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Example 2.3:
Review In Cartesian coordinates, the usual set of orthonormal base vectors
) is {e1,e9,e3} =41,7,k}. Show e; - e; = 6;;.
In the previous lecture, we ... len e e} =100, k) ~ " K
e considered how to classify tensors and basic operations
Answer:
e introduced the Kronecker delta symbol .
Y €1 = (17070)7 € = (07170>7 €3 = <07071)7 ’QZ| — 172: ]-7273‘
Aims Thus, the following dot products are obtained:
In this lecture, we will ... eirer=1 e -e=0 e-e=0,
. . er-e1 =0, ey-ea=1 ey-e3=0
e introduce the permutation symbol Sl Sl ro s ’
es-e1=0, e-e=0, e -e3=1
e express some common vector operations in terms of tensors
Therefore, if {e1, e2,e3} = {i,7.k}, then ¢; - ¢; = ;5. -
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Exercise 2.5: The second special tensor we are interested in is the permutation
Let {e1,e2,e3} be any set of orthonormal base vectors. Show symbol, €iji.
Definition 2.2:
€+ ¢j = Oij-
X The permutation symbol, €;;1, is a tensor of order 3 and is defined by

Answer:

1, if even permutation,

1 1
*__ 7 N~

123123 321321

Eijk = —1, if odd permuation,

0, otherwise.

Even permutation: (7,7, k) = (1,2,3),(3,1,2) or (2,3, 1).
Odd permutation: (i,7,k) = (3,2,1),(2,1,3) or (1,3,2)

Also, .
Eijk = §(i — )G —k)(k—1).
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Example 2.4: When looking at vectors in the following sections, it is important to
€123 = €231 = €312 = 1, €321 = €132 = €213 = — 1, remember the following two identities:
€12 =¢€111 = ---=0.
112 111 €€ = 52’3’7
O
€i X €5 = EijkCk;
Example 2.5:
Let {e1, e2,e3} be a set of orthonormal base vectors, where where ¢; are orthonormal base vectors.
e; = (e, €i2, €;3). Then the cross-product of e; x e; is given by
Note:
e ey es An alternate way to evaluate the permutation system is shown
_ raphically below:
€ X Ci= | €1 €2 €3 | stap Y
) ) ) 1 2 .
€1 €2 €53 3 Join numbers, and then count
= e1(enejs — €j2e;3) — ea(einejs — ejie3) + es(€eineje — €1€42), >< number of lines that cross to see
= &ijkCk- €3 = 2 1 3 if even or odd.
O i)
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Exercise 2.6:
Evaluate the following expressions: 2.2.4 Vector Operations
L. 3e123 + 22913 — €122 '
5 Given what we now know about orthonormal base vectors, we now
. €312€321 + €231€131- . .
312=3 3LE18 look at how we can express common vector operations in tensor
3. £561234- notation.
4. €g12453- o o _
B¢ This will enable us to express vector equations in tensorial form
Answer: which are valid in any coordinate system.

To begin, let u, v and w be any three vectors and {ey, €2, e3} be a
set of orthonormal base vectors in R3. Thus, we can write

U= g, U =6, W= Witk
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Operation 1: Dot (scalar) product of two vectors

u-v=(ug)- (vje)), by definition
= uiv;(¢i - &),

= Uﬂ)]’&i]’, by definition

u;, v; scalars

= uv;. (scalar)

Operation 2: Cross (vector) product of two vectors

uxv=(u;e) % (vje;), by definition

= w;v,(e; X g5), u;, v scalars
= W;iVj Eijk Ck; by definition

= Eijk UiVj . (vector)
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Operation 3: Scalar triple product of three vectors

(u X v)-w = (€5 WV; €k) - Wy Em, by definition

= €4k WiVj Wi (€ - €m),
= €k UiVj Wy, O, by definition

= Eijk U Vj Wi (scalar)

Note:

From the above definition of the scalar triple product it is trivial to

prove

(uxv) w=(wxu)v=(wWxw)- u,

using the property of the permutation symbol: €;x = €rij = €.

U;, Vj, Wy, scalars
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Operation 4: Determinants

The determinant of a 3 x 3 matrix A, namely

A A Agg
A= Ao A Asg )
As; Asy Asg

can be expressed as |A| = g, A1 42 Ask.

(I leave you to check this is true!)
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Example 2.6:
Show that u x v = —v x u.

Y
Answer:

Let u = u;e; and v = v;e;. Then

U X U = €j,UiV;j Ck, by definition

= —EjikVjUi Ck; as Eijk = —&jik

—U X U. by definition

Thus, u X v = —v X u.
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Exercise 2.7:

If @ =a;e;, b =bje; and ¢ = ¢ ex, then simplify the following using

the vector definitions and base vector properties.
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Answer:

1. a-b.
2. cxa
3. bxc)-a
4. (bxa)-(axc)
5. [(axb)-cla-b
"
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2.2.5 Vector Operator V

When developing a mathematical model of the real world, the

resulting theory usually involves differential equations. As such, it
would be beneficial to express the usual differential operators in

tensorial form.

To begin, we initially assume the Cartesian coordinate system

(x', 22, 23) = (2,9, z) and the set of orthonormal base vectors

{Ql? 927 23}

Then, the del operator, V, can be expressed as

0 0 0 0
+§28x2 +§3 .

Later, we will see how to express V in any coordinate system.

Vzel
~ T oxt
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Note:

1.3:18/23

Thus, if f(z) is a scalar function, then the gradient of f is given by

When writing derivatives in tensorial form, it is convenient to use a q v of
shorthand notation. For example, grad f = Vf = ¢ ort ¢ifi
% Sy while if v is a vector, then the divergence of v is given by
O’ b
. . v
denotes the derivative of the ¢th component of v with respect to z7. divy =V-v = B = Vi,
i)
Example 2.7: and the curl of v is given by
2 curlvy =V xv=c¢ avje = €;jkV;i€
1. 8Ai:Aik 3. oc = C i TR TS gt R
Ok ’ 00z, ’
PBE BH Finally, the Laplace operator, V? = V -V, can be expressed as
2. ——— = Fun ¢ — -
0302102 o L Biatgo = Hete 02 f
- ox'0x’ ’
(I
1.3:19/23 1.3:20/23
Exercise 2.8:
Note: Show
. : o V-laxb)=b-(Vxa)—a-(Vxb)
Be careful when writing second order (and higher) derivatives as 8¢
Answer:

tensors. Because if you only write
0 f
Ori2’
then it is not clear that you are suppose to sum over the i index

(i.e., no obvious repeated index). Whereas from
O f
dridxt’

it is clear that ¢ is repeated, and hence summed over.




L3:21/23

L3:22/23

Summary

In this lecture, we ...
e introduced the permutation symbol

e expressed some common vector operations in terms of tensors

Coming up
In the next lecture, we ...
e introduce the € — ¢ identity

e introduce the concepts of metric tensors
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Homework Exercise 2.3:

1. Verify the vector identity

u-(vxw)=v-(wxu).

2. If f(z) is a scalar function and u and v are a vectors, then prove

the following vector identities

(a) curl(fu) =V x (fu) = (Vf) xu+ f(V x u)
(b) V- (u+tv)=V-u+VY-v




