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Review

In the previous lecture, we ...
e considered the transformation of an arbitrary element

e determined physical meanings of the strain and rotation matrices

Aims
In this lecture, we will ...
e introduce the Lagrangian and Eulerian strain tensors

e consider the concept of incompressible materials
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3.3 Lagrangian strain tensor

Consider strain in the generalized coordinates illustrated below:
Lagrangian

E, e (21, 2%, 23) Cartesian
(x!, 2%, 23) unstrained

z', 22 73) strained

P represents general

point in unstrained

continuum.

Eulerian

P deforms to P’.

(E1, By, E3), (E1, Eq, E3) are tangential basis vectors.
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In the Lagrangian system of unbarred coordinates, we have the basis

or . . .
vectors £; = 7=, which gives the metric tensor g;; = E; - Ej.

Similarly, in the Eulerian system of barred coordinates, we have the

basis vectors E; = %, which gives the metric tensor Gi; = E; - E;.
We assume an element of arc length squared ds? in the unstrained
state is deformed to the element of arc length squared ds? in the

strained state.

An element of arc length squared is invariant under coordinate
transformation, and thus can be expressed in terms of barred or

unbarred coordinates.
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Thus, in the Lagrangian system, we have
ds* = dr - dr = g;;d2'da? = g;;dz'da?,
ox™ Oz

where gij = gm"ﬁ%

Similarly, in the Eulerian system, we have
ds® = dr - dFf = G,;dz'dd’ = G;;da’da’,

ox™ ox"

h =G —_ .
where G;; = Gy, Dt D

If we consider the difference ds? — ds? in Lagrangian coordinates,
then we find

ds? —ds® = (Gij — gij)dxidxj = 2eijdxidxj.
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Thus, .
1 Now, if 4 = «'E; is the displacement from P and P’, then
¢ij = 5(Gij = 9is)
is called the Green strain tensor or Lagrangian strain tensor. rtu=r = dr +du = dr.
Similarly, if we consider the difference ds? — ds? in Eulerian Further, dr = dz'E;, and assuming
coordinates, then we find —
) du = ' da" B, (3.6)
ds® — ds* = (Gy; — gi;)dz'da’ = 2¢;;dz'da
then
where ) ] . dr = (da" + ulkdxk)EZ
¢ij = 5(Gij = 9ij)
is called the Almansi strain tensor or Fulerian strain tensor. Note:
N The proof of equation (3.6) is not considered in MATH312, as it
ote: requires the introduction of Christoffel symbols. >
It is more common to use the Lagrangian strain tensor. »
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Having done this, we can now express ds? in terms of Lagrangian

displacements, i.e.,
ds? = dr - dF = (da’ + v’y da") E; - (da? + o, da™)E;,
= (dz'da’ 4 o/, da"™da" + ufkdxkdxj

+ ', da*da™) gy

Thus, from ds? = g;;dz'da?, we find
ds* —ds* = (v, de"™de’ + u'yda®da? + o'y, datdz™) gy,
= Uy pda™da’ 4 u; pdatda? + uj,ku];mdxkdxm,

= (Ujm' + Uyjq + UmJUT:})dedQZ].

Therefore, the Lagrangian strain tensor can be given by

m
¢ij = 5 (Ui + g + Umiu’y).

Similarly, we can show that in terms of displacement, the Eulerian

strain tensor can be expressed as

elj - 5 (ul)] + u.]77' + um,lu ,j ) °
Note:

In linear elasticity, i.e., small deformations, the Lagrangian and
Eulerian strain tensors reduce to

1
eij = 5(%;’ + wji),
_ 1, N
61']' = §(Ui7j + Ujﬂ').

These results match with the corresponding small strain

deformations given in the previous lecture, i.e., the strain matrix.

