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6 Harvesting

6.1 Introduction

Consider an animal species that is
harvested or hunted, e.g. deer, fish or
rabbits. In this chapter, we study two
harvesting, or hunting, strategies for
this population.

Although the basic ide28 are very
simPple, discrete models have been used
in fishery management for some
considerale time.

They have proven to be very useful in
evaluating harvesting strategies with a
view to both optimising the economic

yield and to maintaining it.
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During this chapter you wil:

1. Analyse simple models for the
management of harvested species.

e Learn what is meant by a fized
harvesting strategy.

e Learn what is meant by a

proportional harvesting strategy.

2. Relate mathematical results to the
physical problem.
e Understand how a fixed
harvesting strategy can drive a

population to extinction.

e Understand how a proportional
harvesting strategy can drive a

population to extinction.
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In this chapter we will assume that the

population model in the absence of

2. Relate mathematical results to the harvesting is the logistic equation.

physical problem. Recall that the unscaled logistic
e Learn how to optimise the yield equation is
from both the fixed and
proportional harvesting Nni1 =N, (r - %) :
strategies.

e Understand why proportional The scaled logistic equation is given by

harvesting is a better strategy to Tpi1 =TT, (1 — ), (6.1)

manage a sustainable resource

than fixed harvesting. where 2, = 2. In studying the

management of a renewable resource

e To appreciate why in practice : : :
PP ymp (the animal species) we assume that in

fixed h t ight b
xed harvesting might be equation (6.1) 1 < r < 4.

prefered to proportional
harvesting. Question 6.1 Why do we assume that

1 <r <4 in equation (6.1)?

g _J . _




Harvesting 147 Harvesting

(" ) (- B

We will typically consider the case
r = 1.8. Before investigating how 0.5 ' Ay
harvesting effects the dynamics of our 0.45 r y=x e .
model we should first determine what T 04r I
happens when there is no harvesting g 035 7
(h=0). g o3 |
T 025 | .
Question 6.2 8 Ll |
S
1. Show that when r = 1.8 the fized S 0151 -
points of equation (6.1) are z* =0 & o1f/ -
« _ 0.8 |/ ]
and r* = 5. 0.05
0 | | | |
2. Show that the eigenvalues are 0 0.2 0.4 0.6 0.8 1
AN=18 when * =0 and X\ = 0.2 Population at generation (n)
when z* = %% _ . _
1.8 Figure 6.1: Population diagram for
3. Using figure 6.1 determine what the discrete logistic model z,,; =
happens to the population size x,, as 1.8z, (1 — z,)
n — oo.

. J g _
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buppose that hunters are allowed to kill

fixed number H of the animal If we rescale this equation by defining

opulation. Then the unscaled N, :
. . T, = -2 we obtain
opulation model is
N Tpi1 =T%, (1 —x,) — h. (6.3)
Nn 1 = Nn (T — n_ —
" K ) H.(62) where h = Z-. 'We shall assume that
< :
In writing down equation (6.2) we are O<h<l
assuming that the animal species is Question 6.3 Why do we assume that
culed after breeding , for otherwise, the 0<h<1?

culling would affect the number of
births andeaths, and consequently the

growth rate.

. J g _
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0.4
1. Show that when h = 0.066 the fized 0.35
points of equation (6.3) are T 03
= 025
x7 = 0.1095 and x5 = 0.336. s .,
2. Show that the associated eigenvalues % 0.15
@©
are A = 1.406, for the fixed point x7, g orr
c ;
and X = 0.594, for the fixed point H 0.05
* a 0
= -0.05
3. Using figure 6.2 (a) determine what DL
happens to the population size x,, as Population at generation (n)
n — oo if xg = O'f—g.

Figure 6.2: (a) Population diagram

Biologicaly, the answer to this question for the fixed harvest model z,i1 =

means that if we cull h = 0.066 of our 1.8z (1 — ) —0.066. There are two fixed
population each year then the points: an unstale fixed point x2* =
population witlecrease from 0.1095 (B) and a stable fixed point z* =
* = 0.444 (0.8/1.8) to z* = 0.3350. 0.3350 (A).

