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12 Linear Stability

Analysis of
Steady-State

Solutions

12.1 Physical motivation of
‘stability’

Consider the differential equation

dzx

i (x) . (12.1)

The steady-state solutions, z*, of

equation (12.1) are the solutions of
f(z")=0.
\ J
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At a steady-state the system does not
change with time. hyv)

By carefuly examining what happens to
system when it is near a steady-state
e can gain an insight into the dynamic

thaviour of equation (5.1).

b do this we distinguish between two
types of steady-states by re-introducing
le the concept of stability .

Since this is best described by analogy,
see figure 12.1, which exemplifie® three
situations, two of which are

steady states.

)

one steady state is stable,

the other unstabe .
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A steady state is termed stable if

neighbouring states are attracted to it

3) and unstable if the converse is true.
/ @) As shown in figure 12.1, whilst an object
O balanced precariously on a hill may be
L) in steady state, it will not return to this

position if disturbed slightly. Rather, it

may proceed on some lengthy excursion
at rest and represent steady-state situa- leading possily to a second, more

tions. Ball one is stale; if moved slightly stafe Situation. (GraphlcaI Technlque )

Figure 12.1: Balls one and three are

it will return to its former position. Ball
three is unstabe. The slightest distur-
bance will cause it to fall into one of
the adjoining valeys. Ball two is not

in a steady state, since its position and

speed are continuously changing. (After

Edelstein-Keshet, 1988)

g _J . _
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Such distinctions have practical
implicatio™s in applied mathematics.

When steady states are unstable, great
changes may be about to happen: a
population may crash, possibly
becoming extinct, or a disease may
spread through a population.

This qualitative information about

whether change is imminent is potential
of great importance.

With this motivation behind us, we turn
to the analysis that permits us to make

such predictions.
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12.2 Linear stability

analysis

Suppose that we have already found a
steady-state solution z* of

equation (12.1).

We now proceed to explore its stability
by asking the following key question:
given an initial condition x (0) close to
x*, will the solution of the differential
equation, i.e. the values z (t), tend

toward or away from the steady state
x*?

To answer this question we write

) =a(t) -2, £ L1,

\_
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where £ (t) is the distance between the
population size at time t and the
steady-state. If £ (£) > 0 then z (¢) > z*
and conversely if £ (t) < 0 then

x (t) < z*. Using equation (12.1) we can
obtain a differential equation for & ().
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d¢ d x
primieri AO Rkl
dz
=4 (why?)
= f (" + &fwhy?)
)+ (=) €+ 0 (%) 5 (why?)
1.
*iwhyf?)
(12.2)
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Thus we have obtained a linear
differential equation for the distance
between the solution of our differential

equation, x (t), and the steady-state z*.

In this equation the parameter A is

known as the eigenvalue of the

steady-state z*.

The solution of the differential equation

d¢
@
1S
£(t) = ,
S mew=1 g
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Thus the eigenvalue determines the
stability of the steady-state.
Definition 12.1 point) A

éz% %lgt&?% unstable ﬁwed

stable if f'(z*) <0 (12.3)
unstable if f'(z*) >0 (12.4)

-

The stability of the steady-state solu-
tion z* is determined by the value of

[ (x").
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Question 12.1 Why does A < 0 mean

that the steady-state solutio™ T* 18

stable? Suppose that z* is a stable steady-state
Question 12.2 Is the distinction solution of the differential equation
between a stable steady-state solutio™ de

and an unstable steady-state solution of dr f(=z).

practical importance? Then the stability of the steady-state

Comment 12.1 If you start near a can change in only one way: the
stable steady-state how quickly do you eigenvalue (A = f' (z*))
approach it? increases /decreases through 0.

Question 12.3 How many ways can
the fixed-point =* of the difference
equatio™

L1 = f (xn)

lose stability?

g _J .
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12.3 Stability of the df (z) (1 233)
steady-states in the dr K
logistic equation The steady-states of the logistic
equation are given by
For the logistic differential equation we
have f(z) =
dx x ( ~ ) = 0,
prial e <1 — ?) : (12.5) K : *
;=0 or z5=__
Thus
T The steady-states and their
f(z) =ra (1 B f) corresponding eigenvalues A are
and B=0,  A=f()=__, (126
df(x) _
dz ' =K, A= [f'(2}) = . (12.7)

. J g _
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=K, A=[f/(K)=-r

For » > 0 both of these steady-states are
biologically meaningful, that is
non-negative. With r > 0 the trivial
fixed point is whereas the

non-trivial steady-state is

325 Differential Equations: Linear Stability Analysis
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12.4 Stability of the
steady-state in the

Gompertz model

For the Gompertz model we have

d_x = rxln 5
dt T
Thus
K
— rzln —
f(x)=rzln "
and
df () _
dx
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The steady-state of the Gompertz

model is give by

f(z) =0,
K
reln — =0,
x

¥ =

The corresponding eigenvalue is given by

A=f(z")=__ .

For r > 0 the steady-state solution z* is

therefore

(" )
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12.5 Steady-state diagrams

and bifurcations

Many problems of practical interest
contain a control, or bifurcation,

parameter A. Instead of writing

dz
E:f(x)v

such problems are written in the form

dx
i f(z,N). (12.8)

The steady-state solutions are found by

solving the equation

f(z,A\)=0.

. J
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In such problems the value of any

steady-state solutions and their stability is

This information is useful expressed in a

steady-state, or respons, diagram.

