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10 Applications of
First-Order

Differential
Equations: Lake

Pollution

10.1 Aims

In this chapter we apply the techniques
that we learnt in chapter 9 to a variety
of problems that are based upon the

model developed in chapter 8.4.2 for

lake pollution.

g
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After working through this chapter you
should be able to

1. Find the solution of some differen-

tial equations modelling lake pol-

lution.

. Use your solution to answer prob-

lems on lake pollution.

. Explain the physical meaning of

terms in more complicated models

of lake pollution.
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10.2 The lake polution

model

In section 8.4.2 we derived the following

model for the rate of change of pollutant
concentration with time in a lake

de
4 7 = den—ac; c(t=0)=c (10.1)

In equation 10.1:
V is the volume of the lake (measured
in units of ),

c is the concentration of pollutant in the

lake (measured in units of gm™2),
t is time (measured in units of day),
q is the flowrate of water through the

lake (measured in units of ),

g _J

Apph'cations of First-Order DE’s: Lake Polution

-

dc
VE = qCin — q¢, c(t=0) = .

Cin 18 the concentration of pollutant in

the water flowing into the lake

(measured in units of gm™2) and

co is the concentration of pollutant in

the lake at at time £ = 0 (measured in

units of gm™2).

Remember that concentration is mass

divided by volume.
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0.2.1 Polutant dumped into a

clean lake: Fixed flow-rate

Example 10.1 ([BaTnes & lé’u]gford]’
chapter 2.5) At time t = ( potutant is
dumped into a clean lake giving an

nitial concentration of polutant cg.
Juppose that only fresh water flows into
the lake. How long will it take for the
I§ke’s polution level to reach 5% of its

irkitial valu€?
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Solution From the question we
have ¢;, = 0. Thus the model is

d
Vd—j = —qc, c(t=0)=c¢y. (10.2)

Step One: Solve the differential
equation to find c ().

Step Two: When the pollutant
concentration has reached 5% of its

initial value we have ¢ (t) = 0.05¢.
Denote the time at which this occurs by

t0.05-
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Question 10.1 Using the relationship

to.05 = %ln (20) calculate the time€ taken
for a polutant to reach 5% of its initial
valu€ for the following lakes (Mesterton,

1989): 0.2.2 Polutant dumped into a
Lake Erie: V = 458 x 109m> and clean lake: Seasonal

q =480 x 105m® day™'. (=~ 7.8 years) flow-rate

Lake Ontario: V = 1636 x 109m> and

g =572 x 10°m3 day™'. (= 23.5 years) [n section 10.2.1 assumed that the flow

ate ¢ is constant. However, in real-life
he flow-rate is likely to be a function of

[time, i.e. ¢ (%).

IQuestion 10.2 Why s the flowrate
likely to depend upon time?
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Question 10.3

Barnes & Fulford|, chapter 2.5) ot
ﬁt time t =0 polutant 18 dumped into a q(t)=qo(1+ecos o _
clean lake giving an initial concentration

of polutant cy. Suppose that only fresh (a) Suppose that only fresh water flot®

' into the lake. Find the sol™ of the
water flows into the lake a@d that the i for the tme it
flowrate varies seasonaly with

takes for the lake’s pollution level to

27t reach 5% of its initial vadu
q(t) =qo |1+ ecos
— . (b) What is the periodicity of the function
365 ot
ecos (
Here q¢ s the mean flowrate and 565) ¢
-1 <e< 1. (c) Sketch the function

q(t) =qo [1 + €cos (%)]

where go > 0, t > 0 and
—1<e<1(e#0).

(d) On physical grounds explain why we
have the restriction —1 < e <1

g _J . _
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From the question we have When the pollutant concentration haS
reached 5% of its initial value we have
Cin =0, ¢ (t) = 0.05¢y. Denote by tg 5 the time
2 t . .
¢(1) = g [1 1 ecos (%)] . at which this occurs. Then

Thus the model is

dc 2nt
Va = —q [1 + €cos <%>] ¢, (10.3)

c(t=0) = c.

