INVERSE TRIGONOMETRIC

FUNCTIONS

2.6
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Before the next lecture you should

read sections 2.7.1-2.7.3 — [ wid-a
sufne that you have done so.
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Figure 9: y =sin®

domain so that we have a 1-1

\

2.6.1 The Inverse Sine Funlction

The graph
of y = sinx
shows that sinz
1S a many-to-one
function

i.e. there are
many  z-values
that will give the
same y-value. To
find the inverse
of sinx we need

to  restrict its

function.

_J
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We will restrict the domain of y = sinx

to X< gp< X
0O —— i —.
2 2

The inverse sine function is denoted
1

by y =sin” " x or y = arcsin .
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Figure 10: y =sin" 'z

T

2
Rangesinz = [—1, 1].

g

Note: Domsinz = [—— 3] and

\

The Graph

of y =sin™'

From

the graph note:
1. Domsin™'z =
[_17 1]

2.

Rangesin™'z =

=53]

’ 2

-

Let y = sin~ ! z and take sine of both
sides

c.osiny =sin (sin”'z) =2

Definition

If y =sin™' z, then 2 = siny, for

—lgxgland—ﬁgygz.
2 2

In words we can describe sin~! z as

the angle whose sin is .

1

Note sin™ " z is the inverse of sin z not

the reciprocal.




SIn

= [sin (2)] '

ExampleS
Find exactly:

(a) sin™! (1)

(c) sin~* ( )

[\
& @

(b) sin™" (—
(d) sin™*1

1
2

)
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Find exactly: (a) sin™" (

DN [ =

Let y =sin"! (

siny =

AN =

y:

N[ X
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(b) Find exactly sin™' (—3)

1 T
Let y=sin"!|—= ——<y<
e y Sin (2), 2_y_
, 1
Sin = ——
Y= 7%

Therefore y is in the fourth quadrant

_7T
Y= 7%
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Find exactly (c) sin™! (

ot

Let y:sin1<
. V3
S1n = —

Y7
_7T
Y73

o] 3
IN

IA
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Find exactly (d) sin™'1

Let y=-sin""(1),

siny = 1
.m
Y73

o
IA

IA
Do X
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Function

-6 -4 -2 0 2 4

Figure 11: y =cosx

6

2.6.2 The Inverse Cosine

Like the

function,

sine

the
function
1-1.

can make

cosine
is not
We
a 1-1 function
by restricting
the domain
to0 <z <,

The
inverse cosine

function

denoted by

1

Y = COS ~ X Or Yy = arccos .

g

_J
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Figure 12: y = cos™

1y

and Range cosx = [—1,

The Graph
1

of y =cos ' x

From

the graph note
1.

Domcos™ 'z =
[_17 1]

2.
Rangecos ™1z =
[0, ]

Note: Dom cosz = [0, 7]

1].




1

Let y = cos™ x and take cosine of both

sides

1

c.cosy =cos(cos™ x) =1

Definition
If y = cos™! z, then = = cosy, for
—1<zx<land 0<y<m.

In words we can describe cos™! z as

the angle whose cosine is .

119

ExampleS

Find exactly:

(a) cos™

H
(c) cos™! (

>)
)

(b) cos™! (
(d) cos™1 0

-1

V2

)
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Find exactly: (a) cos™ (

N [ =

Let y = cos™
1
CosSYy = —
Y79
.
Y73
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Find exactly: (b) cos™ (_

-1
/2

)

—1
Let —cos | —

1
cosy=———= 0<y<m

V2

cosine is negative so y is in the second
quadrant.
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Find exactly: (c) cos™ (

oIS
N——"

Let y=cos ! (?)

3
Cosyzg 0<y<m

oom

7%




Find exactly: (d) cos™'0
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Let 3y =cos ' (0)
cosy=0 0<y<m

y:§
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Function

4 3 2 1 0 1 2 3 4

Figure 13: y =tanzx

2.6.3 The Inverse Tangent

We restrict the
tangent function

to the domain
n T

T r< =
2 2

so that we have
a 1-1 function.
The

tangent

inverse

function
is denoted

by y=tan 'z

or y = arctan .

_J
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Figure 14: y =tan™ 'z

and Rangetanz = R.

.

The Graph
of y=tan 1z

From

the graph note
1.

Domtan~tz =
R

2.
Rangetan™lz =

(=5:3)

Note: Domtanx = (_777; %)
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Let y = tan~! z and take tangent of
both sides

- tany = tan (tan ' z) = . ExampleS

Definition Find exactly:

If y = tan~' z, then z = tany, for (a) tan™" 1 (b) tan_l(—\/g)
T 7

—00 < z < 0o and 5 <y<g3 (c) tan~'(=1) (d) tan~' (%)

In words we can describe tan—! z as

the angle whose tangent is z.




Find exactly: (a) tan™'1

129

Let y=tan "1

tany =

y:

1
T
4

(A

— <y <
2 SY 53

(A
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Find exactly: (b) tan™'(—+/3)

Let y=tan™' V3
™

T
tany = —vV3 ——<y< =
any \/_ 5 y 5

tangent is negative in the fourth

quadrant
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Find exactly: (c) tan™! (—1)

Let y=tan"'—1

7
<y< —

tany = -1 —
ny 5

T
2
tangent is negative in the fourth
quadrant
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Find exactly: (d) tan™? (

Sl

Let y=tan™!
. 1
any = —

VG
.
7%
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4 R

Example Simplify the function
cos (Sin_1 z) for |z] < 1.

Fyrther properties of the Solution

inverse trigonometric

functions

sin”!(sinz) =2 if —

1

sin(sin~ — 1 if—

T
2
=z f—oco<z<o0

)

)

cos(cos" z)=z if—1<z<1

tan”'(tanz) = z if—ggazg
)




Method 1
Recall sin?@ 4+ cos?6 =1
= cosf = /1 —sin? 6

Tet §=sin"'z

COS (sin_1 x) = :l:\/l — sin? (sin_1 :1:)

T T
Now —— <sin tx<=
2 - 2

and cos > 0 in this interval

alsosin (sin'z) =z, if |z/<1

cos (sim_1 a:) =1 —z2

Example Simplify the function
cos (sin~' z) for |z|] < 1.

Solution Method 2.
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2.6.4 Revision Questions
y =sin"! 2z = sin (y) = 2.

The following questions are about the

key ideas in this section.
1. Sketch the following graphs: (a)
y =sin"'z (b) y =cos™ 'z (c)

y = tan~! .

’ 2. What are the domain and range of:

d

From the triangle we have (a) y =sin""z (b) y = cos™ z (c)

= tan~! z.
d=+1— 22 Y

N 3. Why do we need to restrict the

cosy = 1 domain of the inverse trigonometric

cos (sin_1 x) =1/1— z2. functions?

Take the positive root for the same reasons

as in method 1. \




2.6.5 Exercises

1. Simplify the following functions.

2. Evaluate (if possible) the following

expressions (don’t use a calculator!)
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