
MATH312 Tutorial Solutions
Autumn 2008

Week 4

Question 1:

1. Let (z1, z2, z3) = (x, y, z) and (X1, X2, X3) = (r, θ, z). Thus,

g11 =
∂zk

∂X1

∂zk

∂X1
= cos2 θ + sin2 θ = 1,

g12 =
∂zk

∂X1

∂zk

∂X2
= −r sin θ cos θ + sin θ(r cos θ − 1) = − sin θ = g21,

g13 =
∂zk

∂X1

∂zk

∂X3
= 0 = g31,

g22 =
∂zk

∂X2

∂zk

∂X2
= r2 sin2 θ + (r cos θ − 1)2 = r2 sin2 θ + r2 cos2 θ − 2r cos θ + 1

= r2 − 2r cos θ + 1,

g23 =
∂zk

∂X2

∂zk

∂X3
= 0 = g32,

g33 =
∂zk

∂X3

∂zk

∂X3
= 0 = 1.

Therefore, the metric tensor is given by

gij =




1 − sin θ 0
− sin θ r2 − 2r cos θ + 1 0

0 0 1


 .

2. We first need to find the determinant of the metric tensor, g. Thus

g =

∣∣∣∣∣∣

1 − sin θ 0
− sin θ r2 − 2r cos θ + 1 0

0 0 1

∣∣∣∣∣∣
= r2 − 2r cos θ + 1− sin2 θ = (r − cos θ)2.

Then,

g11 =
(−1)1+1

(r − cos θ)2

∣∣∣∣
r2 − 2r cos θ + 1 0

0 1

∣∣∣∣ =
r2 − 2r cos θ + 1

(r − cos θ)2
,

g12 =
(−1)1+2

(r − cos θ)2

∣∣∣∣
− sin θ 0

0 1

∣∣∣∣ =
sin θ

(r − cos θ)2
= g21,

g22 =
(−1)2+2

(r − cos θ)2

∣∣∣∣
1 0
0 1

∣∣∣∣ =
1

(r − cos θ)2
,

g23 =
(−1)2+3

(r − cos θ)2

∣∣∣∣
1 − sin θ
0 0

∣∣∣∣ = 0 = g32,

g33 =
(−1)3+3

(r − cos θ)2

∣∣∣∣
1 − sin θ

− sin θ r2 − 2r cos θ + 1

∣∣∣∣ = 1.
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Thus, the conjugate metric tensor is given by

gjk =




r2−2r cos θ+1
(r−cos θ)2

sin θ
(r−cos θ)2

0
sin θ

(r−cos θ)2
1

(r−cos θ)2
0

0 0 1


 .

3. To find the Jacobian determinant J , we can use the relationship J =
√

g, so that

J =
√

(r − cos θ)2 = r − cos θ.

Question 2:

1. Aij is a covariant tensor of order 2, which satisfies the transformation law

Amn(X∼ ) = Aij(x∼ )
∂xi

∂Xm

∂xj

∂Xn
.

2. Bi
j is a mixed tensor of order 2 with order one contravariant and order one covariant

indices, which satisfies the transformation law

Bm
n (X∼ ) = Bi

j(x∼ )
∂Xm

∂xi

∂xj

∂Xn
.

3. C is a scalar tensor (of order 0), which satisfies the transformation law

C(X∼ ) = C(x∼ ).

4. εijk is a covariant tensor of order 3, which satisfies the transformation law

εmnp(X∼ ) = εijk(x∼ )
∂xi

∂Xm

∂xj

∂Xn

∂xk

∂Xp
.

5. Ihi
bye is a mixed tensor of order 5 with two contravariant and three covariant indices,

which satisfies the transformation law

Imn
rst (X∼ ) = Ihi

bye(x∼ )
∂xb

∂Xr

∂xy

∂Xs

∂xe

∂X t

∂Xm

∂xh

∂Xn

∂xi
.

Question 3:

1. The position vector is given by

r∼ = xe∼1 + ye∼2 + ze∼3

= a sinh u sin v cos φ e∼1 + a sinh u sin v sin φ e∼2 + a cosh u cos v e∼3.
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2. We know

E∼ i =
∂r∼
∂X i

,

so that if (X1, X2, X3) = (u, v, φ), then

E∼ 1 =
∂r∼

∂X1
= a cosh u sin v cos φ e∼1 + a cosh u sin v sin φ e∼2 + a sinh u cos v e∼3.

E∼ 2 =
∂r∼

∂X2
= a sinh u cos v cos φ e∼1 + a sinh u cos v sin φ e∼2 − a cosh u sin v e∼3.