The solution to this differential equation
is given by
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Thus to find the value £y 95 we must

solve the equation

V 2m 365

We could solve this equation
numericaly to find tg o5 as a function of

€. Other approaches include

1. Re-arrange the equation to find g
as a function of tg o5, 1.e.
qo = f (to.05), and plot the graph.

2. For small values of ¢, -1 K e K 1

we can use a technique called
asymptotic expansions to

approximate the solution of the

equation.

~

36 2t
In (0.05) + 2 [to_os + sin < ” °-°5>] = 0.
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0.2.3 Polutant flowing into a
lake

[n sections 10.2.1 & 10.2.2 we assumed

fthat only fresh water flows into a lake.
This is not usualy the case. In this

o

ection the concentration of pollutant
flowing into the lake is ¢;, and the

]oncentration of pollutant in the lake at
ime t = 0 1is ¢g.

The model is

dc

V= gea—ge, c(t=0)=co. (104

The solution of this equation is (see

example 9.6)
¢=cm — (cn — co) eV, (10.5)

. _
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Question 10.4

1. What s the concentration of

polutant in the lake ast — oo?

2. How does the concentration of

polutant in the lake vary with time? (a) What concentration of polutant

Hint. Consider the casesy > ciy, can be dumped into the lake on
co < Cin and ¢y = Cip. day 1 if there is to be an
inspection in thirty days time?

107 a lake of volume
3. Conside (0.203 x 10~ kgm™3).

V =4 x 10°m®. Water flows into

the lake at a rate (b) Convert your answer to the

g =4 x 108 m3day™. Effluent from previous calculation to a mass
a chemical plant flows into the lake of polutant. (Hint

with an inflow concentration of concentration = mass/ Volume).

0.1 x 1072 kgm™=3. Suppose that the
threshold of polutant for detection
by the environment protection

agency s 0.2 x 1072 kgm=3.

g _J .
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0.2.4 A degradable polutant

flowing into a lake

In this section we consider the model

de
4 a — C](Cin — C) — Vkic,

c(t=0)=c.

Q6)

This equation aris€s when the pollutant
species ¢ degrades through a chemical

keaction to a non-pollutant species d

c— d. 017)

d
Vd_i = q(cin — ¢) — Vkic, c(t =0) = co.

Equation 10.6 also arises if instead of a
pollutant, ¢, flowing at a constant rate,
q, into a lake of constant volume, V', we
consider a chemical reactant, ¢, flowing
at a constant rate, ¢, into a chemical
reactor of constant volume, V.

The solution of equatior06 is

c = qCin
q+ Vki 10.8
[ gen ] e [ @ VD, (10.8)
q+ Vk vV .
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qCin

°= q+Vk
| gem (¢ +Vki)
lq—l— Vi co} exp [ v t| .

Question 10.5 (first-orde™ reaction
in a chemical reactor) Use

equation (10.8) to answer the following

question We define the dimensionless
reactant concentration in the reactor as

the quantity C* = ¢/ciy,.

1. In what units 1s the chemical rate kq

measured?

What is the dimensionless reactant
concentration C* in the reactor as
t— o00?
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3. Define a by a = C* (t = 00). Sketch
a as a function of the flowrate q. In
chemical engineering applications we
require o to be ‘small’. What does

this mean? How 1s this achieved?

4. Assuming that co = 0 shoW that the

time taken for C* to reach the value

0.99 (tg.90) is given by

v
To.99 =

— 1In (100
q—l—k1V H( )

5. Why woud w€ use the number to.g9 ¢
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0.3 FExtensions to the
basic Mode

It is possible to extend the lake pollution Pollutant Pollutant
flowing into lake one leaving lake two
»| LakeOne Lake Two -

models in various ways. One extension

is to consider a network of lakes.
Figure0ll: Schematic diagram of two

10.3.1 Two lakes in series Jakes in series

3.4.1.1 Rivers flowing into lake one et ¢; and V; be the concentration of

only One extension of the basic ollutant in lake 7 and the volume of

problem is to consider two lakes, £; and ake i respectively. The model for the

concentration of pollutant in the two

from lake lakes is

Lo, in series with the outflow

L1 flowing into lake L. This situation

is illustrated in figure 10.1

g _J .
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Concentration of pollutant in lake one

dc
‘/ld—tl = {Cin — (4Cq, C1 (t — 0) — (61)07

Concentration of pollutant in lake two
dc
Vo 2d—t =qc1 —qcz, c(t=0)= (02)0-
(10.10)

Note that the concentration of
pollutant entering the second lake is
equal to the concentration of pollutant
leaving the first lake.

