? 6)

2



Example

Verity that

1—sin6’_ cos
cosd@  1+sinb

Ex1N Q29(c)

SOllltiOIlMultiply both sides of the
equation by cosé (1 + sin ) to obtain
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(1 —sin®) (1 +sinf) = cosf cos b
1 —sin*6 = cos* 6
1 = cos* § + sin” 0
1 =1
because sin? § + cos? 8 = 1 by the

Pythagorean formula
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(ii) Sum and Difference of
Angle Formulae

sin (A + B) sin A cos B & cos Asin B

cos (A + B) cos A cos B F sin Asin B
tan A 4+ tan B
1 Ftan Atan B

tan (A £+ B)

Example Find an exact value for

e
COS 15

- m _ T
Solution Now, It == 4 =

T
3 4
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Example Find an exact value for

cn T
SN 12

1 T __ T
Solution Now, It == _ =

. T i T T
. SIn— =smn{— — —

12 3 4
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(iii)Double Angle Formulae

sin2 = 2sinfcosf
cos 26 cos? § — sin? 6
2cos*f — 1
1 —2sin* 6
2tan 6

tan 26
an 1 —tan?6

These formula can be obtained by
letting A = B =60 in (ii)




Example Prove that 159520 — tan 4.

sin 20
Solution

1 — cos 260
sin 260

LHS =

Now cos 20 = 1 — 2sin? § (Double Angle

Formulae)

because sin 20 =

Formulae)
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1 — (1—2sin?0)

sin 26
2sin? 6
sin 26
2sin? 6

2sin 6 cos 6

sin 0

cos
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Half-angle Formulae

1—cos @
2

1+cos @
2

1—cos6
sin 6

sin @

14cos 6

Note: From the half-angle formulae

sinQ::I:\/l_COSQ
2 2

7, 1
cos—::I:\/ + cos 6
2 2

The ‘4’ or ‘-’ sign is chosen to be

compatible with the known quadrant of




Example

5 1

1. Explain why cos I
3 2

om

2. Hence find an exact value for cos 5

using the half-angle formulae.

Solution We need to use the fact that

5% _ % . (5?77) and that

o2 6\ 1+cosb
2) 2

N 7, i\/l—l—cos@
COS — =
2 2
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6 1 4 cos 0
- — :l:
COS \/

5
Note that % 1s in the 2nd quadrant so

5 5
that cos g is negative. Let 0 = il

3

Y1
COS —
§




1/2
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Products as Sums or
Differences

2cos Acos B
2sin Asin B
2sin Acos B
2cos Asin B

These formulae are obtained by the
addition or subtraction of the formulae

in (ii)

Examples

Write the following products as a sum

or difference.
a 2cos7xcosdx

b cosdxsinzx
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Solutions
a Let A=7xz and B = 5z. Then as

2 cos A cos B=cos(A+ B) + cos(A— B)
we have

2 cosTxcosbx= cos(7x+5x)+cos(7x—5x)|)
= cos (12x) + cos (2x)

b Let A =42 and B = x. Then as

1
cos A sin B:§ sin(A+B) — sin(A— B)]

we have

cos 4x sin 1= [sin(4x+x) — sin(4x —z]])

| -
=5 [sin (5x) — sin (3z)]
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Half-angle tangent
formula

Let ¢ tan E,
2

2t
1+ t?
1 — t2

then sina

2t

tan
1 — ¢2

This substitution is useful in integrating

rational functions of sine and cosine

(MATH 142).
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Example Find an expression for

by letting ¢ = tan g

1+ coszx

Solution Now, cosz = ;g Hence

1
1+ coszx
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Exercises on Trig
Identities

Exercise 1.13.7
pages 44 & 45.

For each of the questions do as many of
the subquestions as you require in order

to gain mastery of the basic technique.

You need to do these exercises!
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