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Review

In the previous lecture, we . . .

• introduced the conjugate metric tensor

• introduced the concepts of contravariant and covariant tensors

Aims

In this lecture, we will . . .

• consider covariant/contravariant tensors of order n

• examine how to express the metric tensor in terms of base vectors
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2.4.1 Higher order tensors

We have shown previously that first order tensors are quantities that

obey certain transformation laws. Higher order tensors are defined

in a similar manner.

Definition 2.6:

Whenever the nine quantities Aij in a coordinate system (x1, x2, x3)

are related to nine quantities Āmn in a coordinate system

(X1, X2, X3) such that the transformation law

Āmn(X
∼

) = Aij(x
∼

)
∂Xm

∂xi

∂Xn

∂xj

is satisfied, then these quantities are called components of a

contravariant tensor of order two.

2
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Example 2.17:

An example of a contravariant tensor of order two is the conjugate

metric tensor gjk, i.e.,

ḡmn = gjk ∂Xm

∂xj

∂Xn

∂xk
.

2

Definition 2.7:

Whenever the nine quantities Aij in a coordinate system (x1, x2, x3)

are related to nine quantities Āmn in a coordinate system

(X1, X2, , X3) such that the transformation law

Āmn(X
∼

) = Aij(x
∼

)
∂xi

∂Xm

∂xj

∂Xn

is satisfied, then these quantities are called components of a

covariant tensor of order two.
2

L7:4/22

Example 2.18:

An example of a covariant tensor of order two is the metric tensor

gij, i.e.,

ḡmn = gij

∂xi

∂Xm

∂xj

∂Xn
.

2

Definition 2.8:

Whenever the nine quantities Ai
j in a coordinate system (x1, x2, x3)

are related to nine quantities Ām
n in a coordinate system

(X1, X2, , X3) such that the transformation law

Ām
n (X

∼

) = Ai
j(x∼ )

∂Xm

∂xi

∂xj

∂Xn

is satisfied, then these quantities are called components of a mixed

tensor of order two. It is contravariant and covariant of order one.

2
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Example 2.19:

An example of a mixed tensor of order two is the Kronecker delta

symbol δi
j , i.e.,

δ̄m
n = δi

j

∂Xm

∂xi

∂xj

∂Xn
.

2

Note:

1. For completeness, we remark that the above definitions are for

absolute tensors. There are similar definitions for relative

tensors, except that on the RHS of these expressions we have a

coefficient JW , e.g.,

φ̄(X
∼

) = JW φ(x
∼

) (relative scalar)

Ām(X
∼

) = JW Ai(x
∼

)
∂xi

∂Xm
(relative covariant tensor)
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Note:

2. For the relative tensors, J is the usual Jacobian determinant.

3. Whenever W = 0 these quantities are called the components of

an absolute contravariant/covariant/mixed tensor of order two.

4. In MATH312, when speaking about tensors we are referring to

absolute tensors, unless explicitly stated otherwise.

�

Example 2.20:

If the 27 quantities Ai
jk obey the transformation law

Ām
np(X∼ ) = J2Ai

jk(x∼ )
∂Xm

∂xi

∂xj

∂Xn

∂xk

∂Xp
,

then this is a relative mixed order tensor of order three with weight

2. It is contravariant of order 1 and covariant of order 2.
2
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Question?

Can you write down the definition of a general mixed order tensor?
z

Answer: Definition 2.9:

In general, a mixed tensor of order (m + n)

T i1i2...im
j1j2...jn

is contravariant of order m and covariant of order n if it obeys the

transformation law

T̄ i1i2...im
j1j2...jn

= JW T a1a2...am

b1b2...bn

∂X i1

∂xa1

∂X i2

∂xa2

. . .
∂X im

∂xam

·
∂xb1

∂Xj1

∂xb2

∂Xj2
. . .

∂xbn

∂Xjn

,

where J is the Jacobian determinant of the transformation. When

W = 0 the tensor is called an absolute tensor, otherwise it is called a

relative tensor of weight W .

2
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Exercise 2.15:

Let N be the last digit of your student number and W be the first

digit of your student number. Write down the transformation law

for a mixed relative tensor of order N and weight W , which is

contravariant of order bN/2c (where b·c is the floor function).

z

Answer:

This answer will depend on your student number. However, using

my student number of 9440186, then N = 6 and W = 9. Further,

the tensor must be contravariant of order b6/2c = 3, so that the

transformation law is

Āmnp
abc (X

∼

) = J9Aijk
def (x∼ )

∂Xm

∂xi

∂Xn

∂xj

∂Xp

∂xk

∂xd

∂Xa

∂xe

∂Xb

∂xf

∂Xc
.

