MATH312: Applied Mathematical Modelling III
Solutions to the 2007 final exam test

Question 1:

(a) (i) Required to prove: u x (vw) = (u X v)w. Thus,

LHS = (uig;) % [(vj¢;)(wrer)]; RHS = [(usei) % (vje;)](wrer),
= (uigi) X [vjweejer], = [uiVj€ijmem| Wik,
= w;v;wk(e; X €j)ek, = UVjWkEijmEmer = LHS.
= UiVjWEEijmCmCh-

Therefore, u x (vw) = (u X vV)w.

(ii) Required to prove: V x (fu) = (Vf) xu + f(V x u). Thus,

LHS = (gm%) X (fuiei), RHS = (emfm) % (uigi) + f Kgm%) X (uigi)] ;
0

= 5, (fuilem > ¢, = fmti(em X €) + fuim(em X €),

= (-ﬁmul + fui,m)gmingn-

Therefore, V x (fu) = (Vf) x u + (Y x u).

(iii) Required to prove: u(v-w x 1) —v(u-w xXr)=—(u xv) X (w x r). Thus,

2

LHS = (uie:)[(vje5) - (wrer) X (rmem)] — (viej)[(wies) - (wrer) X (rmem)],
= (Uigz‘)[(ngj) ) (wk‘rmgkmOQO)} - (Ujgj)KuiQi) ’ (wkrngkmOQO)]’
= (wi€i)[VjWkTmErmodjo] — (Vj€7) (Wit TmERmodiol,

= Ui VjWETmEkmjCi — UjV;WETmEkmiCy-

RHS = —[(uig;) x (vje;)] x [(wrer) X (rmem)];
= —[uivjijoco] X [WkTmErmpepl;
= — WV WETmE4joE kmpEopaCaqs
= —UiVjWkTmEkmp|Eoij€opq) €q>
= —Uiﬂjwkzrmgkmp[‘sipéjq - 5iq5jp]§qa
= —UVjWETmEkmi€; + UiV WETmEpm;€ = LHS.

Therefore, u(v -w x 1) —v(u-w xr)=—(uxv) X (wxr).

~
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(b) (i) We know a’ = cos(Z,i xs), so that

Therefore, we find

(ii) We know z* = o/, X7, where o is given above and X = (0,1, —1). Thus,

(iii)

a1 = cos(Ly1 x1) = cos 90° = 0,
oy = cos(Ly1 x2) = cos45° = 1/V/2,
o} = cos(Ly1 x3) = cos 135° = —1/V/2,

a? = cos(Ly2 x1) = cos45° = 1/V/2,
a5 = cos(Lyz2 x2) = cos60° = 1/2,

a3 = cos(Lyz2 x3) = cos 60° = 1/2,

o = cos(Lys x1) = cos45° = 1/V/2,
s = co8(Lys x2) = cos 120° = —1/2,

a3 = cos(Lys x3) = cos 120° = —1/2,
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Question 2:

A=2E —3E, +5Es.

'S¢l

(b) A starts at the origin, then moves 2|FE;| units in the direction of E;, X', then —3|Es|
unites in the direction of E,, X?, and finally 5|F3| units in the direction of E3, X3. The
final point is (2| E4|, —3|E2|, 5| Es)).

(¢) The contravariant components are

Al =2 A*=-3  A3=35.

Es
— 3| B == Therefore,

(d) A=2E, —3E,+5E5 = 2|E; A

+5|Es

=L =
|é7| |f9|

AV =2|B|, AP = 3|Ey|, A® =5|E|.

A,
Further, as — = |E;|?, no summation over i, then

At
Ai=ANEP = A =2\Ei[, Ay=-3|E|*, A;=5|Es

so that as

3

E
A= AF 1 AR+ AE = A e Ly E
2] 2] 2g

~

then
Any =2|E\P|EY, Aw = —3|E2*|E?|, A = 5|Es]?|E?.

x = p®cosd, y = p?sind, z=(,
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then the position vector r is given by

r=uxi +yj+ 2k :pgcosﬁj —|—,0281n19j + Ck.

or

0X?

