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Review
In the previous lecture, we: : :

² introduced nanomechanics

² introduced carbon nanotubes

Aims
In this lecture, we will : : :

² introduce fullerenes

² introduce Euler's Theorem for polyhedra
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As seen in the exercises, there are three types of carbon nanotubes.

(a). Zig-zag ; where m = 0 or n = 0. If
n ¡ m = 3i , then the carbon nanotube
is metallic, otherwise a semiconductor.
Chiral angle Á = 0±C.

(b). Armchair ; wheren = m. Such carbon
nanotubes are always metallic.
Chiral angle Á = 30±C.

(c). Chiral ; where m 6= n and nonzero. If
n ¡ m = 3i , then the carbon nanotube
is metallic, otherwise a semiconductor.
Chiral angle 0±C · Á · 30±C.
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Note:

Carbon nanotubes have some interesting electrical properties. In
particular, if:

² n ¡ m = 0; 3; 6; 9; : : : = 3 i ; for some integeri , then the nanotube is
metallic, and as a result can carry extremely large current
densities (> 1013 A/m 2, which compares with household copper
wire < 107 A/m 2).

² otherwise; then the nanotube is semiconducting, and can be
electrically switched on and o® as ¯eld-e®ect transistors (¼ 500
times smaller than current devices).
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6.4 The \buckyball" - C 60 fullerene

A fullerene is a molecule comprising of only
carbon atoms bound together to form a closed
hollow cage having the form of a ball.

In particular, the C60 fullerene has 60 carbon
atoms, and was discovered by Curl, Kroto
and Smalley in 1985, who received the No-
bel prize for their e®orts in 1996.

The C60 fullerene is more commonly called
the buckyball, after the well-known architect
R. Buckminster Fuller, who is famous for his
geodesic domes.
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Upon closer examination of the C60 fullerene, we see that the surface
of the truncated dodecahedron contains 20 hexagons and 12
pentagons, as outlined by the carbon atoms.

To prove this result must always be true, we need to consider Euler's
theorem for polyhedra.

Theorem: (Euler's Theorem)

For a convex polyhedra withV vertices,E edges, andF faces, then

V ¡ E + F = 2:

2
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Proof:

Project the polyhedron to a sphere (radial projection), and assume
the sphere has unit radius. Then, the surface area of the sphere is
4¼r2 = 4¼units3.

The surface area is also the sum of the areas of all faces of the
projected polyhedron.

As each face is a spherical polygon, then each area is given by

spherical polygon area = [µ ¡ (n ¡ 2)¼]r 2;

wheren is the number of sides,r is the radius andµ is sum of the
angles.
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Thus,

surface area of sphere = 4¼=
X

faces

(area of each spherical polygon);

=
X

faces

(µ ¡ n¼+ 2¼) ; r = 1

= 2¼£ V ¡ 2E £ ¼+ 2¼£ F;

= 2¼(V ¡ E + F );

so that we ¯nd

V ¡ E + F = 2:

2
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Using Euler's theorem, we can show that any fullerene with only
pentagons and hexagons must always have exactly 12 pentagons.

Example 6.1:

For a fullerene with only p pentagons andh hexagons, show that
there must be exactly 12 pentagons using Euler's theorem.

z

Answer:

For a fullerene with only p pentagons andh hexagons, then

F = total number of faces = p + h;

and

V = total number of vertices =
5p + 6h

3
;
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while

E = total number of edges =
5p + 6h

2
:

Thus, substituting into Euler's theorem gives

5p + 6h
3

¡
5p + 6h

2
+ p + h = 2;

)
5
3

p + 2h ¡
5
2

p ¡ 3h + p + h = 2;

i.e., p = 12:

2

Therefore, a fullerene consisting of only pentagons and hexagons
must have exactly 12 pentagons, regardless of the number of
hexagons (and carbon atoms).
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Exercise 6.3:

For the buckyball (i.e., the C60 fullerene), if there are 20 hexagons,
then determine the number of facesF , verticesV and edgesE
(assuming only pentagons and hexagons). Further, show that Euler's
theorem is satis¯ed.

z

Answer:

For a C60 fullerene, there are 60 carbon atoms, resulting in 60
vertices (i.e.,V = 60).

As the fullerene only has pentagons and hexagons, then there must
be exactly 12 pentagons, so that with the 20 hexagons, we ¯nd

F = 12 + 20 = 32 faces:
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To ¯nd the number of edges, each pentagon has 5 edges while each
hexagon has 6 edges. However, when combined together, each edge
will overlap with exactly one other edge, so we must half the total
number of edges. Thus,

E =
5 £ 12 + 6 £ 20

2
=

180
2

= 90:

And checking Euler's theorem, we ¯nd

F ¡ E + V = 2

) 32¡ 90 + 60 = 2;

i.e., 2 = 2:

2
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Exercise 6.4:

If Cn is a fullerene with only pentagons and hexagons, which must
have exactly 12 pentagons, then what is the smallest possible value
for n?

z

Answer:

As the fullerene must have exactly 12 pentagons, then the smallest
fullerene contains only pentagons, so that the number of faces
F = p = 12. Thus, we ¯nd

V =
5p + 6h

3
=

5 £ 12 + 6 £ 0
3

= 20;

and asn is the number of carbon atoms, and hence vertices, then C20

is the smallest possible fullerene with only pentagons and hexagons.
2
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6.5 Isolated pentagon rule

Although C20 is the smallest possible fullerene, with only pentagons
and hexagons, it does not occur frequently in reality.

In essence, this ¯gure shows
how frequent di®erent size
fullerenes occur in reality.
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C20's don't occur often because it is energetically unfavorable for two
pentagons to be adjacent to each other, since this leads to higher
local curvature, and hence more strain.

This tendency for pentagons not to be adjacent to each other is
called the isolated pentagon rule.

The smallest fullerene that satis¯es this rule contains 60 carbon
atoms, i.e., the C60 fullerene, or the buckyball.

In fact, no fullerene with less than 60 carbon atoms have been found
in the soot commonly used to extract fullerenes.
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Note:

In regard to curvature for fullerene-related molecules, pentagons are
needed to produce closed (convex) surfaces, while hexagons by
themselves leads to a planar surface.

To produce a concave surface that spreads outward, heptagons need
to be introduced.

�
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Exercise 6.5:

Sketch an example of a graphene surface with:

(a). Pentagons and hexagons.

(b). Only hexagons.

(c). Hexagons and heptagons.

(d). Pentagons, hexagons and heptagons.
z

Answer:

(a). With pentagons and hexagons,
the surface must be convex. An
example is the buckyball.
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(b). With only hexagons, the surface will be planar. An example is
an uncapped nanotube.

(c). With hexagons and heptagons, the surface will be concave. An
example is the trumpet shaped structure below.
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(d). With pentagons, hexagons and heptagons, the surface will have
parts that are convex, planar and concave. An example is the
knee-shaped nanotube below.

2

L25:19/20

Summary
In this lecture, we : : :

² introduced fullerenes

² introduced Euler's Theorem for polyhedra

Coming up
In the next lecture, we will : : :

² summarize the second half of the course

² provide details about the ¯nal exam
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Homework Exercise 6.2:

1. Consider a C70 fullerene. Determine the number of facesF ,
verticesV and edgesE (assuming only pentagons and
hexagons). Further, show that Euler's theorem is satis¯ed.

2. If a fullerene is radially projection onto a sphere, where each
face becomes a spherical polygon, then prove that each area is
given by

spherical polygon area = [µ ¡ (n ¡ 2)¼]r 2;

wheren is the number of sides,r is the radius andµ is sum of
the angles.


