MATH312 Tutorial Solutions
Autumn 2008
Week 5

Question 1:

1. A= 2e; — es + 3e3 in Cartesian coordinates.

(a)

(b) Vector A starts at the origin, and moves 2 units in the z-direction, then —1 unit in
the y-direction, and finally 3 units in the z-direction. Thus, the vector’s end point
is (2,-1,3).

(c) As vector A is given in Cartesian coordinates and in terms of orthonormal base
vectors, then the physical components are exactly equal to the contravariant com-
ponents, namely

AV = Ay =A'=2,  AD =44y =A7=-1, A® =45 =A=3.

2. B=3E, + E; — 3E5 in an orthogonal curvilinear coordinate system.

(a) Upon rotating our view of the orthogonal curvilinear coordinates to follow the
Cartesian coordinates, we find

(b) Vector B starts at the origin, and moves 2 lengths of vector E; in the X'-direction,
then 1 length of vector E5 in the X?-direction, and finally —3 lengths of vector Es3
in X3-direction. Thus, the vector’s end point is (3| E1], |Ea|, —3|E3]).
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(¢) The contravariant physical components of B are the physical distances (or number
of unit lengths) the vector moves in the X', X? and X? directions. Thus,

B =3E, + E; — 3B,

—3|E|E1+|E|E2 3IE|E‘°’
B TR, ~ Byl
ie.,
BY =3B, BY=|E|,  B%=-3F

To find the covariant physical components, we need the gradient basis vectors
(E', E?, E®) and the covariant components (By, By, B3). Now, we have shown in

lectures that
B; = B* |E1 |2’

which yields
By = B'|E\|? =3|E\]", B.= B’|Ey)> = |Ey’, Bs= B’|Es]* = —3|Es|*.

Thus, from the formula

B = Bi| B,
we find
By =3IEA[*IEY, B =I|E:l’|E", B = —3|Es["|E°).
3. C = C1E'" + C2E* + C3E? in an orthogonal curvilinear coordinate system, where

(E', E? E) are gradient basis vectors.

(a) As the curvilinear coordinate system is orthogonal, then (from performing cross
products) we know

E' =k By, E? = ks, E’ = k3B,

where ky, ko, k3 are three specific non-zero scalars and (£, Es, E'3) are the tangen-
tial basis vectors. The values of k1, ky and k3 are determined by ensuring that the
tangential and gradient basis vectors form a reciprocal basis, and is related to the
scalar triple product V = E; - (Ey x Ej).

(b) Upon rotating our view of the orthogonal curvilinear coordinates to follow the

Cartesian coordinates, we find
X}

,,,,,,,,,,,,,,,

C,agj= CsksEs

XZ

CIE]:CIk‘EIEI

X, CE*=Ckok,
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(c) Vector C starts at the origin, and moves C; lengths of vector E' in the direction
of the E' vector, which due to orthogonality, here E' is in X'-direction. Then C
moves Cy lengths of vector E? in the direction of E?, which again due to orthog-
onality is in the X?2-direction, and finally C3 units of vector E® in X?3-direction.
Thus, the vector’s end point is (Cy|E?|, Co| E?|, C5|E?]). Alternatively, you could
express the movement of (' in terms of the tangential basis vectors.

(d) The physical components of C' are the physical distances (or number of unit lengths)
the vector moves in the X;, X, and X3 directions. Thus,

C= O1E1 + 02E2 + 0353 = Ci1k By + Coko By + Csks s,

El E2 B3
= C|E'| = + Oo| P55 + G| BP | =
1’N”EII+ 2|N\|E2|+ 3]N]’E?)’,or,
El E2 E3
= O k| B =— 4 Ok Eo| = Cakoal 2| ==
1 1’~1”E1’ + Oy 1‘N2“E2‘ +C5 3]N3|—’ES|7
le.,
Cuy=CIE"], Cu=CalE], Cp =CslE,
and

CW=Cik|Bl|,  C®=Coko|Bal,  CP = Cyhs|Eyl.
Further, this implies

Cl = Cyky, C? = Cyks, C? = Csks.

4. Consider the modified cylindrical polar coordinates
2t =3X"cos X2, 2% = 3X"'sin X2, 23 =2X3.
(a) Let the position vector be given by r = 2'e; + 2%e5 + 233, so that
r =3X"cos X% + 3X!'sin X%ey + 2X%¢s.

or

Thus, if B; = -,
us, if £ ax,

then

E; = 3cos X%, + 3sin X ey,
By = —3X"'sin X?e; + 3X" cos X?e,,
B3 = 2e;.