N Y q )
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Question 6.5 What is the biologica!

significant of choosing o = % in

question 6.4 7

Question 6.6 From the cobwebbing
diagram describe what haPPENS if the
population s ever reduced below

z* = 0.1095 (the population size at the
unstable fized point).

Question 6.7 Suppose that at the end
of the year the population size is

z* = 0.3350 (the stable fixed point).
Why maght the population size in the
next year reduce below r* = 0.1095 ¢

g

_J
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Question 6.8 Show that there are no
fized points when h = 0.12.
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Figure 6.2 (b) shows that the curves
y=18z(1 —x) —0.12 and y = x do not
intersect over the range 0 < z < 1.
Thus, there are no fixed points, as

shown in your answer to question 6.8.

Population at generation (n+1)

A cobweb diagram drawn on this figure
of the population the population size

becomes negative e the animal species

becomes extinct.

Thus if will cull h = 0.12 the animal Figure 6.2: (b) Population diagrams
for the fixed harvest model z,,; =

1.8z (1 —x) — 0.12. There are no fixed
points.

. J g

-0.2 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Population at generation (n)

resource is not renewalle.
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The model equation is
Tpr1 = 1.8z, (1 — x,) — h.

Question 6.9 Are there any The fixed points are the solutions to the
circumstances in which it would be equation
desirable to drive an animal population

to extinction? r=18z(1—-x)—h,

We have seen that for two culling where h is a constant and z is the as yet
numbers, that is, for h = 0.066 and unknown fixed point. Multiplying out,
h = 0.12, we had a different number of this equation becomes

fixed points: 2 and 0, respectively. We
0=0.8z —1.82° — h.

would like to predict what happens for
any fixed harvesting plan, that is, for Using the quadratic formula, the

any value of h. solutions are

ES

0.8 = 1/0.64 — 7.2h
T = :

3.6

(6.4)
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There are three cases.

Case one: 0.64 —7.2h < 0. When
h > 0.64/7.2 there are no fiyeq

points.

Case two: 0.64 — 7.2h > 0. When
h < 0.64/7.2 there are two fizeq

points.

Case three: 0.64 — 7.2h = 0. In this
case there is only one fired point
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Thus we have shown that when r = 1.8
the critical value of the harvesting

parameter is

4
. =0.64/7.2 =

E.
If h > h,, then there are no fixed points

he (6.5)

and the population becomes extinct.
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Fixed points

0.45

04
0.35 -
03 |
0.25 |-
0.2
0.15 -
0.1 |

0.05 -

Figure 6.3: Variation of the fixed points
(z*) in the fixed harvesting model z,,,1 =
1.8z, (1 — z,)—h with the harvesting pa-
rameter h. If h > % there are no real

fixed points.
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e Figure 6.3 shows the variation of

the fixed point z* with the
harvesting parameter h, as

determined by equation (6.4).

This figure shows that the

maximum sustainable harvest is
= 4/45.

given by h."
However, the population of the

harvested species is very fragile

when h = h,,.

If we were to cull too many animals
then we would reduce the population
size below z* = 2/9. Should this

happen,the population would become
extinet unless we adjusted our hunting

strategy until the population recovered.
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Thus to be safe we should restrict A to
some number slightly lower than the

critical value. Even this would be risky,

since the stable and unstable fixed We have show that when r = 1.8 the
points will be close together and a small maximUm sustainalle harvest is
catastrophe (such as slightly he 15+ How does this critical value
over-hunting) could result in the depend upon r?

population dropping below the unstalle
fixed point, causing the population to

start to die-out .
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Question 6.10 Consider the logistic

equation with fixed harvesting
Tpy1 =1, (1 —x,) — b,

wherer (1<r<4)andh 0<h<1)
are arbitrary. Show that harvesting is

only sustainable if

(r—1)°
h<-—.
- Ar
Hint. Find the steady-states of
equation (6.10). Hence show that there

is a critical value of h, h;”’ above which

there are no real fixed points.