)
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Example 3.3: then we require uq, us and uz. Hence, as u; = gijuj, then we find
Consider the two-dimensional stretching deformation u = g W= (1+ /\)2u1 — A1+ /\)2 2
J )
zh= (14 \)a', 7% = (14 7)2?, = a’, Uy = goju! = (1 +7)°u? = v(1 + v)%2?,
where A,y > 0. In this case, the metric tensor becomes uz = gs;u’ = u’ = 0.
(14 )2 0 0 Thus
Gij = 0 1+ o |, ’ ]
0 0 ! €= 5(“1,1 +urg + Upu'),
and the displacements are 1

= @M1+ N2 A1+ N2 x N,

1
= A1+ M)+ §A2(1 + )%

u' =7 — 2!t = N\t u? = 7% — 2% = ya?, u? = 0.

However, as the Lagrangian strain tensor is given by

1 1 m
eij: §(UZ7J ‘|‘ Ujj ‘l‘ umJUrg)a €12= E(ULZ + U271 + um71u72)’
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Exercise 3.5:

1 1 2 3
€12 = §<0 +0 4 ur gy + usauy +ugau’y) = 0, For a particular deformation, the Eulerian strain tensor is found to

and so forth. Finally, we find be

A+XNy A2 0

AL+ )%+ $A2(1 + A)? 0 0 _
(L+2)7+ A% (1 + ) o ) éij = A2 oy=Xxy 0 |,
Cij = 0 Y(I+7) 4377 (1 +7)° 0
N ’ 0 0 0
0 0 0
where \, v denote the coordinate stretches in the ! and z2
If we consider linear elasticity, i.e., small displacements = A, v <1, directions respectively. What is the resulting Eulerian strain tensor
then the Lagrangian strain tensor becomes simply if the assumption of linear elasticity is imposed? R
A 00 Answer:
ei; =1 0 ~ O
0 0 0
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3.4 Compressible and incompressible material

Consider

P, () are neighbouring points.
P', Q" are the deformed neigh-
bouring points.

Clearly,

—

—
PQ+u+du=u+ P'Q,

so that if PQ) = d2'E; = a'E;
—_— . .
and P'Q)' = dz" = A'E;, then using (3.6) we find

P'Q =PQ+du= A" =a +u'd.
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Thus, upon examining the difference dz¢ — dz*, we find

A" —a" =da’ = u';d,

where da’ is an arbitrary small change of the arc length in the

z*-direction.

If we now consider a small parallelepiped element of volume of
continuum material whose sides are three independent vectors, i.e.,

Then the question is how does the volume change under strain?
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Let AV denote the volume of the parallelepiped with sides a, b, ¢ at
P before strain and let AV’ denote the volume of the parallelepiped
after strain, with sides A, B, C at P’.

We define the ratio of change in volume due to strain to the original

volume as the dilatation at P. Thus,

AV — A
O = % = dilatation.

Now, we know that the vectors A, B, C' can be expressed in the form
Al =a' + ufjaj,
B =b'+u b,
C'=c+ ui’jcj,

where a, b, ¢ are the arbitrary small vectors at P.

L16:16/20

To find the volume element AV, we know
AV =ga - (b x¢c) = a't/cFe.
Similarly, the volume element AV’ is given by

AV'=A- (B x () = A'B Creyy,
= (a' +u',a™)(V + u{nb”)(ck + u]fpcp)sijk,

so that, after simplification, we find

Therefore, the dilatation is the divergence of the displacement field.
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Answer:
If divu =0 = AV’ = AV, i.e., there is no change in volume, and
the material is said to be incompressible.
If divu # 0 = AV’ # AV, i.e., there is a change in volume, and the
material is said to be compressible.
Exercise 3.6:
From Example 3.3, we found the displacement field
u =\t ug = 7x2, u? = 0.
Under what condition is the material incompressible?
Y
O
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Summary

In this lecture, we ...
e introduce the Lagrangian and Fulerian strain tensors

e consider the concept of incompressible materials

Coming up
In the next lecture, we will ...
e examine pure rotation and pure deformation

e introduce polar decomposition

Homework Exercise 3.3:

1. Consider the two-dimensional deformation
' =2l + A?, B =t 422, B =28,

where v, A are scalar constants. Find the Lagrangian and
Eulerian strain tensors. Under what conditions is this
deformation incompressible?

2. Given the above lecture, prove




