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Fundamentals
Lecture Seven

Remainder Theorem : polynomial
division. 1.4.9 (page 1-14)

e Determine the remainder when

the polynomial

1? + 5?2 — 22 — 24 is divided by

the polynomial x — 1.

Factor Theorem : Finding factors of

polynomials. 1.4.9 (page 1-14)

e Show that (x — 3) is a factor of
13 — 5x? — 27 + 24 and hence

determine the remaining factors.
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Consider out previous divisions
i (22 +5x—36)=(z—4)=x+9
o 3202 —x42 2
11 ] =z° -3+ 2

il (#3+1)+(z+1)=a2*—2+1

. 3_ 7.2
iy 22 7;_§L2$+4 = 32% + 2x + 8 + —x2_83

Note that in each case when our given
polynomial is divided by x — a the
quotient (or answer) is a polynomial of
one degree less than the original
together with a remainder (which was
zero in (i), (ii) and (iii) and 28 in (iv)).

We can write this as an equation:

j(_x)a:q(x)+xia OR

f(@) = (z—a)q(z)+r




7

where f(x) is our given polynomial, ¢(x) is

the polynomial produced by the division

and r 1s the remainder.

If welet x = a in

f(z) =(z —a)q(z) +r we get
fla) =(a—a)q(a) +r

= r the remainder

So, to find the remainder resulting from a
division we don’t have to perform the

division we can simply use the rule
fla)=r

For example, we know that

(3% — 722 + 2z + 4) + (z — 3) results in a

remainder of 28. We will check if we get

the same remainder using this new rule




Now, f(x)=3z"— 72>+ 2x +4

and z—3=z—a=a=3

f(3) =

= 28
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Example Determine the remainder

in each of the following cases.

1. (2% +ba? — 22 — 24) +~ (z — 1).

a —=

2. (3 +5x% — 21 —24) + (x + 1)

a —=
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—20

—18
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3. (z3+5a? — 2z —24) + (x — 2)

a —=

Key point 1: Let P(z) be a polynomial.
Then the remainder when P(z)/xz — a is

Pla).
Key point 2: If P(a) = 0 then z — a is a
factor of P(x).







Factor Theorem Why is being able
to find the remainder easily important? In

our example
1224 - 8 = 153
the remainder 1s zero and so

1224 = 8 x 153

i.e. 8 and 153 are factors of 1224.
Similarly, (i), (ii) and (iii) have remainders
of zero. So,
i 22+ 5x — 36 has factors (x — 4) and
(x +9)

ii 23— 222 —x + 2 has factors (x + 1) and
(x2 — 3z + 2)

iii 2% 4 1 has factors (x 4+ 1) and
(:132 — T+ 2)
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Therefore, if f (a) =0, then (z — a) is a
factor of f(x) For example, if
f(z) = 2% 4 22° — 14z + 12
then f(2) = 2% +2.2° — 14.2 + 12
= 0.
Therefore, (x — 2) is a factor of f (x).

The remaining factor can be found by

long division.

Tz —2|x3 4+ 222 — 142 + 12

o f(z) = 2° 4 22% — 14z + 12

= (x — 2)
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6)
4x
(x2 +



Example Show that (z — 3) is a
factor of f(x) = 2° — 52* — 22 + 24 and

hence determine the remaining factor(s).

Solution o =

- (x — 3) is a factor of f (x). To

determine further factor(s) use long

division

x—3|x3 —bx? -2z +24
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3 — 5r? — 2% + 24
(z —3) (2 — 2z — 8)

What happens if we are not given the

first tactor? Let’s look at an example

Example To attempt to find the

linear factors of
f(x) =2° + 52 — 22 — 24
we look at the factors of 24

ie. 41,42 43 44 46, £8 +12and £24

By trial and error we substitute these
values for z into f (x) until we find a
value that gives a zero remainder, i.e.

f(a) =0 and so (x — a) is a factor.
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f(x) = 2° 4+ 52° — 20 — 24

. (x 4+ 1) IS/IS NOT a factor

f(2) =

o (x —2) IS/IS NOT a factor

As before, we use long division to find
the other factor(s).

Exercise Verify that

:1:3—|—5x2—2x—24:(x—2)(x—|—3)(x—|—4)




Example
Factorise f (z) = 22° — 92 + Tx + 6.
Solution

1. Find the factors of 6

2. Find one factor by calculating f (a)

where a is a factor of 6.

. Find the remaining factor by long

division

Exercises on factoring
polynomials

Exercise 1.12.4
page 39.
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