Thus, as E; = and (X', X2 X3) = (p,9,(), then

or

= ax1
or

~

1 = 2pcosi +2psindj = (2pcosd, 2psin, 0),

~

By = 535 = —p"sini + p* cosdj = (=p*sind, p* cos 9, 0),
or

E g i~ :k — 1 .

By = oxz k=001

(f) Previously, we found that the covariant components of A are given by

Ay =2|E1]?, Ay =-3|Ey?, As=05|Es]?,

so that

2
A =2 (\/4,02 cos2 ¥ + 4p? sin® 9 + 02> = 8p,

2
Ay = -3 (\/p4 sin® 9 + p cos? ¥ + 02) = —3p*,

2
A3 =5 <\/02 T+ 12) _5

1
(g) We know E' = V(EQ X FE3), where V = E; - (E2 X E3). Thus,

2pcost  2psinv 0
V=| —p*sind p*cost 0 | =2p*(cos® v +sin®) = 2p°.
0 0 1
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Therefore,

7 ' k
.1 1 ) . 2*7 ~ 1 . 2 e a.
E'=—(Eyx E3) = —| —p?sin?d p’*cos? 0 | =—-—=(p”cosvi + p”sindj),
\V4 2p3 2P3
0 0 1
cos? ., sint | cos? sint
- 1+ J = ) 70 )
2p ~ 2p * 2p  2p
1 1 y J b 1
EQZV(E?)XEl):Q_p:% 0 0 1 :2—/)3)(—2psinﬁg+2pcosﬁj),

2pcost 2psinyd 0
_ sind . cos? ( sind cos) 0)

07 i 2 J = 02 2
1 1 ! Nj b 1
E? = V(E2 x [y) = 250 2pcost?  2psind 0 | = 2—p32p3(c08219+sin2 Nk,
—p?sind  p?cos? 0
=k =(0,0,1).
(h) We know

AV =2|E |, A® = -3|E|, A® =5|Es,
Agy =2|E\P|EY, Ap) = —3|E2l’|E?|,  Ag) =5|Es]|E%.

and
By = (2pcos¥, 2psin®,0), FEy = (—p*sind, p®cosd,0), Es=(0,0,1),
cos? sin?d sin?Y cosv
E'=— —,0 E?=(-——=,—=.0 E*=1(0,0,1).
~i <2p72p7>7N (p27p27>7~ (77)
Thus,

AN = 2\/4,02 cos2 ¥ + 4p?siny AP = —3\/p4 sin? 9 + p* cos? ¥ A® =51
- 4p7 = —3P2, = 57

4p? 4p? o 4

cos2y¥  sin?¥ sin?d  cos?Yd A = 5(1)V1
= 1.
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Therefore,

AL — A(l) = 4p, A — A(Q) = _3P27 AB) — A(g) = 5.

The physical components found in (h) above represent how many unit lengths the vector

A moves in the respective directions.

For a reciprocal basis, we want E; - 7 = §7 (= E - E;). Thus,

2p sin? ¥

E, - E' = (2pcosd,2psind, 0) - COS@,Smﬁ QPCOS v
1 & p P

2p

+0=1=6 V

By - E* = (2pcosd,2psind, 0) - (

cos? sin 19

By - E' = (—p*sind, p? cos 9, 0) - ( ,

sm 19 CoS 19

sin ¢ 19 cos v ) 2 psin 19 cos
,0

sin 19
Ey - E* = (—p?sin, p® cos ¥, 0 ( ) r +
S ) P P

Es-E*=(0,0,1)-(0,0,1) =1=43 v

where F3 - By = Ey - E®? = E3 - E*> = By - E3 = ( are obvious.

2

2psin ¥ cos ¥
Psmp2 cos _0— 5%
19 ) 2 sin 4 cos
psm cos +p sin ¥ cos _ 0=
2p
,OQCOS219:1:5§ v

Therefore, the tangential and gradient basis vectors form a set of reciprocal basis.

Recall that

E, = (2pcosd, 2psin¥,0), Ey = (—p*sind, p®cos, 0),

~

ey
Il

A (cosﬁ’ sin1970) ’
~ 2p  2p

Thus, if E; = k;E%, then by observation

9 sint? cos v
R

kl = 4P27 k? = p47 k3 =1L

40> 0 0
gy =Ei-E;j=| 0 p* 0 [,
0 0 1

then we see
k1 = g1, ko = go2, ks = gs3,
which should not be surprising, as E; = g;; E”.

