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2.4 THE HYPERBOLIC
FUNCTIONS

Just as the trigonometric functions are
based on the unit circle, the
hyperbolic functions gre based on the

hyperbolas e” and e”*. The hyperbolic

functions have many properties in common
with the trigonometric functions. This
similarity is reflected in the names of the

hyperbolic functions.

The three elementary hyperbolic functions
are the hyperbolic sine the hyperbolic
cosine and the hyperbolic tangent. For

convenience we shorten these names to

sinh z cosh tanh

respectively, where the ’h’ indicates the

connection to the hyperbola.
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2.4.1 Graphs of Hyperbolic Functions

Cosh x

11

[y
o
T

The
1 1

h of coshzx = —e* + e~
graph or coshx 26 -|—26

can be obtained by separately
1

T

cosh(x)

T and

graphing 56"” and 56_

then adding the y-coordinates
together at each point.
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Figure 6: y = coshx
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y=sinh(x)

g

4.
sinh(—z) = —sinhx

10

-10

Sinh x

Figure 7: y =sinhz

sinh(0 =0

Domsinhxz =R

Rangesinhz = R

The

| graph

of

sinhz = _pz _ — -2

be obtained in
a similar manner
to that of cosh z.

Important points to note are:
1.
2.
3.

sinh z is an odd fuction l.e.
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Tanh x

0.5

tanh(x)

y:

-05 +

Figure 8: y = tanh x

Important points to note are:
1. tanh0 =0
2. Domtanhx =R

3. Rangetanhz = (—1,1)
4. tanh z is an odd function i.e.

tanh(—x) = —tanh x.

.
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2.4.2 Reciprocal Hyperbolic

Functions

The reciprocal hyperbolic functions are the
hyperbolic secant

the hyperbolic cosecant and the hyperbolic

cotangent.
Definitio™
1
5. As ¢ — oo tanhz — 1 and as sech  —
r — —oo tanhz — —1 coshz
b 1
cosechz =
sinh x
1
cothx =
*7 tanhe

The domain, range and graph of the above
functions can be determined from the

appropriate graph of sinh x, cosh z or
tanh z. (See Exercise 2.4.5 Q3).
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2.4.3.1 Exercises
2.4.3 Hyperbolic Identities 1 Show that cosh? z — sinh? z = 1

The hyperbolic identities are very

similar to the trigonometric identities. 2. Prove that sinh(z + y) =

cosh?z — sinh? 7 = 1 sinh x cosh y 4+ cosh x sinh y

1 — tanh?z = sech® z

coth? z — 1 = cosech?

The first identity you will have to
remember. The second and third can be
found by dividing the first identity by
cosh”® z and sinh® z respectively. Note: 1 The result for cosh(z + y) is

proved in a similar manner.

Note: 2 The results for cosh(z — y)
and sinh(z — y) are found by letting

sinh (z 4+ y) = sinh z cosh y + cosh x sinh y

cosh (x + y) = cosh x cosh y £ sinh z sinh y

y = —y in cosh(z 4+ y) and

sinh(x 4 y) respectively.

g _J . _
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1. Show that cosh?z — sinh?z = 1

Don’t Panic!

\
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cosh? — sinh? z =

coshz = % (e"+e77),

cosh? z = i (e** + e +2),

sinh o = J (& )

sinh® z = i (e** +e 2 —2),
i (e** + e +2)
—i( S )
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2. Prove that
sinh(z + y) = sinh x cosh y 4 cosh z sinh y
Hint

cosh z + sinh z = €

coshz —sinhz =¢e*

€($+y) — e (z+y)

sinh (z +y) = 5
_eveV—e eV
a 2
1 . :
=3 [(cosh x + sinh x) (cosh y + sinh )

— (coshz — sinh z) (cosh y — sinh y)]

= sinh « cosh y + cosh z sinh y
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The following identities can be found by 2.4.4 Derivatives

letting y = x in cosh(z + y) or

The derivatives of the hyperbolic
sinh(z + y). (See Exercise 2.4.5 Q4.)

fyictions are given in figure 2.

sinh 22 = 2sinh x cosh

fle)  fz) | flx)  [flx)

sinhz coshz | tanhz sech?z

cosh 22 = cosh? z + sinh? z
cosh (2z) + 1
9 coshz sinhz | cothz — cosech?z
cosh (2x) — 1
2

cosh’? z =

sinh? z = Table 2: Derivatives of hyperbolic func-

tions
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1.

2.

2.4.5 Exercises

Prove that d—(cosh r) = sinhz
T

Show that
In [Sinh:c + \/sinh2 T + 1} =z

. See exercise book.
. See exercise book.
. See exercise book.

. See exercise book.

Prove the results in the table of
derivatives of the hyperbolic

function.
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1. Prove that d—(cosh r) = sinhz
T

Don’t Panic
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2. Show that
In [sinhx + \/sinh2 T+ 1] =z

Do’t Panic




cosh? z — sinh? z = 1,

sinh? z + 1 = cosh? z,
\/sinh2 z 4+ 1=V cosh?z = cosh z.

Lety = In [Sinhx + \/sinh2 x + 1} :

Then y = In [sinh z 4 cosh z] .
Now coshz = (ex + e_“") :

sinhx = (em — e_"") :

N — N~

Hence cosh z + sinh z = €*.

T

Thus y = In [sinhz 4 coshz] = Ine” = .

-

7. Prove that

d sinh
(a) s;r; Y — coshz.
d cosh
(b) % = sinh z. (Already done,
see question 2).
d tanh
(c) % = sech® z.
d coth
(d) % — — cosech® z.




(e"” + e_m) :

(e"” — e_w) :

coshz =

sinh xz =

N = DN~