(" )

g _J
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A variation on this problem is
important in chemical engineering,
where we have a reactant flowing
through two reactors, rather than a
pollutant flowing through two lakes.

For instance, is it beter to have one
reactor of volume Vj or two reactors of

volumes V; and V5 with Vi + Vo = V7

The situation in which the reaction is

catalysed by a biol Ogical agent is a topic
of interest in bioreactor engineering.

(For these problems the model has to
include chemical reactions, just as we

did in section 10.2.4).

.
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Note You do not need to memorise the
model equations. But you should be
able to explain what any term in the
model represents physically.

Question 10.6 What do the terms
+qc;, and —qcq represent physically in
equation (10.9)? What do the terms
+qcy and —qco represent in

equation (10.10)7

Concentration of polutant in lake one

dcy

Vi qp —d6n— g0, @ (t=0) = (c1)g,

Concentration of polutant in lake two

Vo —— =qc1 —qcz, c2(t=0)=(c2)g-

@qes in series

9.3.1.2 Rivers flowing into lakes
one and two In section 9.3.1.1 we
tacitly assumed that all the water

flowing into lake two came from lake

one. This makes sense for the analo80Us
chemical engineering problem. However,

for lakes this is not the case. It is
probable that there are rivers flowing
into lake two. This situation is
illustrated in figure 10.2

Pollutant flowing into lake two

Pollutant Pollutant
flowing into lake one leaving lake two
»| LakeOne LekeTwo |

Figure02: Schematic diagram of two
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Pollutant flowing into lake two

Let ¢; and g5 be the flowrate of rivers
flowing into lakes one and two

respectively. Let cip 1 and ¢ 2 be the

concentration of pollutant in the rivers - Pollutant

. . . flowing into |ake one leaving lake two
flowing directly into lakes one and two ~| LakeOne LakeTwo |
respectively.

The model for the concentration of

pollutant in the two lakes is
Concentration of polutant in lake one

dcy
Vi—= d1Cin,1 — q1€C1, C1 (t — 0) — (01)07

dt
(10.11)

Concentration of polutant in lake two

deo
Vo — = (Q161 — Q1C2) + (Q2Cin,2 — Q2C2) ;

dt
(10.12)
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Note that the concentration of

pollutant entering the second lake from
the first lake is equal to the
concentration of pollutant leaving the
first lake.

Note You do not need to memorise the
model equations. But you should be
able to explain what any term in the

model represents physically.

Question 10.7 What do the terms

+qic1, — (@1 + ¢2) c2 and Gacin
represent in equation (112) 7

~
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10.3.2 Three or more lakes

The situations considered in
sectio)13.1 can be extended to cover

khe case of three, or more, lakes.

The equivalent chemical (bioreactor)
engineering problem is of interest.

Again, we must add terms to the model
ko represent chemical reactions).
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Comment 10.1 From the perspective

of chemical (bioreactor) engineering we

are interested in questions such as,

‘what arrangement of reactors give us

the best performance?’ 'reﬂuw?

From the perspective of lake pollution we 0.4 Revisioll of key ideas

might ask the question ‘An industrial

company decides to dispose of a noriots 0.5 Concept map

substance of pumping it into a river.

Given a choice of lake configurations Ipraw a concept map for this chapter

which s the best option to minimise rplating the aims/key ideas of the

pollutant concentrations down stream?’ chapter. If you are unfamiliar with the
iflea of a concept map see appendix A.

Rivers Eye-diseases.

g _J .