E3 - (07 07 1)7

0) , E*=1(0,0,1).
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Question 3:

(a) If 2! = 2X' + X2 22 = X! + X? and 2® = X3, then the deformation matrix is given by

, 21 0

(2PN

S \oXxi )
00 1

(b) If U and V are symmetric, then U” = U and V? = V. Further, if R is a rotation matrix,
then R'R = 1.

(i) We know F = RU, so that
F'F = (RU)"(RU),

= U'RTRU,

=U"U, (R'R=1)

= U?, (U' =U)
ie., U= VFF.

(ii) Similarly, we know F = VR, so that
FF' = (VR)(VR)”,

— VRRTVT,
= VvV, (RRT =1)
= VZ, (VI =V)
ie., V = VFFT,
(c) If C = FF, then
2 10 2 10 530
C=]110 1 10|=]320
00 1 00 1 001

Then, the eigenvalues are found by solving |C — Al| =0, i.e.,
5-A 3 0
3 2—A 0 =0,
0 0 1—=A
(L=N[GE-MN2-X1) -9 =0,
(1—=N\=7A+1) =0,
3V6 7T 35

7
N=1 -+ 2 _Z¥V7
HE 5T T T
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To find the corresponding eigenvectors, consider (C— Al)z = 0 for each eigenvalue

1. /\1:%+%5

5134 3 0 1
3 21 3% 0 s
7 _ 36
3 _ 3v5
2% 3 0 1
= 3 —% — %5 0 T
5 _ 3V5
0 0 2y T3
which implies that 3 = 0, and
3 _yeap
S &5952 3 L2,
2 2
9 45
= -——49 =0
(1= o)mmn
i.e., 0 X x9 = O,
so there is a non-trivial solution. Thus, let z; = ¢ so that
1 V5
= -+ )¢
2 ( 2" )
T
Therefore, z; = <1, —% + f,()) t
2 h=]-2f
51435 3 0 1
3 2— 1434 0 T
7, 36
0 0 1-— 5 + 9 Z3
S+ 3 0 1
= 3 343 0 2
5 35
0 0 -3 + 9 xT3
which implies that 3 = 0, and
3 3 _ 36
2 2
T — To = i)
3, 3V5 ’
2 T 3
9 45
= -——+49 =0
<4 4 + >$2 )
i.e., 0Xx9 = 0,

o O O o O O

o O O o o O

. Thus:
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so there is a non-trivial solution. Thus, let z; =t so that

T
Therefore, o = (1, —% — ‘/75,()) t
3. )\3 =1:
5-1 3 0 1 0
3 2—-1 0 z | = 0],
0 0 1-1 x3 0
4 3 0 1 0
= 310 o | =101,
000 x3 0
which implies that z3 = ¢, and
3 1
Ty = —sz §$2,
= 1329 = 0,
i.e., To = O,

so there is only a non-trivial solution for xs and ;. Therefore, x5 = (0,0, 1)T t

(d) We know
2 —1+5
%"‘%g 0 0 \/10 25 /1025
D= 7 _ 35 P— 15
0 2~ 0 \/10+2f V10+2v5
(i) Considering PP gives
2 —1+v6 2 —1+v5
\/10 25 1/10-2V5 \/10 25 \/10-2V5 100
PP = —1-/5 —1-+6 = 1
\/10+2f V10+2v5 0 \/10+2f V10+2v5 0 0 0
0 0 1 0 0 1 001
(ii) Therefore, from 3(di), P~* =P, i.e.,
2 —1+v5
\/10 25 /10-2V5
P! = —1-v5
\/10+2f V10+2v5
0 0 1
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(iii) We consider the matrix decomposition given in (1) because it allows us to calculate
the square root of C, which in turn will give us the right and left stretch tensors,

and the rotation matrix of the deformation.

