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Review
In the previous lecture, we: : :

² rewrote Hooke's Law in terms of stress

² considered some examples of Hooke's Law

Aims
In this lecture, we will : : :

² introduce nanomechanics

² introduce carbon nanotubes
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Part 3: Nanomechanics
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6 Nanomechanics:

An application of continuum

mechanics

In this section, we introduce some ideas and concepts behind
nanomechanics.

In particular, we examine carbon nanotubes and investigate their
underlying characteristics.

But ¯rst, we need an understanding of the basic behaviour of
nano-sized systems.
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6.1 Nano-scaled systems

The most striking aspect of nano-scaled science is the size of systems
under consideration.
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An average human hair is 0.1 mm.

While a hair may seem small, microbeams of diameter 20¹ m are
routinely fabricated and used in certain industries, where 40 million
of such beams could be abutted against the end of a single human
hair.

And yet, even further, many many more carbon nanotubes could be
abutted against the hair, which have a typical radius on the order of
1 nm, i.e., 10¡ 9m.

Despite this, nano-scaled objects are modelled in the same fashion as
for macroscopic objects. Is this justi¯ed?
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From a pragmatic point of view, the answer is clearly yes - it is
justi¯ed because it works!

Mathematical models based on continuum theories provide
predictions of nano-scale systems that are in good agreement with
experimental results.

Or at least most of the time!

There are a few examples where continuum mechanics does not agree
with experimental results, but we will not consider them here.
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The next question to ask is: Why does continuum mechanics work
so well at the nano-scale?

The answer is not easy to ¯nd, and is the subject of a good deal of
modern research.

Essentially, the answer is that continuum mechanics is good provided
the length scales of interest are much larger than the length scale of
molecular variation in the system under consideration.
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6.2 The nano experience

Human's range of sensory experience is surprisingly large. For
example:

{ Length ¼ 0.1 mm (a hair) ¡! 10 m (a tree): OoM(5).

{ Time ¼ 0.3 sec (reaction time)¡! 1 year: OoM(8).

{ Mass ¼ 0.001 g (insect)¡! 1000 kg (boulder): OoM(9).

{ Kinetic energy ¼ 10¡ 2 J (a bee)¡! 105 J (a bu®alo): OoM(7).

However, there are other areas where our experience is more limited,
i.e., temperature¼ 230 K ¡! 1200K: OoM(1).
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Humans beings do not have direct sensory experience of the
meso-scaled world that single-celled organisms inhabit.

However, thanks to the relatively large ranges above, we have an
intuitive feeling for how many physical phenomena scale with
respect to length.

Some things, like heat conduction, will remain more or less familiar,
while other things we have little experience with, like electrostatics,
will yield many surprises.

Note:
Determining the exact manner in which a quantity changes with
respect to a characteristic length (or quantity) is often called a
scaling law, or just a scaling.

�
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In such an investigation, two important lessons arise:

1. Scaling is about ratios, i.e., it is only important to see how a force
changes with respect to another force { we examine systems of
forces rather than individual forces themselves.

2. For a device with ¯xed proportions, the surface area to volume
ratio always increases as the length scale decreases { surface area
e®ects become much more important the smaller you go.
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6.3 Carbon nanotubes

We now look at an important nano-sized structure called a carbon
nanotube, which was discovered by Iijima in 1991.

Carbon nanotubes are naturally self-organized nano-structures in
the form of a tube, or hollow cylinder, composed of carbon atoms
with completed bonds.

They exist in two general forms, single-wall and multi-wall
nanotubes. A single-wall carbon nanotube can be considered as a
single sheet of graphite, called graphene, that has been rolled up into
a tube.
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Di®erent carbon nanotubes are distinguished by thechiral vector C.
Consider the graphene sheet below.

For a carbon nanotube,

ja1j = ja2j = a0 = 2:461ºA:

The nanotube is rolled up
such that the chiral vector

C = na1 + ma2

is the circumference of the
tube. Hence, (n; m) de¯nes
the nanotube.
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The resulting nanotube can have metallic or semiconducting
properties depending on the direction in which the sheet was rolled
up.

armchair: n = m
metal

zig-zag: n or m = 0
n ¡ m = 3i - metal
n ¡ m 6= 3i - semiconductor

chiral:
n ¡ m = 3i - metal
n ¡ m 6= 3i - semiconductor
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Due to the symmetrical nature of the carbon-carbon bonds in a
nanotube, if we know (n; m), then we can determine the geometrical
characteristics of the nanotube.

Exercise 6.1:

Show that the circumference of a (n; m) nanotube is given by

jCj = 2:461
p

n2 + nm + m2 ºA:
z

Answer:

Consider:
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Using the cosine rule, we get

jCj2 =( na0)2 + ( ma0)2 ¡ 2(na0)(ma0) cos 120±;

) j Cj2 = a2
0

£
n2 + m2 ¡ 2nm

¡
¡ 1

2

¢¤
;

i.e., jCj = a0

p
n2 + nm + m2: (a0 = 2:461ºA)

2

Further, we can show that the diameter of the nanotube is given by

d =
jCj
¼

ºA;

while the direction of the chiral vector is measured by the chiral
angleÁ, which can be calculated from

sinÁ =

p
3m

2
p

n2 + nm + m2
:
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Exercise 6.2:

For the following nanotubes with given (n; m), determine the
geometrical properties of the nanotubes.

(a). (4; 0).

(b). (3; 3).

(c). (4; 2).

For each of the above cases, sketch the appropriate graphene sheet
with the chiral vector being horizontal (this can be hard to do).

z
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Answer:

(a). If (4; 0), then n = 4 and m = 0. Thus,

circumference

= 2:461
p

42 + 4 £ 0 + 02 ºA

= 9:844ºA;

diameter =
9:844

¼
ºA = 3 :133ºA;

chiral angleÁ

= arcsin

p
3 £ 0

2
p

42 + 4 £ 0 + 02

= 0 ±C;

and m = 0 ) zig-zag pattern
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(b). If (3 ; 3), then n = 3 and m = 3. Thus,

circumference

= 2:461
p

32 + 3 £ 3 + 32 ºA

= 12:788ºA;

diameter =
12:788

¼
ºA = 4 :071ºA;

chiral angleÁ

= arcsin

p
3 £ 3

2
p

32 + 3 £ 3 + 32

= 30 ±C;

and m = n ) armchair pattern
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(c). If (4; 2), then n = 4 and m = 2. Thus,

circumference

= 2:461
p

42 + 4 £ 2 + 22 ºA

= 13:022ºA;

diameter =
13:022

¼
ºA = 4 :145ºA;

chiral angleÁ

= arcsin

p
3 £ 2

2
p

42 + 4 £ 2 + 22

= 19:1±C;

m, n general) chiral pattern
2
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Summary
In this lecture, we : : :

² introduced nanomechanics

² introduced carbon nanotubes

Coming up
In the next lecture, we will : : :

² introduce fullerenes

² introduce Euler's Theorem
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Homework Exercise 6.1:

1. Prove that the chiral angleÁ, the angle between the chiral
vector and the zigzag line, can be given by

sinÁ =

p
3m

2
p

n2 + nm + m2
:

Further determine an expression for the angle between the chiral
vector and the armchair line.

2. Determine the geometrical properties for the following carbon
nanotubes.

(a) (3; 0).

(b) (9; 3).

(c) (9; 2).

(d) (2; 2).

(e) (9; 6)

(f) (9; 9).


