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Example 2.11:
Review If the metric tensor g;; is given by
k 9.k
In the previous lecture, we ... Gii = 0z : ai"
7 Oxt Ol
e introduced the ¢ — ¢ identity then calculate the metric tensor for parabolic cylindrical coordinates
e introduced the concepts of metric tensors (€., 2), where
1
v=&n y=5E-r) 2=z
Aims b
In this lecture, we will ... Answer:
Htroduce th Lot fric ¢ 0zF 02 ox 2+ dy 2+ 02\ > 2, g2
° ate metric tenso =—— == - —~ = .
introduce the conjugate metric tensor 11 92 Dol o€ o€ o€ n
e introduce the concepts of contravariant and covariant tensors 028028 Oxdx Oydy 020z
Jo= 5775 taa taa-=n8—&n+0=0.
Ox! Ox o0& 0n  0E0n  O&0n
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and so forth. Finally, we obtain
4+ &2 0 0
9ij = 0 n”+& 0
0 0 1
O
Exercise 2.12:
Consider the modified cylindrical polar coordinates (r, 6, z) where
r=rcosf+r, y=rsinb, z=z.
Find the metric tensor. R
Answer:
O
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Note: i '
In this exercise, not all of the off-diagonal elements are zero, i.e., To calculate 4, the usual method is to use cofactors, namely
g12 = g21 = —rsinf. But even so, the metric tensor is still e cofactor(g;x)
symmetric about the diagonal. g ’
2 where g is the determinant of g;;, i.e.,
2.3.3 Conjugate metric tensor 9ok 95 g1 g12 913
: . . . : 9=\ oromi| — | 920 922 o3
For reasons seen a little bit later, sometimes it is more convenient to L ox
use the inverse of the metric tensor. This inverse is called the 931 g2 Gas
conjugate metric tensor, and is denoted by g’
Question?
As ¢7% is the inverse of g;; then
I i What is a cofactor?
i §7F = oF. M
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Answer: (From MATH187) we found the metric tensor
2cosf@+2 —rsinf 0
9ij = —rsind r? 0
0 0 1
To find the conjugate metric tensor ¢/*, we first need the
determinant g, namely
2cosf+2 —rsing 0
- g=1| —rsind r? 0 | = r*(2cos §—sin® +2) = r*(cos H+1)?,
Example 2.12: 0 0 1
Previously, for the modified cylindrical polar coordinates (r, 6, z), so that from the formulae
where ik (=1)7F x Gy
xr=rcosf+r, y=rsind, z=z, g = q ’
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we find 20 Exercise 2.13:
(_1)1+1
0 1 1 In Exercise 2.10, we found the metric tensor for cylindrical polar
1 _ _ ) .
g = 2(cos0 + 172 (cosO+ 102 coordinates is
1 0 0
(—1)t+? rein? 0 g; =10 r2 0
gi2= 0 1 _ sin 6 00 1
2 2 27
r#(cosf +1) r(cos +1) Find the conjugate metric tensor. YK
etc.
Answer:
Finally, we obtain
1 sin 0 0
(cos6+1)%2  r(cosf+1)2
Jjk _ sin 6 2
g = r(cos0+1)2  r2(cosf+1) 0
0 0 1
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Question?

In Exercise 2.13, there is an easier way to calculate ¢g/’¥. What is it?

Answer:

Note:

A problem would occur if a diagonal element of g,; was zero.
However, from the definition of g;;, this would only happen if the
coordinate transformation

K=kt 2% 2%) = 0.