e) To find V/C, we know that v/C = PvVDP™!, so that
(e) : ,

2 —1+V5 7 2 —1+v5
/e V10-2v5 \/107\2}/5 0 Vat %5 0 0 V10-2v/5 \/107\2[\/5
C — 2 —1-5 7 35 2 —1-/5
V10+2v5  V/10+2v5 0 0 55 0 V1042v5 /10425
0 0 1 0 0 1 0 0
2 —1+V5 2 —1+V6
\/102—2\/5 \/110—\2[\5/5 0 % + \/75 ; 0 . 0 \/102_2\/5 \/110—\2[\5/3
- V10+2v5 /10425 0 ¥ 272 U V1042v5 /10425
0 0 1 0 0 1 0 0 1
210
= 1 10
0 01
Therefore, the right stretch tensor is
2 10
u=vc=\|110o0 (=F)
0 0 1

(f) To find the rotation matrix, you can either find U™ and then R = FU™', or notice from
(e) that U = F, which implies from F = RU that R = I.

Further, if R = I, then from F = VR, we see that V = F = U.

This says that the deformation is a pure deformation, with no rotation.

(2)

‘ X2,x2
2
The resulting deformed body of
) P . material has been stretch solely
2 in the X' — X? plane, where the
T : shape has sort of been “pulled”
g 3 3 X along the X2 = 2X! direction.
. e
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Question 4:

We know
Opz = klxy — V(:v2 — y2)],

Oyy = klyx — V(?JQ - $2)]7

0., = kxy,
Opy = 5[41/1’3/ — 2 - yQ],
Opz = 0y, = 0.

(a). The generalized Hooke’s Law for elastic isotropic materials is

14+ v v
€ij = TUU - Eakk5ij7
where 7,7 = x,y, 2. Thus, as oy, = 3kxy, then
€rp = ! _gy {k[xy —v(z® — y2)]} — %(3]{:@)5” = 1 _EQkay 1 ;Vu(xz —9?),
ewzlzyﬂhy—wf—xm}—%@mw%wz1}bhw—1zny—w%
szlzy{mwk—%@hwﬁmzl_aym%
sz12V{§W%y—ﬁ—mﬂ}—%@mw%w=ﬂ%%ﬁmww—ﬁ—y%
= LY 0}~ 2 kg =0,
e = 2L {0} — X (3kan)3,. = 0.

(b). Consider
Epks (Esjik — €siji) = 0.
There are 3 free indices (p,1,7) so there should be 3% = 27 equations. However, we can
eliminate cases ¢ = j where the equations are automatically satisfied. By inspection,
we see that symmetry exists between ¢ and j, so we only need to consider the cases
i=1,j=2;i=1,j=3;i=2,j =3. Thus, we have 9 equations (let p = 1,2, 3 for the

above 3 cases).

p=1l:1=1,7=2

0%esy 0%y 0%€99 0%€9q
£123 <8X18X2 B aX2aX2> e <8X18X3 B ax2ax3) =0
0%esy N ey ey N 0%ey
0X190X?2  0X20X3 0X2 OX'0X3
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c 82633 o 82631 + 82623 B 82621 0
@\ oxtox?  oxsoxz) " 2\ ox10X®  0XP0x3)

82633 62621 o 82631 82623

= = .
OX10X? " 9XZ  0X%0X% | 9X10X3
p=1:1=275=
R 32633 _ 32632 L 32623 _ 0%€2 —0
2 ox20x2  ax3ax?) TP \ox20Xx%  9x39x3)
N 82633 82622 . 62632 62623 82623

0XZ  0XZ  0X20X3  0X20X3  TOX20X3

p=2:1=1,7=2

R 82632 . 82631 i 82612 . 82611 -0
2\ oxtoxt  axzoxt) TP\ oxtax®  axzoxs)
62612 82631 82611 82632

- IX10X3 T OX1OXZ  OXZ0X? | OXZ

p=2:1=1,7=3

c 62633 o 62631 T 82613 o 82611 —0
PN OX10XT  9X30X! P\ 0X20X3  9X30X3)
. (92613 + 62631 —9 62613 _ 82633 + 82611‘
0X10X3  0X'oX3 oxXox?®  0X@  0X3
p=2:1=2j=
R 82633 _ 82632 4 82613 _ 62612 —0
23\ ox20xT  oxsox') T P\ ox20x5  0X%0X3)
N 62613 1 82632 _ 62633 I 82612
0X20X3 | 9X'9X3  OX'0X®  O(X9)?
p=3:i=1,j=2
c 82622 _ 82621 L 82612 _ 82611 -0
PAOXOXT  9X20X! P\ oX10X2  9x20Xx2)
D€ %€y %€z

= axe o T Yaxtaxe

c 82623 B 82621 L 82613 _ 82611 —0
2L OX19XT  9X30X! P \oxtoxz  9x39x2)
82623 @2611 82621 82613

- O(X1)? T 9X20X°  9X'0X3 | 9X10X2
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p=3:1=2,7=3

52 92 o2 o2
5312( €23 B €22 >—|—5321< €13 o €12 )207

0X20X'  0X30X! 0X20X? 0X30X?