-
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6.3 Proportional harvest

Because of the unsatisfactory solution to
the fixed harvesting model, we consider
an alternative strategy, that is, to hunt
or harvest, not a fixed number of the
population, but a fixed proportion of

the population. Let p represent the
proportion of the population that is

removed at the end of every time period.
Then the unscaled population model is

N,
Nn 1:Nn(r_—n —pN, 0<
+ K) p >Pp

and the scaled model (z, = iv_;é) is

Tpt1 = 1Ty (1 — ) — Py, r=1.8.
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We are again assuming that the animal
species is killed at the end of time

period after breeding, the culling is

assumed not to affect the number of
births andeaths.

Question 6.11 What does the

harvesting term —pzx,, ‘mean’?

Question 6.12 If p is the proportional
of the population that is killed, shouldn’t
the values of p be restricted to the range
0<p<17?
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Question 6.13

1. Show that the fized points of

equation (6.6) are 7 =0 and

* _ 0.8-—p
Ly = 18 -

2. Show that the eigenvalue of a fized
point =¥ is given by

A=18(1—-2z")—p. (6.7

3. Hence show that

(a) The trivial fized point is unstable
if either 0 < p < 0.8 orp> 2.8
and stable if 2.8 > p > 0.8.

(b) The non-trivial fized point is
stable if 0 < p < 0.8 and unstable
if p > 0.8.
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Our analysis of this prodem shows that ("
the behaviour of the model when
0 < p < 0.8 is different from that when

0.8 < p. Figure 6.4 shows population

0.25 T, T T T
0.2
0.15

diagrams for the cases p = 0.6 and 0.1

p=0.9.

0.05 |- /

-0.05

Question 6.14 Consider the
proportiondlavesting equation with

= 1.8 and p = 0.9

-0.1

Population at generation (t+1)
o

-0.15

-0.2

025 ' ' ' '
Tpy1 = 1.8z, (1 — xn) — 0.9z, 0 0.2 0.4 0.6 0.8 1

Population at generation (t)

Suppose that ro = 0.6. Calculate x1.
vive both a biological interpretation of

jour result and a biological explanation

Figure 6.4: (a) Population diagrams for
the proportional harvest model z,,1 =
f your result. 1.8z, (1 — x,,) — 0.6x,. The origin is an
unstable fixed point whilst the fixed point

r* = 0.111 (A) is stalle.

. J g _
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The number of animals that are harvested

(H) in generation n is
0.2 T % T T T T

y=X - H = pxy.

0.15 |- -

After sufficiently long time we hope that

0.1

008 the population z,, will reach its static value

x*. When this happens the H is given by

-0.05

-0.1

-0.15

We refer to equation (6.8) as the yield

: , , equation for proportional harvesting.
Figure 6.4: (b) Population diagrams for

the proportional harvest model z,.; = Question 6.15 FExplain how the yield
equation is deriv€d-

1.8z, (1 —z,) — 0.92,. The origin is a

, hore .
stable fixed point and there is no positive Figure 6.5 shows the graph of the

fixed point.
P harvested population versus the

proportioned harvested.

g _J - _
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Question 6.16 Show that the

maximum harvest occurs at the point

(0. H) = (0.4, %) _ (0.4, %) |
(6.9)

Compare this answer to your answer in

the fizellarvesting model,
equation (6.5).
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0.04

Harvested population

0.03

0.02

0.01

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Proportional harvesting parameter p

Figure 6.5: The dependence of the har-
vested population (H = px*) with the
proportional harvesting parameter (p)
in the proportional harvesting model

Tpr1 = 1.8z, (1 — x,) — Ty

. J g _
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e Thus the maximum harvest occurs

when we harvest p = 0.4 or 40% of
the species each time period, and is

.16
H _= u* _= 0 — 0.64
maz = P 18 — 72"

Notice that the harvest is stable for
any value of the proportional

harvesting parameter in the range
0<p<0.8

We have that when r = 1.8 the
maximum harvest occurs when

p=0.4 and is Hoe = %. How do

the optimal value of p and H, 0z
depend upon the value for r?
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Question 6.17 Consider the logistic

equation with proportional harvesting
Tpi1 = T%, (1 — z,) — Ty, (6.10)

where r(1 <r <4) and p(0 < p <1) are

arbitrary.

