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4.4 Some important results
Review Before we express the Law’s of Motion in a more useful manner, we
In the previous lecture, we ... first need to introduce some important results.
e examined the idea of stress Result 1: Newton’s third law of action and reaction
e introduced the Law’s of Motion Let z¢ be a fixed point, z be a Cartesian
coordinate frame. Then the stress vector
Aims T (zo,n) at zo on the surface element whose
el - normal is 7 is related to the stress vector
In this lecture, we will .. T (zo,—n) at xo on the surface element
e express the Law’s of Motion in a more useful representation whose normal is —n by the relation
e introduce principal directions and stresses T (xo,n)=—T (xg,—n).
O
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Result 2:

Let z be a fixed point,  be a Cartesian coordinate system with

axes x; and unit normal base vectors e;.

Then the stress vector on the surface element
through z with normal n is related to the
stress vectors on the surfaces through zy with

normals ¢; according to
T(zo.n) =T (2o, ) miy

where n = n;¢;.

Result 3:

Now, if we consider the decomposition of 7" (xo,n) along ¢;, then we
can write
T(zo.n) =Ti(zo.n)e

Previously, we defined
T(zo,&) = 0ij &5,
so that
T(zo,n) =T (zo,€)ni = 055 ¢5n = oy5ni¢; = Ti(zo, 1) €.

Thus,

Ti(zo,m) = 04 ni.
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The above result has 2 important interpretations and uses.

1. The problem of finding an infinite number of stress vectors on the
infinite number of surfaces through z, defined by the infinite
number of choices for normal 7, is now reduced to finding the

stress vectors on three mutually perpendicular surfaces through z.
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Result 4: Newton’s second law of motion

For a body in motion, the stress distribution and motion are related

by

do i

2. The stress vector on a surface is part of the prescribed stress 8_;3 +fi=0.

distribution acting on the exterior surface, i.e., T (z,n) is a given -

quantity, where 7 is on the exterior. Then the results relates the Proof:

prescribed information on the ezterior to the stress vectors acting Consider the law of conservation of linear momentum

on the interior surface with normals ¢;. In these circumstances, 4 T s .

the result is used to express a boundary condition. fiff + {JN (z,n)dS = JJ!J pLaY

using the component form.
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Namely, Therefore, the conservation law of linear momentum becomes
JJJ geav s ] ems = [[f pitav. 0 ) o
) ) ) fg S fi— i) AV =0, (4.5)

where we know

Ti(z,n) = ojin; = ffTi(%@)dSZIIUﬂ”de-
A A

Then, from Green’s theorem, i.e.,

fj¢nidS:fff gjz av
gTi(Sg,n)ds:fﬂ%dV

we find

which has to be true for every part of the body, so that

aO'ﬂ
— 4 J;, = "
57 TAi=P
Further, at equilibrium 2 = 0, so that the equation becomes
&Iﬁ
oxJ J

Now, apply the law of conservation of moment of momentum to the

same body, namely

[[Jaxfav+ [[zx1@mnas = [[[zxpiav,
B A B
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which in component form becomes
fjj eijp 2 fi, AV + jj ik T Th(z,m)dS = ffj eiji ¥ pik AV
B A B
Therefore, as Ty, = o, Ny, then

ngkx Ti(z.n)dS = erkx ke T A5,
jﬂ Eik S {:13] R\
= [[[ n (@mamk + o %Z";’“) av,
| I P
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so that the conservation of moment of momentum becomes

fff Eijk (zjfk + oy, + 2 aaamk — xjp:'tk) dV =0,

= jff Eijk T’ (8amk + fk — pi ) dv + fff gijh Ok AV =0,
ie., jff €ijk Ojk dV =0,
B

due to conservation of linear momentum. Now, as B is arbitrary

Eijk Ok = 0,
which leads to
Ojk = Okj,

or in other words, the stress tensor is symmetric.
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Result 5:

Recall, for the conservation of mass, we assumed

%{jj p(g,wdv} -0,

where V is the volume of the material at time ¢, and D/Dt is called
the material time derivative, given by

D 0 n ozrt 0

Dt 9t Ot Oxt’

Another way to consider the conservation of mass, is to let the mass

of a volume element V; be given by

m = jff p(z,t)dV,

L21:12/25

so the rate of change of mass of that volume element becomes
om dp
— = —dV.
o~ ]

Now, this rate of change must be equivalent to the flux rate of mass
crossing the surface S of the volume element V', which is given by

1= {[ py-nds,
S

where v is the velocity field and 7 is the exterior unit normal to the

surface S.