)
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2.3.4 Relationship between g and J
p g 0zt 022 023 0zt 02! 02!
From section 2.3, recall that Ox' Oz Oxt Oz Ox* Ox®
axl ax! axt g2 _ 0zt 022 923 022 022 022
or? 0x? 0x? oxl  0x? Ox3 ’
oxt  Ox? Ox?
X 8;(2 8;(2 8;2 0zt 022 023 0% 023 02°
J = ‘ o7 | | 350 o2 o | Ox3 Ox3 023 Ort 0z Ox3
IX? 9xX? ax? 028 028 928 028 028 92K
L 022 D20 Ox! Ox'  Ox' 0x2 Ox! O3
, ' . | 92802k 0280k 928 02F
and if A and B are matrices, then |AB| = |A||B| and |A"| = |A|. " 9207 922022 972978 |
0zF 08 028 028 02F 92F
Thus, if we assume 0x3 0x'  Ox® 0x? Ox3 0x3
X' =2 (2t 2% 2%), =g.
then from J2:‘JZ]‘ X |Jlj|:‘J3;‘ X |Jij\,we find ... Thus: g:J2 Qr{]:\/g.
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Note:

If J =0, it means that there is no unique inverse, so that the metric

tensor g;; will have a zero determinant, i.e., g = 0.

If J is known, then it is easy to find ¢, and vice-versa.

Example 2.13:
In Example 2.13, we considered the coordinate transformation
xr=rcosf+r, y =rsind, z =z,

where we found
dzF dzF
dat dad

g= =r*(cosf + 1)°.

To check, find J, i.e.,
cos@+1 —rsinf 0

= S;; = sin @ rcos® 0 | =rcosf(cosd+ 1)+ rsin’f
0 0 1
=r(cosf +1).
Thus,
J? = [r(cosf +1)]* = r*(cosf + 1)* = g.
([
Note:

We will see later that we need J in various equations, where we have

already worked out g;;. In such situations, it is much easier to

dz’
dzd |°

calculate J using J = /g, than it is using J =
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2.4 Classifying tensors

We now look at how to further classify tensors. To do this, we
introduce the following definitions:

Definition 2.3:

A function ¢(x!, 22, 23) is called a scalar if upon transformation of

coordinates zF = 2%(X!, X2 X3) it does not change its original

Definition 2.4:

Quantities A*(z) are called contravariant components of a vector (or
simply a contravariant vector) if under coordinate transformation
oF = 2F( X1, X2 X3) they transform according to the rule
. . 0X't
A'(X) = Az -
(X) = 4i() 5

Here, A’ are the components of the same vector, but with reference

value, i.e., to coordinates X7. -
?b(xl(z()» $2(‘X)7 $3(_X)) = ¢(X1’ X2’ X3) = qb('rl? 1'2, :ES)‘ Examp]e 2.15:
a An example of a contravariant vector is the differential, i.e.,
Example 2.14: A® = dz’, since according to the chain rule we have
An example of a scalar is the temperature at a point, for is has the AX & dd
= —da’.
same value in all coordinate systems. oxJ
O
O
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Exercise 2.14:
Definition 2.5: For the following tensors, identify whether scalar, covariant or
Similarly, Ax(z) are called covariant components of a vector (or contravariant and write the transform transformations:
simply a covariant vector) if under coordinate transformation ,
_ 1. A Answer:
oF = 2F(X1, X2, X3) they transform according to the rule
- O’ 2. A
Ai(X) = Aj(%)m-
3. A,
O Co
Example 2.16: A g
An example of a covariant vector is the partial derivative of a scalar, Y
ie., A, = %, since ‘ 5. g
do 09 Oz’
0XJ  Ort0XJ’ i
6. 95
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Homework Exercise 2.5:

Summary 1. For the spherical polar coordinate system (r, 6, ¢), which is
In this lecture, we ... related to the Cartesian coordinate system by
e introduced the conjugate metric tensor x = rsinf cos ¢, y = rsinfsin ¢, z =1rcosb,

e introduced the concepts of contravariant and covariant tensors find the conjugate metric tensor.

2. Give an example, with appropriate transformation rules, of the

Comlng up following tensors:
In the next lecture, we ... (a) A scalar.
e consider covariant/contravariant tensors of order n (b) A contravariant tensor.

e examine how to express the metric tensor in terms of base vectors (¢) A covariant tensor.

(d) A mixed tensor.