To find the gradient basis vectors, we know

~

1 1
E' = V(EQ x E3), E* = V(E3 x Ey), B =—

where V' = E; - (Eq x E3) # 0 is the triple scalar product and represents the volume
of the parallelepiped having the basis vectors for its sides. Note it is important
that the order of indices remain in the same cycle (in a similar manner to the
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permutation symbol ;). If the order is not maintained, then V will be different.
Thus, we first need to find V| i.e.,

3 cos X? 3sin X2 0

V=F(Fyx E3)=| —3X'sinX? 3X'cosX? 0 |,
0 0 2
= 2(9X" cos? X? + 9X?sin® X?),
= 18X

Hence, we now consider

1 1 1 121- 2 122 2 =
E :V(ngljg): Sxi —3X'sinX® 3X'cosX® 0 |,
0 0 2
_ 1 2 1o y2
= Taxi (6X" cos X7e; + 6X " sin X<eq),
1 1
= gCOSX2§1 + gsinXQQQ,
1
= —Fj.
gt

Similarly, noting the cyclic order of the indices, we consider

E? 1(19 x E1) L %; %f i;
L = — ~3 Nl — 1 Y
|4 18X 3cos X? 3sinX? 0

(—65sin X?e; + 6 cos XZey),

18X!
b e 1 2
= ~3x1 sin X< e + ﬁcosX €2,
1
RO
Finally, to find E*, we consider
3 1 1 © @, 9
E :V(Elxﬁjg)zﬁ 3cos X 3sin X 0 [,
—3X'sin X? 3X'cosX? 0
1
= exr X e,
1
=—e¢
2N37
1
_E
1L

As a check, we should ensure that the tangential and gradient basis vectors are
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reciprocal, i.e., E; - E/ = §]. Thus,

1 1
(i=j=1 = 1251-@’1:(3cosX2,3sinX2,O)-(§COSX2,§sinX2,O),

=1. v
(i=1,j=2) ﬁ»ozE-E%zgamX%hmxzm--_iﬂmXQ—meXQO
) 1 L ) ) 3X1 73X1 ) )
=0. Vv
1
(i=1,7=3) :»ozgygﬁzwmaW3mmWﬁy(QQ§>,
=0. Vv

etc.

Note, if we included arbitrary scalars k1, ko and k3 in the definition of the gradient
basis vectors, then we would find that upon checking the basis vectors satisfy the
reciprocal condition the arbitrary scalars must equal 1.

We have previously found that

BY =3|E|, BY=|E|,  BY=-3E,
and
Bay = 3|E1[*|EY, B = |E2*|E?, By = —=3|E5[°| E°),
which implies
Bl = 3’51’27
BQ == |EQ‘27
By = —3|Bs|*.

Hence, given the tangential basis vectors above, we find

BW = 31/9cos? X2 + 9sin? X2 + 02,

=9.

B® = \/9()(1)2 sin? X2 + 9(X1)2 cos? X2 + 02,
=3X%

B® = —3v02+ 0244
— 6.
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And,

1 1
By = 3(9 cos? X? + 9sin® X? —|—02)\/§COSQX2 + §sin2X2+02

=9.
. 1 .
Bgy = (9(X")?sin® X* + 9(X")? cos® X* + 02)\/W sin? X2 + 3(X1)2 cos? X2 4 02,
=3X".
1
a@:—am?+W+4Mml+ml
= —6.

Note: For a specified value of 7, the physical components are equal, i.e., B%) = B.
This is due to the fact that the respective gradient basis vectors are in the direction
of the corresponding tangential basis vectors. Or, in other words, if k; is a scalar
then E; = k;E", so that if you find the unit vector in the direction of FE;, then this
is identically equal to the unit vector in the direction of E’. Hence, the number of
units you move in the appropriate directions will be the same.

Similarly, for the physical components of C', we found
Cay =GB, Cr=GColE?, Cu) = Cs|E7,
and
CO = Cila|Bil,  CP = okl Bl O = Gyl B,

where

Cl = Cyky, C? = Cyks, C? = Csks.

The scalars k1, ko and k3 need to be determined by the reciprocal basis condition.
However, to begin, we find

1 1
C(l) = Cl\/§COS2X2 -+ §SiH2X2 —|—02,

_G
3
Cay = Coy | = sin? X2 4+ cos? X2
2) = G2 9(X1)2 Sin + 9(X1)2 Ccos ,
Co3XY
/ 1
0(3) = (C54/0% + 021,
_G
2
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And,
oW = C’lkl\/Q cos? X2 + 9sin? X2 + 02,
- 301]{/’1.
c® = Cgkg\/g(Xl)Q sin® X2 4+ 9(X1)?cos? X2 + 02,
= 3C5k, X L.
CB) = Csk3 V02 + 02 + 4,
— 203k3.

