MATH312 Tutorial Solutions
Autumn 2008
Week 4

Question 1:

1. Let (21,22, 23) = (z,y,2) and (X!, X2 X3) = (1,0, 2). Thus,

0zF 02k
g1 = 8_)2(18)2(1 = cos?f +sin?fH =1,
0zF 0zF
Gr2 = a_;@8;(2 = —rsinfcosf 4 sinf(rcosf — 1) = —sinf = g,
0zF 0zF
913:_8X1_8X3 =0=gs1,
g :a_zka_’zk:r251n29+(rcosg_1)2:r251n28+7“2c0820—2r0089+1
2T X2 X2
=72 —2rcosf + 1,
0zF 0zF
923:_8)(2_8)(3 = 0= g3,
0zF 0zF
= pxigxs "

Therefore, the metric tensor is given by

1 —sinf 0
gij=| —sinf r*—2rcosf+1 0
0 0 1

2. We first need to find the determinant of the metric tensor, g. Thus

1 —sinf 0
g=1|—sinf 1r2—2rcos@+1 0 |=1r>—2rcosf+1—sin*f = (r — cosh)>.
0 0 1
Then,
o (=DM 2 —2rcosf+1 0| r*—2rcosf+1
7= (r — cos6)? 0 1 (r — cosf)?
o (=DM | —sing 0|  sinf®
I ~ (r —cosf)? 0 1‘_m_ ’
( 1)2+2 1 O B 1
922 (r—cosf)?| 0 1 (r — cos )2’
(=1)* |1 —sinf
923 = (r —cosf)? | 0 0 = 0= gs,
(=1)** 1 —siné
ggg:(r—cos@)Q —sinf 12 —2rcosf +1 ‘:1'
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Thus, the conjugate metric tensor is given by

r2—2rcos 041 sin 6
] (r—cos 0)2 (r—cos 0)2
Jk _ sin 0 1
g (r—cos 6)2 (r—cos 6)2
0 0 1

3. To find the Jacobian determinant .J, we can use the relationship J = /g, so that

J=+/(r—cos)?=r—cosb.
Question 2:
1. A;j is a covariant tensor of order 2, which satisfies the transformation law

oxt Oxl
oXmoxn

Amn(X) = Aij (ZE)

~

2. B;'- is a mixed tensor of order 2 with order one contravariant and order one covariant
indices, which satisfies the transformation law

i >8Xm O’
e A T )

3. C is a scalar tensor (of order 0), which satisfies the transformation law

4. gi;1, is a covariant tensor of order 3, which satisfies the transformation law

oxt Ox? OxF
oOXmoXnoXr’

Emnp(X) = €iji(2)

5. Ijs. is a mixed tensor of order 5 with two contravariant and three covariant indices,

which satisfies the transformation law

, Ozt OxY Ox® OX™ OX"
mn _ 1hi
Irst (‘)g) - bye(zg)aXr OXs HXt al’h 8$z :

Question 3:

1. The position vector is given by

r =z tye +2¢€3

= asinhusinvcos ¢ e; + asinhusinvsin ¢ es + acoshucosv ez.
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2. We know
9
N oX
: 1 y2 y3
so that if (X', X*, X?) = (u,v, ¢), then

or : N :

E, = Xl acoshusinvcos¢ e; + acoshusinvsing ey + asinhucosv es.
or : : : :

By = 72 = asinhucosvcos ¢ ¢; + asinhucosvsing e; — acoshusinv es.
or : N . :

b3 = x5 —asinhusinvsing e; + asinhusinv cos ¢ es.

3. USiIlg Gij = El : Ej, we find

g =bE-E = a® cosh? u sin? v cos? o+ a? cosh? u sin® v sin® o+ a® sinh? u cos? v
= a*(cosh® u — cos®v),
g2 =E1 - By = a? sinh u cosh u sin v cos v cos? o+ a? cosh u sinh u cos v sin v sin? 10)
— a?sinhucoshusinvcosv = 0 = Jo1,
g2 = By - By = a? sinh? u cos® v cos? o+ a? sinh? u cos? v sin® b+ a’ cosh? u sin® v
= a*(cosh® u — cos®v),
Gos = By - B3 = —a? sinh? usin v cos v sin ¢ cos ¢ + a? sinh? w sin v cos v sin ¢ cos ¢ + 0
=0 = gag,
33 = B3 - B3 = a? sinh? u sin? v sin? ¢ + sinh? u sin® v cos? ¢

= a?sinh® usin®v.