Definition 12.2 Steady-state diagram
The graph of x VETSUS A s called a

steady-state diagram or a response curve.
This shows how the steady-state solutions
of equation (12.8), x, depend upon the

control (bifurcation) parameter \.

In such a diagram steady-states are
indicated by using a solid line whilst
unstable steady-states are indicated by a

dotted line. See figures 12.2 12.4 for

examples.

-

usually a function of the control parameter.

~
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Of particular interest on steady-state
diagrams are bifurcation points. Loosely
speaking, a bifurcation point is a point
(z,A) on a steady-state diagram where two
solution branches with distinct tangents
intersect. At such a point the number of
steady-state solutions to the differential
equation changes.

.. 1 12.3 (Bifurcation point)
]%}?? z%%??x, ) z's( called a bifurcation point
if the number of steady-state solutions of

equation (12.8) in the neighbourhood of x is
not constant for any arbitrary small change

of A.

In sections 12.5.1 12.5.3 we analyse three
differential equations. The steady-state
diagram for each equation contains a

different type of bifurcation point.
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g ) Question 12.4 Show that the

12.5.1 The limit-point bifurcation steady-state © = +,/p s stable (1> 0)
whilst the steady-state v = —/; js

Consider the differential equation unstable (> 0).

dx 5
— =u—x. 12,

The set of steady-state solutions is given
by
r =/, @ > 0.

There are no steady-state solutions
when p < 0, one steady-state solution
when p = 0 and two steady-state
solutions when p > 0.

The point (= 0,z = 0) is therefore a
bifurcation point and the value p = 0 is
a bifurcation value. The steady-state diagram for

. J

equation 219) is shown in figure 12.2.
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The particular type of bifurcation

Steady-state solution (x)

osl ] occurring in figure 12.2 (i.e., where on
. one side of a parameter value there are
i no fixed points and on the other side

R 05 1 s - there are two fixed points) is known as a
" saddle-node bifurcation or a limit-point
Figur@12: Steady-state diagram for the bifurcation.
differential equation dwa = — z%: a solid

line indicates a stable solution whilst a
dotted line indicates an unstable solu-

tion.

. J g _




Differential Equations: Linear Stability Analysis

335

(

2.5.2 The transcritical

bifurcation

Consider the differential equation

d
5~ he 2110)
The set of steady-state solutions is given
by
r1 = 0 ,
Ty = H

There are tw© steady-state solutions for
1t # 0 and one steady-state solution
when 1 = 0. Thus the number of
steady-state solutions changes at the
point (u,x) = (0,0). Thus this point is

a bifurcation point.

g

_J

Differential Equations: Linear Stability Analysis

-

Question 12.5

1. Show that the steady-state branch
z, = 0 is stable for p < 0 and

unstable for p > 0.

2. Show that the steady-state branch
To = b 1S unstable for © < 0 and

stable for p > 0.
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The steady-state diagram for
equation 2110) is shown in figure213.
N¢te that at the point (u,x) = (0,0),
wlich we have already identified as a

bifjurcation point, two solution brancheS
wiph distinct tangents intersect.
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Steady-state X

-0.5 |

ad L L L
-1 -0.5 0 0.5 1
Bifurcation parameter p

Figur®13: Steady-state diagram for the

differential equation dwa = px—x*: asolid
line indicates a stable solution whilst a
dotted line indicates an unstable solu-

tion.

. _
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The particular type of bifurcation
occurring in figure 12.3 (i.e., where on

one side of a parameter value there are

two fixed points and on the other side
there are two fixed points) is known as a

transcritical bifurcation. This
bifurcation frequently occurs in

mathematical epidemiology.

Question 12.6 Qutline the reasons why

a transcritical bifurcation is expected to
occur in mathematical epidemiology.

(" )
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2.5.3 The pitchfork bifurcation

Consider the differential equation

d
G~ he e 2111)
The set of steady-state solutions is given
by
Ir = 07

Ty = £/, @ > 0.

There is one steady-state solutions when
1 < 0 and three steady-state solutions
when p > 0. The number of steady-state
solutions to the differential equation
changes at the point (u,x) = (0,0).

Thus this point is a bifurcation point.

. _
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Question 12.7 The Steady-state diagram for

1. Show that the steady-state x1 = 0 is equation Z111) is shown in figure2}4.
stable for u < 0 and unstable for N;[te that at the point (u,z) = (0,0),
©w>0 . wlhich we have already identified as a

bijurcation point, two solution brancheS

2. Show that the steady-state wikh distinct tangents intersect.

Ty = E\/1 18 stable for p > 0.
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The particular type of bifurcation

Steady-state X

o | occurring in figure 12.4 (i.e., where on

one side of a parameter value there is

one fixed points and on the other side
there are three fixed points) is known as

.l 1 1 1
-1 -0.5 0 0.5 1

Bifurcation parameter p
a pitchfork bifurcation.

Figur@U: Steady-state diagram for the

differential equation dma = px—x3: asolid

line indicates a stable solution whilst a
dotted line indicates an unstable solu-

tion.

. J g
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The study of steady-state solutions,

their stability and their bifurcations
is the process through which the
properties of non-linear

differential equations are elucidated

in a systematic manner. TheS€ issues 2.6 Revisio of key ideas
are left for another course.

2.7 Concept map

IPraw a concept map for this chapter
rplating the aims/key ideas of the

chapter. If you are unfamiliar with the
iflea of a concept map see appendix A.