Now, to find the values of the scalars ki, ko and k3, we consider the reciprocal basis
condition E; - BV = §!. Thus,

(i=j5=1) = 1=FE-E' = Ei - (k1) = k1| E1 )%,
= k(9 cos® X? + 9sin® X? + 0?),
1
= k’g = §
(i=j=2) = 1=FEy- B> = By (ko y) = k| Eo|?,
= kp(9(X1)?sin® X2 + 9(X1)? cos® X2 + 0%),
1
= ko =
2 9(X1)2
(i=j=3) = 1= FE3- B = B3 (ksE3) = ks|Es|?,
= k3(0% 4 02 + 4),
1
= ks = 1

Note: With these values of ki, ky and k3 then the respective contravariant and
the covariant physical components become identical. This happens for the same
reason given in (b). You should also check all the other combinations of values of
1 and j to ensure that the reciprocal conditions are true.

Further note: In order to check answers, if we assume the contravariant components
of C are identical to the contravariant components of B, i.e.,
c'=3, C*=1  C*=-3,

then from

Ci = C*|E;[*,
we find the covariant components of C' to be

Cy = C'Ey|* = 3(9cos® X? + 9sin® X2 + 0?),

= 27,
Cy = C?|Ey|* = (9(X1)?sin? X2 + 9(X )% cos? X2 + 0?),
— 9(X1)2,
Cs = C3|Es* = —3(0% + 0% + 4),
= —12.
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Therefore, in this case, the contravariant and covariant physical components of C'
are given by

cW=""2=9
3 )
= Cay = By = BY,
9(X1)2
@) — —3x!
¢ sx1 O
= Cio) = By = B,
—12
C®=_—""=_6
2 7
= Cs) = B = B,
as expected.
Question?
Let
, 1 a(X) b(X)
f={ex) 1 0 |,

dX) 0 e(X)
where a(X), b(X), ¢(X), d(X) and e(X) are scalar functions of X = (X! X2 X3).
1. If (X', X2, X3) refer to the usual Cartesian coordinates, then the metric and conjugate

metric tensors are

100 |
gi=|0 10| g =
001

o O =
o = O

respectively. Thus, from

we find

d(X) 0 e(X)

[a(X)] = [b(X)] = [e(X)] = [d(X)] = [e(X)] = [1] = constant,
where [-] denotes the dimensions function. For example,

V(X2 + (X?)?
X3 ’

(a) a(X) =3
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(0) e(X) = oK /P

~ )

given that in Cartesian coordinates: [X!] = [X?] = [X?] = length. Please note that
these example are not unique.

2. If (X1, X2 X3) refer to the usual cylindrical polar coordinates, then the metric and
conjugate metric tensors are

1 0 0 1 0 0
gij=|0 (X)? 0], g"=|0 zm O |,
0 0 1 0 O 1
respectively. Thus, from
(4) Gii
te) = 2
(4) i J
we find (i) (2) 3)
i) _ 4t 2) _ 403 _
tiy=ti,  ty=1ty=0
and
(1) 9i1 1 a(X)
2 Goo 2 (X1)2a(~) X1
(1) g11 1 1
ti =4/ =—t: =1/ =b(X) =b(X),
0= /24 = 703) = ()
X1)2
= 2= [P ) = xe),
g1

noting that, in general, t; #* tg and tg)) + th) Therefore, the physical tensor tE )) is given

by

—
)
)
S
—
>

(0 R
tihy=1 X'e(X) 1

d(X) 0 e(X)
Thus, as each element of a physical tensor has the same dimensions, then

e

} = (X)) = [X'e(X)] = [d(X)] = [e(X)] = [1] = constan,

so that

(a) a(2
(b) (2
(¢) (2
(d) d(3

) e(X

(e) e

a(X) has dimensions of [X!] = length,
[

has dimensions of [1]

constant,

)

)

) has dimensions of [;] = length™,
) has dimensions of [1] = constant,

) ] = constant.

has dimensions of [1
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This in turn leads to the examples

(a) a(X) = X' cos X?,
(b) b(X) = 42,
X2
(©) dX) = s
(d) d(X) =0,
(e) e(X) = el YD,

given that [X'] = [X?3] = length and [X?] = [angle] = constant. Again, these examples
are not unique.