2
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2.5 Coordinate transformation

In this section, we are going to see the relationship between the

metric tensor gij and the base vectors E
∼

k.

To begin, let (z1, z2, z3) = (x, y, z) be the Cartesian coordinates and

(X1, X2, X3) = (u, v, w) be a generalized curvilinear coordinate

system, where the coordinates are related by

x = x(u, v, w), y = y(u, v, w), z = z(u, v, w),

u = u(x, y, z), v = v(x, y, z), w = w(x, y, z).

Consider the position vector

r
∼

= r
∼

(x, y, z) = x e
∼
1 + y e

∼
2 + z e

∼
3,
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where (e
∼
1, e
∼
2, e
∼
3) are the Cartesian orthonormal base vectors. Upon

rewriting the position vector in terms of u, v, and w, we find

r
∼

= x(u, v, w) e
∼
1 + y(u, v, w) e

∼
2 + z(u, v, w) e

∼
3 = r

∼

(u, v, w),

so that by applying the chain rule we obtain

dr
∼

=
∂r
∼

∂u
du +

∂r
∼

∂v
dv +

∂r
∼

∂w
dw.

Expressing r
∼

in terms of the three linearly independent unit vectors

in the directions of u, v and w respectively, namely (E
∼

1, E
∼

2, E
∼

3),

gives

r
∼

= r
∼

(u, v, w) = uE
∼

1 + vE
∼

2 + wE
∼

3,

⇒ dr
∼

= du E
∼

1 + dv E
∼

2 + dw E
∼

3,

i.e., E
∼

1=
∂r
∼

∂u
, E

∼
2 =

∂r
∼

∂v
, E

∼
3 =

∂r
∼

∂w
.
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Thus, in general, the unit vectors of (u, v, w) are given by

E
∼

i =
∂r
∼

∂X i
.

Now, we know that if e
∼
i and e

∼
j are two orthonormal base vectors,

then

e
∼
i · e

∼
j = δij,

and we want to see if there is a similar relationship between E
∼

i and

E
∼

j. Thus,

E
∼

i · E
∼

j=
∂r
∼

∂X i
·

∂r
∼

∂Xj
,

=

(

e
∼
k

∂zk

∂X i

)

·

(

e
∼
m

∂zm

∂Xj

)

, r
∼

= r
∼

(x, y, z)

=
∂zk

∂X i

∂zm

∂Xj
(e
∼
k · e

∼
m),

L7:12/22

=
∂zk

∂X i

∂zm

∂Xj
δkm,

=
∂zk

∂X i

∂zk

∂Xj
,

= gij.

Therefore,
gij = E

∼
i · E

∼
j.

Example 2.21:

The transformation equations from rectangular Cartesian

coordinates to spherical cylindrical coordinates can be expressed as

x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ,

where here (X1, X2, X3) = (r, θ, φ). In this case, the position vector
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r
∼

can be expressed as

r
∼

= r
∼

(r, θ, φ) = r sin θ cos φ e
∼
1 + r sin θ sin φ e

∼
2 + r cos θ e

∼
3,

so that

∂r
∼

∂X1
=

∂r
∼

∂r
= sin θ cos φ e

∼
1 + sin θ sin φ e

∼
2 + cos θ e

∼
3 = E

∼
1,

∂r
∼

∂X2
=

∂r
∼

∂θ
= r cos θ cos φ e

∼
1 + r cos θ sin φ e

∼
2 − r sin θ e

∼
3 = E

∼
2,

∂r
∼

∂X3
=

∂r
∼

∂φ
= −r sin θ sin φ e

∼
1 + r sin θ cos φ e

∼
2 = E

∼
3.

Now, using gij = E
∼

i · E
∼

j, we find

g11= E
∼

1 · E
∼

1,

= (sin θ cos φ, sin θ sin φ, cos θ) · (sin θ cos φ, sin θ sin φ, cos θ),

= sin2 θ cos2 φ + sin2 θ sin2 φ + cos2 θ = 1.
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Similarly,

g12 = E
∼

1 · E
∼

2,

= (sin θ cos φ, sin θ sin φ, cos θ) · (r cos θ cos φ, r cos θ sin φ,−r sin θ),

= r sin θ cos θ cos2 φ + r sin θ cos θ sin2 φ − r sin θ cos θ = 0.

