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Instructions

Time Allowed: 90 minutes
Number of questions: 7.

1. Each question is to be attempted.
2. The questions are not of equal value. The value of each question is indicated in square brackets.
. The examination paper is printed on both sides.

. WORKING (including all necessary reasoning) is to be shown for all solutions.
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. Working is to be done in the exam paper.

Examination Materials/Aids Allowed

Non-alphanumeric calculators are permitted.

A one-page, Ad-sized, double-sided summary sheet is permitted.

Examination Materials/Aids to be supplied

None.

This examination paper must NOT be removed from the
examination room.



1. Consider the difference equation
Tni2 — 3Tpy1 + 2z, = 0.

(a) State the order of this equation, whether it is linear or nonlinear and whether it is autonomous or
non-autonomous. You must justify your answers. [1]

(b) Show that the general solution to the equation is given by
Tn = Al + 2nA2;

where A; and A, are constants. [3]

(c¢) Using the general solution, solve for the specific solution with initial conditions zo = 10 and z; = 20.

[2]



2. A bird species lives on two islands, North Island and South Island. On the North Island the population
increases through births and deaths by 25% each year whereas on the South Island it increases by through
births and deaths by10% each year. In addition, each year 400 birds leave the North Island, one-quarter
of which go to the South Island.

(a) Write down a word equation that defines the population on each island. [1]

(b) Write down, formally, the set of difference equations that models this problem after n years. Define
all variables and explain your terms. 2]



3. At the beginning of each year you invest ¢% of your yearly salary into a superannuation scheme. Your
employer tops up your investment by adding 7% of your salary. Your money draws interest of p% com-
pounded yearly. Suppose that your salary starts at a base level b and at the start of each year it increases
by a constant amount ¢. Your investment in the superannuation scheme after n payments is given by the
solution of the difference equation

Ma = (1+ 35 )M"‘1+<q+r) (b+en), My=L"Tp

100 100 100

(a) Find the general solution of the superannuation model, simplifying as far as possible.

n n+1l _ 1
Hint. Za”‘kk: a4 (n+ 2)a+n‘
k=1 (a - 1)
uppose that ¢ =7, r = 14, b = $50,000, ¢ = and the rate of return from the superannuation
(b) S that ¢ = 7, r = 14, b = $50,000, ¢ = $1000 and the rate of return from th ti
scheme is 4%.
(i) What is the size of your initial investment? Round your answer to the nearest cent. [1]
ii) You retire from work after makin ayments. How much money do you have in your super-
(ii) Y ire fi k af king 35 pay H h y do you have in y p
annuation scheme? 2]

(¢) How much money would you have in your superannuation scheme when you retired if you did not
increase your contribution in line with your increasing salary, i.e. your regular investment is fixed at
its initial value and ¢ = 0. Assume that the values for b, p, ¢ & r are as in part (b). [2]
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4. On the 18th August 2007 I visited a Bing Lee store. I noticed that the following terms were offered for a
48-month loan.

e Interest is compounded at 17.9% monthly.
e There is a $25 establishment fee.
e At the end of each month there is a $2.95 monthly service fee.

Suppose that you purchase an item at Bing Lee costing $1,000 and that you take a loan for 100% of this
amount. You make monthly repayments. How much money do you repay to Bing Lee including fees? [3]



5. A population is modelled by the difference equation

Tnt1 = f(rcn),n =0,1,2,...
where the function f (z) has the following properties.
e f(0)=0.
o If > 0 then f(z) > 0.
e If x > 0 then f(z) < z.

(a) What properties must the function f have in order for it to be biologically meaningful? [2]
(b) Produce a possible cob-webbing diagram by sketching the function y = f () and drawing the line
y=z [1]

¢) By using your cob-webbing diagram, or otherwise, determine the long-term population dynamics for
g y
an arbitrary initial condition zg = a > 0. 2]



6. The standard logistic model is given by
Tyl = 12, (1 —24),

where r is the intrinsic growth rate, a positive number. If a proportion, p, of the population is culled
before natural births and deaths occur we obtain a modified logistic model

Tppr =11 —p)a,[1— (1 —p)a,].

(a) Find the fixed points of the modified logistic model. [3]
(b) Determine the eigenvalue of the trivial fixed point. [2]

(¢) The value for r for a pest in a specific environment is r = 2. Will a value p = 0.4 suffice to drive the
species to extinction? (Justify your answer). If not, suggest a value for p that will drive the species
to extinction. (Justify your value) [4]



7. In order to draw a cobwebbing diagram for the population model

222
X =
n+1 .73% + 3
. . . 222
a figure containing the straight line y = x and the curve y =

213 is required for a cobwebbing diagram.
(a) Why is the straight line y = x required in a cobwebbing diagram?

[1]
. . . . 2z2
(b) Write appropriate maple code to plot the straight line y =  and the curve y = 213 on the same
T
figure over the range 0 < z < 10.

[3]
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