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5.3.1 Elastic moduli for isotropic media
Review In the previous lecture, we found that the generalized Hooke’s Law
In the previous lecture, we ... for isotropic materials is given by
e introduced Hooke’s Law for an elastic solid 0ij = Nijern + 2u€ij,
e introduced elastic symmetries where €;; is the infinitesimal strain tensor, o;; is the stress tensor
and p and A are called Lamé’s constants.
Aims .
In the form above, Hooke’s Law expresses the stress in terms of the
In this lecture, we will ... strain. However, the physical meaning of Lamé’s constants is not
e rewrite Hooke’s Law in terms of stress easy to obtain.
e consider some examples of Hooke’s Law Here, we will rewrite Hooke’s Law to express the strain in terms of
the stress, which results in physically meaningful constants.
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To do this, consider the case when j = i, namely

Oii = Mgk + 2p€;;, (no summation over )

so that summing the values for i = 1, ¢+ = 2 and ¢ = 3 together, gives

011 + 022 + 033 = Neg + A€ + ey + 2€11 + 2 €90 + 2pu€33,

which becomes

Okl = SNkt + 2[L€ky,
ie., Okk = (3)\ + 2M)€kk-

Hence, solving for e, gives

Okk

ey 21

Thus, the generalized Hooke’s Law for isotropic materials become

Uz’j = m OLk (5@' + 2,ueij.

Thus, upon solving for €;;, gives

1 A 5
€ij — 21u Oij 2#(3)\+2ﬂ) Okk Oij,
1 (3N + 2 A 5
= 0ij — =0 ij |
pwBAX+2u) | 2 7 g TR
1 (A4 2(A + p) A
- Oij — = Okk Oij | 5
(3N 4 2p) | 2 2
A+ A A ]
= +1p 04 — = Ok 045 | -
H(33 + 2u) _{2<A+u> }"J 2N+ pr) T
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Hence, if we define

3N+ 2
E = Young’s modulus = u,
A+
v = Poisson’s ratio = ——,
200+ )

then the generalized Hooke’s Law for elastic isotropic materials can
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Therefore, we have expressed the generalized Hooke’s Law in terms
of two constants, whose physical meaning can be readily obtained.

For example, for simple tension,
o1 =T, while all other o;; =0,

and from (5.2), we find

: T T
be written as L , =g em=en= v
Eij = T Uij — E akkéij, (52)
From the above equations, the quantity
or, alternatively T
E=—
E v €
Uij = — Eij + — €Lk 5@']’ . (53) 1
I+v 1—2v represents the ratio of the tensile stress T to extension €17 produced
by the stress T
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Further, we also find Example 5.2:
y= |22 = |8 , Consider the stress state:
€11 €11 ) )
so that v denotes the ratio of contraction of the linear elements vz = klzy — v (a:2 o y2)],
perpendicular to the axis of extension. oyy = klyr —v(y” —27)],
0., = kxy,
It is easy to verify that Lamé’s constants \ and p can be expressed 0oy = Eldvzy — o2 — o)
in terms of Young’s modulus E and Poisson’s ratio v as o2 ’
I I Oyz = 0y, = 0.
A= 1+ )(1 =2v)’ H= 201 +v)° Determine the strain components according to the generalized
g g
Hooke’s Law for isotropic materials.
Note: O
If (z', 2%, 23) = (x,y, z) then Answer:
O11 = Ogzxy 012 = Ogy, 013 = Ogxzy, .-, etc. We know 1+v v
> €ij = = gij — o Oki0ij.
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Thus, we first consider oy, i.e., "
v v
Okt = 011 + 099 + 033, €33 = €2z = T 033 — E Ukk5337
= Uxx + Uyy + UZZ? — 1 EQVkmy
= 3kxy — v(2* — y?) — v(y? — 2?) = 3kay. 1ty y
€12 = €y — E 012 — Eakk(sm
Hence, 14Luk , ) y
1+4+v v = —ldvzy — x* — — —.3kxy.0,
€11 = €gp = E 011 — Eakkélla E 2[ v vl E 4
L+v 2 2 v :Ml—m(4yxy_$2_y2)
= Ky —v(a® —y)] = Z(Bkay)(1), 2F '
_1—2V 1+v 9 9 €13 = €5, = 0.
=% kxy — z v(z® —y°). —
B 4w v 5
€22 = Gy = T 02 7 B OkkO22; Therefore, we have found the strain components according to the
1—2v 14+v . ) . . .
_ kay — v(y? — 2?) generalized Hooke’s Law for isotropic materials. -
E E
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Exercise 5.1:

Determine the strain components according to the generalized
Hooke’s Law for isotropic materials of the following Cartesian stress

distribution.
011 = K2 + yry,
02 = Kzy — VY’
012 = (’f + ’7)372%

033 = 013 = 093 = 0,
where x and v are constants.

Answer:




1.23:13/19

L.23:14/19

Exercise 5.2:

Given the Cartesian strains in Exercise 5.1, namely

1 v

€oa = E:v(m +7y) — Ey(m —7Y),
1 v

€gy = Ey(m" —Y) — Em(m +7y),

2o = —plra(z +y) +yy(a —y)).
1+v

then determine if the stress distribution that caused these strains is
admissible. (HINT: Check the compatibility equations)

M
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Note:
In terms of (z,y, z), the compatibility equations are:
a2€zz 8263590 826%6
+ =2 ,
Ox? 02?2 0z0x
DPeyy 0%y, D%y

022 Oy? B oyoz’

0% N D%eyy _ 28265@

oy? Ox? Oxdy’

0%,, 0O <3eyz ey Oy
+

Oxdy 0z \ 9x | Oy 0z
D€y O [Oe Oeyy  Oey,
ayaz:%(ay 0z Oz
% 0 (aexy N Jeyz Oz
0z0xr Oy \ 0z ox oy

)
)
)
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Answer:
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Note:

If the stress, or strain, distribution is inadmissible, then it means
that the stress and strain distributions are not valid for a continuum
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Summary

In this lecture, we ...
e rewrote Hooke’s Law in terms of stress

e considered some examples of Hooke’s Law

material. Coming up
= In the next lecture, we will ...
e introduce nanomechanics
e introduce carbon nanotubes
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Homework Exercise 5.2:

1. Determine if the following stress distribution is admissible,
where the strains are given by the generalized Hooke’s Law for

isotropic materials.

Ogz = KT + VY,
Oyy = YT — RY,
Ozz = Oa

Oy = Az,

Oyz = 0g. = 0.

2. Determine a quadratic stress distribution that is admissible,
where the strains are given by the generalized Hooke’s Law for

isotropic materials.