Therefore, we found

a?(cosh® u — cos? v) 0 0
9ij = 0 a?(cosh® u — cos? v) 0
0 0 a? sinh? usin? v
Question 4:
1. |
Ti = giT;,
2.
ch = gtbgscgmH;S'
3, |
D;stuv — gargbsgctgdugevgjwD(Jlede.
4.

9mn = gjmgkngjk .
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. oa
5. Let I'; = Eheh Then,

so that ,
oxm .,  Or

= 9" Gin 755
oxn 0XJ

Question 5:
Consider the cylindrical polar coordinates transformation
2! = X' cos X?, 2% = X'sin X?, 2= X3,
and let the vector A be represented by
A= Azer + Ayea + Ases.

Then:

23X

XZ
XI

2. The inverse transformation is given by considering:
() + (22?2 = (X1)?cos® X2+ (XN sin? X2 = X'=/(21)2+ (22)2

22 X'lsin X2 9 22

= Yo k2 = X :arctan;.

23 3 =  X?=23

z

>

The inverse transformation exists when the Jacobian determinant J is non-zero, i.e.,

94 cos X? sin X? 0
J:’an =| —X'sinX? X'cosX? 0 |=X'#£0.
0 0 1

Therefore, the inverse transformation exists provided X! # 0.

3. Consider the coordinate system, i.e.,
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z? , £2 E;
A X A

R P
X? X?

<

\j
148y
~

Now, if we “add up” the horizontal components, we find
e1 = By cos X? — Eysin X2
Similarly, from the vertical components, we find
ey = Eysin X? + Eycos X2

Alternatively, you could consider adding up the components along the X! and X?
directions, which gives

By = e1cos X? + eysin X2,

Ey = —e;sin X? + ey cos X2,

respectively. And, clearly, E5 = es.

. To show that the tangential basis vectors are unit vectors, we need to show that |E;| = 1.
Thus,

|Er| = Veos? X2 4 sin® X2 4+ 02 = 1,
|Es| = Vsin? X2 + cos? X2 4 02 = 1,
|Es| = V02 +024+1=1.

Therefore, the tangential basis vectors are unit vectors.

. To find the contravariant physical components of A, consider A® = A?|E;|. Thus, as
the tangential basis vectors are unit vectors, then the contravariant components of A
are precisely the physical components. To calculate the contravariant components, we
need to express the orthonormal basis vectors e; in terms of the tangential basis vectors.
Thus, from above, we find

e1 = By cos X? — Eysin X2,
ey = Fysin X? + Eycos X2,

Therefore, the vector A can be expressed in terms of F; as

A = Axgl + AyQ2 + Azg?n
= A, (B cos X? — Eysin X?) + A, (E; sin X* + Eycos X?) + A, Es,
= (A, cos X2 + A, sin X*) B — (A, sin X? — A, cos X3 Ey + ALEs.
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Hence, the physical components (and the contravariant components) of A are

AW = A' = A, cos X2 + A, sin X
A® = A% = —A,sin X%+ A, cos X,
A® = A3 = 4,

. To find the gradient basis vectors, we know

~ ~

1 1 1
E' = V(EQ x E3), E? = V(E:ﬂ x E1), E? = V(El X E»),

where V = E; - (B2 X E3) # 0 is the triple scalar product and represents the volume
of the parallelepiped having the basis vectors for its sides. Note it is important that
the order of indices remain in the same cycle (in a similar manner to the permutation
symbol ;). If the order is not maintained, then V' will be different. Now, as we know
the tangential basis vectors E; are unit vectors, then V' = 1.

Hence, we now consider

€1 €2 €3
E'=FEyx E3=| —sinX? cosX? 0 |,
0 0 1
= cos X?%¢; + sin X ey,

— .
Similarly, noting the cyclic order of the indices, we consider

&1 € G
E?=FE3x By = 0 0 1],
cos X? sinX? 0
= —sin X?¢; + cos X ey,
= F».

Finally, to find E3, we consider

€1 €2 €3
EP=FE xEy=| cosX? sinX? 0 |,
—sin X? cosX? 0
2937

= E;.

Therefore, the gradient basis vectors are respectively equal to their corresponding gra-
dient basis vectors.

Note: You should check that the tangential and gradient basis vectors satisfy the recip-
rocal basis condition E; - E7 = §7.
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7. As the gradient basis vectors are respectively equal to their corresponding gradient
basis vectors, then the covariant physical components are respectively equal to their
corresponding contravariant physical components, i.e.,

Aqy = AW = A, cos X? + A, sin X2,
Ay = A® = —A_sin X% + A, cos X2,
Ap = AB = 4,
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