I represents the change of mass leaving or entering the region if

pv - is positive or negative, respectively.
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Thus, However, as this integral must hold in any arbitrary system, then we
om fj ov -0 dS obtain the continuity equation
ot S ’ op
so that we obtain the equation ot +V - (py) =0.
O
0
I 2 = [
7 ot g Exercise 4.4:
Now, using Green’ theorem, namely It
V-(fa)=a-Yf+[fV-aq,
d 9 4 P
jf gnidsS = j j f Ori £ then expand the continuity equation above into indicial notation.
8 b Further, express the equation in terms of the material derivative
then the conservation of mass equation becomes .
3 D 0 . ox* 0
Hja_ier.(py)dv:o, Dt ot Ot Oz
Vi What happens when p is a constant? R
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Answer:

4.5 Principal directions and stresses

Let n be an arbitrary unit vector. Then the stress vector on the

surface element with normal n can be written as

T(‘E?Q) :]NV"_‘g?

~

where N is the normal stress (tensile stress) and S is the shear stress

(tangential to the surface).

Now, considering the projection, we can write

N=T(z,n) -n)n=Nn, Nln
= N—E(ZE?n)nZ’
= 05 T Ny = O35 15 Ty, (03 = i)
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If S =0, i.e., there is no shear stress, on a surface element with This leads to solving the eigenvalue problem
normal n, then
~ \al-j—aéij|:0,
T(z,n)=N=on,
. . . . . ie.
where n is called the principal direction (or principal axes), and o is ’
the corresponding principal stress. In component form, we get n—a 912 13
021 022 — O 023 =0.
Ti(z,n) = on;.
031 032 033 — 0
Also, generally, we have When this determinant is expanded, it gives a cubic equation for o,
Ti(z,n) = 0jin; = oijny, namely
od — Lo* + Lo — I3 =0, (4.6)
so that we find
where
oin; =on; = (0, —00;;)n; =0
v ' (73 = o0, L =tr(oy) = ow, T2 = 5000y — 0yy0y), Iz = oy,
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Alternatively, we can write For a real symmetric stress tensor o;;, three real eigenvalues exist,

namely o1, 09 and o3 (which are the solutions of (4.6)), and are

Iy = 011 + 092 + 033, called the principal stresses.

I, = i 012 + T22 023 + i 13 The corresponding eigenvectors define the principal directions
012 022 023 033 013 033 (principal axes), and if the three principal stresses are distinct, then

the principal axes are mutually perpendicular.
011 012 013

Note:

1. If the eigenvalues are all distinct, then the corresponding

I3 = 012 O22 023 |,

013 023 033
eigenvectors are mutually orthogonal.

recalling that o;; = 0j;.

2. For every real symmetric tensor, there exists at least one triad of

I, I 1 lled th ' ' f th
1, I> and [y are called the fundamental scalar invariants of the mutually perpendicular eigenvectors. These vectors define the

stress tensor, and they do not depend on the choice of the principal directions of the tensor.

coordinate system.
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In terms of the principal stresses, the stress invariants become Exercise 4.5:
I, =01+ 09 + 03, Let the stress of state at a point in a continuum be given by
Iy = 0102 + 0903 + 03071, 110
I3 — 0109203. 045 = 1 3 0
Note: 0 0 1
1. The principal stresses are usually denoted such that Find the principal stresses and the stress invariants. R
01 2 03 2 03.
Answer:
2. If 0y = 09 = 03 = 0 = —p, where p represents the hydrostatic
pressure and o is the hydrostatic stress, then as I; = oy we
have the so-called hydrostatic stress state
1
0= —D= —Op-
p 37kk
>
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Summary

In this lecture, we ...
e cxpressed the Law’s of Motion in a more useful representation

e introduced principal directions and stresses

Coming up
In the next lecture, we will . ..
e introduce Hooke’s Law for an elastic solid

e introduce elastic symmetries
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Homework Exercise 4.3:

1. Consider the conservation law of angular momentum, i.e.,

fiﬂ% dev+£f% XI(&@@)dS:Qf@ x pi dV.

Upon assuming the conservation of linear momentum, show that

0i; = 0j;. What does this mean?

2. Let the stress of state at a point in a continuum be given by

3 20
Oi5 = 2 70
0 01

Find the principal stresses and the stress invariants.