CIf (X1, X2 X3) refer to the usual spherical polar coordinates, then the metric and con-
jugate metric tensors are

1 0 0 1 0 0
gy = | 0 (X')? 0 ) : g =10 = ? :
0 0 (X1)?sin® X2 0 0 O
respectively. Thus, from
(1) 9ii
9 = 2
(4) i J
we find () (2) (3)
1) _ 4 2) _ 40 _
tiy="ti, =1y =0,
and
(2 — G0 2 (X1)2 ~) T X
M _ (9 _ 1 (X))
tgy =4/ t3 = 5 )= L
933 (X1)2sin” X2 ™ X1sin X?
(2) 922 9 (X1)? 1
=] —1] = c(X) =X "¢c(X),
0= 220 = [ e(x) = Xe(x)
X1)24in2 X2
9 = 8 = [P ) - Xt sin e,
g11

Therefore, the physical tensor t(?) is given by

1 a(X) b(X)
(i) X1 X1sin X2
tg) = Xle(X) 1
X'(X)sinX2 0 e(X)

Thus, as each element of a physical tensor has the same dimensions, then

{aﬁﬂ = [ le iﬁ)p} = [X'e(X)] = [X'd(X) sin X7 = [e(X)] = [1] = constant,

so that
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a has dimensions of [X'] = length,

(
(b has dimensions of [X!sin X?] = length,
(

(c +:] = length~!,
d

(e) e

) a(X)

) b(X)

) ¢(X) has dimensions of |

) ) has dimensions of [r3—>] = length™!,
) ) has dimensions of [1] = constant.

This in turn leads to the examples

(a) a(X) = X' cos X?,
(b) b(X) = 42X,
1
(©) oX) = 527
(d) d(~ ) - Xl(sinX422+cosX'3)7
(e) e(X) =X/,

given that [X'] = length and [X?] = [X?] = [angle] = constant. Again, these examples
are not unique.

I (X1 X2 X3) refer to the modified cylindrical polar coordinates
2! = 3X"' cos X2, 2? = 3X'sin X2, 23 =2X3,

then the metric and conjugate metric tensors are

9 0 0 s 0 0
Gij = 0 9(X1)2 0 s g” = 0 9()%1)2 0 )
0 0 4 0 0 %1
respectively. Thus, from
() _ (Y i
D=\ g,
we find (i) (2 (3)
i) _ 4 2) _ .03 _
toy =t e =ty =0
and
v j91 g 9 a(X)
by = ty = mz(X) T
922 9(X1) X
(1) 911 1 9 3b(X)
th) = [ = [ Sp(X) =

2) 922 5 9(X1)? 1
1[92 (X) = X e(X),
) P 9 (X) (X)
(3) g33 ,3 4 Qd()f)

(9 = 98— 2a(x) = ,

(1) P 9 (X) 3
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Therefore, the physical tensor tgz)) is given by

1 aX)  3b(X)
C

() S
(=1 X'e(X) 1 0
2d(X
20 )

Thus, as each element of a physical tensor has the same dimensions, then

lag)] B {w} = [Xel] = [ng)] = [e(X)] = [1] = constant,

so that

(a) a(2
(b) (2
() (2
(d) d(
(e) e

This in turn leads to the examples

(a) a(X) = X' cos X?,

(b) b(X) = 42,
XQ

(

has dimensions of [X!] = length,
[

has dimensions of [1] = constant,

)
)
) has dimensions of [;] = length™,
) has dimensions of [1] = constant,

)

2><z

has dimensions of [1] = constant.

21><

(¢) c(X) = X1 X3
d) d(X) =0,

(e) e(X) = (X 1+X?)2/(X1X?)

Y

given that [X'] = [X?] = length and [X?] = [angle] = constant. Again, these examples
are not unique.

Question?

Let (z',2?% z3) denote the usual Cartesian coordinate system and (X', X2 X?) denote an
orthogonal curvilinear coordinate system, where both are centered at the same origin O.
1.

x3
A
A X
XZ
30° .
30°
x! X!
In this case, the direction cosines a§- = €08 Lxi zi are

cos30°  cos60° cos90° ‘/75 : 0
= | cos120° cos30° cos90° | = | —1 \/75 0
cos90° cos90° cos0° 0O 0 1
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AX?

X! 15°
159
X?

xl

In this case, the direction cosines o = cos Lxi ;5 are

cos 15° cos105° cos90° VERRYE — \/2;¢§ 0

2
a = cos7h® coslh® cos90° | = | V2-v3B V213 0
o o o 2 2
cos90° cos 90 cos0 0 0 1
x3
X3
45°
X? 2
.y 45°
X[

In this case, the direction cosines o = cos Lxi .5 are

cos45° cos90° cos 135°
o= [ cos90° cos0° cos90° =
cos45° cos90° cos4b°

S oS-
O = O
S S<l-
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