If you continue to calculate all the other values, you will obtain

gij =









1 0 0

0 r2 0

0 0 r2 sin2 θ









.

2
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Exercise 2.16:

Consider the coordinate transformation from Cartesian coordinates

into cylindrical polar coordinates, namely

x = r cos θ, y = r sin θ, z = z,

where (X1, X2, X3) = (r, θ, z). Find the unit vectors E
∼

i in the

direction X i, and then use the relationship E
∼

i · E
∼

j = gij to find the

metric tensor.

z

Answer:

The position vector r
∼

can be expressed as

r
∼

= r
∼

(r, θ, z) = r cos θ e
∼
1 + r sin θe

∼
2 + z e

∼
3,
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so that

∂r
∼

∂X1
=

∂r
∼

∂r
= cos θ e

∼
1 + sin θ e

∼
2 = E

∼
1,

∂r
∼

∂X2
=

∂r
∼

∂θ
= −r sin θ e

∼
1 + r cos θ e

∼
2 = E

∼
2,

∂r
∼

∂X3
=

∂r
∼

∂z
= e

∼
3 = E

∼
3.

Now, using gij = E
∼

i · E
∼

j, we find

g11= E
∼

1 · E
∼

1 = (cos θ, sin θ, 0) · (cos θ, sin θ, 0) = 1,

g12= E
∼

1 · E
∼

2 = (cos θ, sin θ, 0) · (−r sin θ, r cos θ, 0) = 0 = g21,

g13= E
∼

1 · E
∼

3 = (cos θ, sin θ, 0) · (0, 0, 1) = 0 = g31,

g22= E
∼

2 · E
∼

2 = (−r sin θ, r cos θ, 0) · (−r sin θ, r cos θ, 0) = r2,

g23= E
∼

2 · E
∼

3 = (−r sin θ, r cos θ, 0) · (0, 0, 1) = 0 = g32,

g33= E
∼

2 · E
∼

3 = (0, 0, 1) · (0, 0, 1) = 1.
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Thus, we obtain

gij =









1 0 0

0 r2 0

0 0 1









.

2

Maple Exercise 2.1:

Use Maple to create a function that given a position vector

r
∼

= r
∼

(X1, X2, X3) then produces the metric tensor and the

conjugate metric tensor. (Hint: you may find it useful to consider

using the module command)

(All Maple exercises given in the lecture notes are optional)

z
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2.6 A use for metric tensors

2.6.1 Raising and lowering indices

One use of the metric and conjugate metric tensors is to raise and

lower the indices of higher-order tensors. For example, to raise an

index of Amn, we use the conjugate metric tensor, such that

Ai
n = gmiAmn,

or

Ai
m = ginAmn.

Note:

The two mixed tensors Ai
n and Ai

m are not necessarily the same.

�
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Both indices are raised by repeating the process, i.e.,

Aij = gmignjAmn.

To lower an index, we use a similar approach, but instead we use the

metric tensor, for example,

An
i = gmiA

mn,

Am
i = ginA

mn,

Aij = gmignjA
mn.

Note:

1. The tensors obtained by raising or lowering indices are called

associated tensors.

2. gij = gji and gjk = gkj ⇒ gmiA
mn = gimAmn, etc.

�
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Exercise 2.17:

For the following tensors, lower all superscripts and raise all

subscripts.

1. Ak, Answer: Ai = gikA
k.

2. Ai
j, An

m = gmig
njAi

j.

3. δij, δmn = gmignjδij.

4. Emn
ijk , Eabc

fh = gaigbjgckgfmghnE
mn
ijk .

5. gij, gmn = gmignjgij.

2

Note:

In 5., we can also use the identity gnjgij = δn
i to prove the result.

�
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Summary

In this lecture, we . . .

• considered covariant/contravariant tensors of order n

• examined how to express the metric tensor in terms of base vectors

Coming up

In the next lecture, we . . .

• consider the physical components of tensors

• introduce direction cosines
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Homework Exercise 2.6:

1. Consider the transformation equations for Cartesian coordinates

into parabolic cylindrical coordinates, namely

x = ξη, y =
1

2
(ξ2 − η2), z = z

where (X1, X2, X3) = (ξ, η, z). Find the unit vectors E
∼

i in the

direction X i, and then use the relationship E
∼

i · E
∼

j = gij to find

the metric tensor.

2. Let Aij be a tensor in cylindrical polar coordinates, given by

Aij =









1 r 0

r −r2 0

0 0 1









.
Find the three associated tensors

Am
i , An

j and Amn.


