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Values of polynomials, such as

p(z) = 2%+ 22° — 3z + 1, may be
readily calculated for any value of z
whereas many other functions, such as
f (z) = sinz, cannot be evaluated, for
most values of x, without the aid of a

calculator.

In section D.2 we show how to
approximate a function f near a given

point a by a polynomial.

335

Taylor series

-

D.2 Taylor series expansion

The Taylor series of degree n that
approximates a function f about the
point x = a is given by

f(z)=f(a)+ (z—a)f (a)

4+ ;' ( f" ()?1) + ;' f/// (a)
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— f™ (a)
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This €quation

k=

o

provides an extremely accurate dopefxy /%)

polynomial approximation for a large &
class of functions. With reference to
figure D.1, close to £ = x; we can
approximate the curve f(x) with the
line tangent to the curve at x = xy. The

approximation is not so good further

away from x = z7. X

It should be noted that when finding X

the nth Taylor polynomial, the ‘n’ refers

Figure D.1: Diagram showing the first-
to the degree of the highest term, and & S &

t to th ber of terms order Taylor expansion in the vicinity of
not to the numbe :

the point ;.
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Example

fll/ (ﬂ'}) —

p1(z) =

p2 (x) =

1. Syppose f (z) =1In(z) with a = 1.

fl// (1) =

Thus we can approximate the function
f (z) = In (z) near the point £ = 1 by the
following sequence of functions.

p3 (x) =
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0+ (z—1)
O+(m—1)—%(w—1)2
0+(m—1)—%(a¢—1)2
+%(a¢—1)3
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Each successive approximation is better

than the previous one.

Suppose that we want to approximate
the value of In (1.1). The values of the
three polynomials given above evaluated

at x = 1.1 are

ps (1.1) = 0.095333
respectively Whereas the exact value,

correct to six decimal places, is
0.095308.
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2. Find the first two terms in the
Taylor series approximation to
f () = sin (x) near the point a = 0.
72
sinz = sin0 + xsin’ 0 + 5 sin” 0

3

—I—%sin"'()—l—...

72
= sinO—I—azcosO—EsinO
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——cos0+...
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