82623 82612 82622 82613
- IXTOX? | OX20X®  OX10X® | 9(X2)2 ©)
Now, equations (3), (5) and (7) are independent, while (2) = (6), (4) = (8), and (1) =

(9). Thus, there are six independent equation in total.

Now, given X! — z, X? — y, X3 — 2, then:

2 2 2
e O0%€yy 0%€ry

Oy? o2 23x8y’ (10)
D¢y, e 0%y (1)
022 oy T oydz’
a2'5zz 82%:(: 82(5”
Ox? 022 2828$’ (12)
D%,. O [Oep. Oey  Oeyy
aray_&(ax o oy 82)’ (13)
0% 0 (O€yy Oeyy  Oey,
Gyﬁz_g(ay T T 8$)’ (14)
82eyy _ 2 8exy (96312 _ 0¢€., (15>
0z0x Oy \ 0z Ox oy |-

Note that (11) and (12) can be obtained by permuting suffices from (10); and (14), (15)

can be obtained by permuting suffices from (13).

k(1+v)
2K

1—2v

(c). We found in (a) that €,, =€, =0, €,y = kxy,

so that from (13) we find

[Avay —x* —y?] and €., =

1—2v
F

which clearly is not true in general. Therefore, the stress state is not admissible.

k=0,

Question 5:

(a) If C = na; + mas, then

O] =2.461vVn2 +nm+m2A, r="2A  ¢=sin

Thus,
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(i) C; =3a; = n=3,m =0. Thus

|C] = 2.461v/32 40 x 3+ 02 = 7.383 A,

r= 7383 _ 1.175 A,
21
3x0
¢ =sin~! V3 x 0°.

W3R +0x3+0

(i) C; = 3a1 +3az = n=3,m = 3. Thus

|C| = 2.461V32 + 3 x 3+ 32 = 12.788 A,

12.
p o 12788 2.035 A,
2

¢ = sin™! V3 x3 — 30°.
2¢/32 +3 x 3+ 32

(111) Cs=3a1+ay; =n=3m=1. Thus

|C] =2.461v32 4+ 1 x 3+ 12 = 8.873 A,
_ 8.873

™

= 14124,
V3 x1

r

¢ =sin! = 13.898°.

2v/32+1x 3+ 12

(iv) C4y =4a; + ag = n=4,m = 1. Thus

O] = 246142 + 1 x 4+ 12 = 11.278 A,

11.2
r= ™ _ 1.795 A,
s
3% 1
¢ = sin? V3 x — 10.893°.

242 +1 x 4+ 12
(b) C1 = 3ay:
— ¢ = 0° = zig-zag
— n—m = 3i for 1 = 1 = metallic = conductor

Cl = 3@1 + 3@22

— ¢ = 30° = armchair

— n—m = 3¢ for ¢ = 0 = conductor
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Cl = 3@1 + as:

— ¢ = 13.898° = chiral

— n —m # 3i = semi-conductor

Ci = 4aq + as:

— ¢ =10.893° = chiral

— n—m = 37 for ¢ = 1 = conductor

For a Cyq fullerene, there are 70 carbon atoms = V' = 70. As the Cyg is a fullerene, then

there are exactly 12 pentagons, so that if A denotes how many hexagons, then
F =12+ h.

Next, as pentagons have 5 edges each and hexagons have 6 edges each, but each edge is

shared exactly twice, then

5 x 12 4 6h
p-2X2mon 2+ = 30 + 3h.
Thus, from Euler’s theorem, we find
F—FE+V =2
= 124+~ —30—-3h+70 =2,
= 2h = 50,
ie., h = 25.

Therefore, there are exactly 25 hexagons in the Cyy fullerene.
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