1. Show that the fixed points of

equation (6.10) are * =0 and

g = ==
r

2. Show that the trivial fixed point is

stable if
—1<r—p<l, (6.11)
whilst the nontrivial fived point is
stable if
—1<2+p—r<l (6.12)

. _
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3.

Show that the maximum harvest

)

5 and 18

occurs when p

_ (r=1)?
Hmax - 4 -

Compare the maximum haTvest in
the proportional harvesting model to

that in the fizelarvesting model,

c.f. question 6.10.

177

Harvesting

( —

Question 6.18 (project) Suppose that
in question 6.17 the value of r is such
that when p = 0 both fixed points are
unstable. How does the behaviour of the
model and the long-term average harvest

depend upon p? In partz’cuzaﬁ Suppose
that for a given value of r and p the

solution s chaotic. Could it be that in
the long-term we harvest more animals
when the population is chaotic than

when it 1s pertod-1¢
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6.4 Comparison of
harvesting strategies

We have investigated two harvesting
strategies. In the first a fixed amount of
the species is harvested in each time
period. In the second a fixed proportion
of the species is harvested in each time

period. We have shown that the
maximUum sustainabe harvest is the

Sﬁ for both policies.

When the proportional strategy is used
the maximum harvest is stable and

ecologicaly sound.

This is not the case when a fixed harvest
is used: maximising the cull using a

fixed harvest is a very risky strategy.

g _J
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What happens in proportional

harvesting is that, when p is slightly

larger than the value at which the
maximum harvest occurs, or when the

population drops because of outside

influences, the actual harvest ‘H = pz,

decreases. which allows the population

to recover.

In the fixed harvest recovery is not
possilie as we cull a fixed number of

animals regardess of the current

population size.
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Therefore proportional harvesting is the

superior harvesting strategy.

However, we should also recognise that

it is harder to implement.

In practice we will not precisely know
the current size of the population (z,)
and so we can not give an exact value
for our kill px,,. However, there are

statistical methods for estimating the

population size z,,.
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An important observation from the
proportional harvesting model is
that there is a value of p at which

the maximum harvest occurs.

In real life there is often a
temptation for hunters/companies
to increase their hunting efforts in

order to increase the harvest.

Here we have shown that, over the
long term, this will reduce the
population, and consequently the
catch will drop.

We are faced with the
environmental reality that if we
increase our effort in harvesting, we

will decrease our harvest.
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6.5 Advanced topics

When the ide@s considered in this
chapter are applied to real harvesting
prolems additional concerns have to be
addressed. Two of these are:

Population uncertainty: In practice

we do not know the exact size of the
animal population, but we can
estimate it using statistical
techniques. Our model should
include the statistical uncertainties
in the value of z,,. How do these
uncertainties change our

recommendations?
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Economics: We have asked the
question “what is the maximum
sustainalle harvest?”

e In many applications a more
pertinent question is “how do we
maximise the profit from
harvesting whilst maintaining a,

sustainale population”?

e We need to combine a biological
model, for the population size,
with an economics model, for the

costs associated with harvesting.

e The mathematical prolem is now
to maximise the economic yield
whilst maintaining a sustainabe

population.
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The inclusion of these factors leads to
interesting mathematical modelling

6.7 Revision of key ideas

probems.
6.8 Concept map
6.6 Questions Draw a concept map for this chapter
relating the aims/key ideas of the
1. Do question 6.10 chapter. If you are unfamiliar with the

2. Do question 6.17 idea of a concept map see appendix A.