E∼ 3 =
∂r∼

∂X3
= −a sinh u sin v sin φ e∼1 + a sinh u sin v cos φ e∼2.

3. Using gij = E∼ i · E∼ j, we find

g11 = E∼ 1 · E∼ 1 = a2 cosh2 u sin2 v cos2 φ + a2 cosh2 u sin2 v sin2 φ + a2 sinh2 u cos2 v

= a2(cosh2 u− cos2 v),

g12 = E∼ 1 · E∼ 2 = a2 sinh u cosh u sin v cos v cos2 φ + a2 cosh u sinh u cos v sin v sin2 φ

− a2 sinh u cosh u sin v cos v = 0 = g21,

g22 = E∼ 2 · E∼ 2 = a2 sinh2 u cos2 v cos2 φ + a2 sinh2 u cos2 v sin2 φ + a2 cosh2 u sin2 v

= a2(cosh2 u− cos2 v),

g23 = E∼ 2 · E∼ 3 = −a2 sinh2 u sin v cos v sin φ cos φ + a2 sinh2 u sin v cos v sin φ cos φ + 0

= 0 = g32,

g33 = E∼ 3 · E∼ 3 = a2 sinh2 u sin2 v sin2 φ + sinh2 u sin2 v cos2 φ

= a2 sinh2 u sin2 v.

Therefore, we found

gij =




a2(cosh2 u− cos2 v) 0 0
0 a2(cosh2 u− cos2 v) 0
0 0 a2 sinh2 u sin2 v


 .

Question 4:

1.
T i = gijTj.

2.
Ha

bc = gtbgscg
iaH ts

i .

3.
Drstuv

w = gargbsgctgdugevgjwDj
abcde.

4.
gmn = gjmgkng

jk.
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5. Let Γi
j =

∂xi

∂Xj
. Then,

Γm
n = gjmginΓi

j

so that
∂Xm

∂xn
= gjmgin

∂xi

∂Xj
.

Question 5:

Consider the cylindrical polar coordinates transformation

z1 = X1 cos X2, z2 = X1 sin X2, z3 = X3,

and let the vector A∼ be represented by

A∼ = Axe∼1 + Aye∼2 + Aze∼3.

Then:

1.

2. The inverse transformation is given by considering:

(z1)2 + (z2)2 = (X1)2 cos2 X2 + (X1)2 sin2 X2 ⇒ X1 =
√

(z1)2 + (z2)2.

z2

z1
=

X1 sin X2

X1 cos X2
⇒ X2 = arctan

z2

z1
.

z3 = X3 ⇒ X3 = z3.

The inverse transformation exists when the Jacobian determinant J is non-zero, i.e.,

J =

∣∣∣∣
∂zi

∂Xj

∣∣∣∣ =

∣∣∣∣∣∣

cos X2 sin X2 0
−X1 sin X2 X1 cos X2 0

0 0 1

∣∣∣∣∣∣
= X1 6= 0.

Therefore, the inverse transformation exists provided X1 6= 0.

3. Consider the coordinate system, i.e.,
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Now, if we “add up” the horizontal components, we find

e∼1 = E∼ 1 cos X2 − E∼ 2 sin X2.

Similarly, from the vertical components, we find

e∼2 = E∼ 2 sin X2 + E∼ 2 cos X2.

Alternatively, you could consider adding up the components along the X1 and X2

directions, which gives

E∼ 1 = e∼1 cos X2 + e∼2 sin X2,

E∼ 2 = −e∼1 sin X2 + e∼2 cos X2,

respectively. And, clearly, E∼ 3 = e∼3.

4. To show that the tangential basis vectors are unit vectors, we need to show that |E∼ i| = 1.
Thus,

|E∼ 1| =
√

cos2 X2 + sin2 X2 + 02 = 1,

|E∼ 2| =
√

sin2 X2 + cos2 X2 + 02 = 1,

|E∼ 3| =
√

02 + 02 + 1 = 1.

Therefore, the tangential basis vectors are unit vectors.

5. To find the contravariant physical components of A∼ , consider A(i) = Ai|E∼ i|. Thus, as
the tangential basis vectors are unit vectors, then the contravariant components of A∼
are precisely the physical components. To calculate the contravariant components, we
need to express the orthonormal basis vectors e∼i in terms of the tangential basis vectors.
Thus, from above, we find

e∼1 = E∼ 1 cos X2 − E∼ 2 sin X2,

e∼2 = E∼ 1 sin X2 + E∼ 2 cos X2.

Therefore, the vector A∼ can be expressed in terms of E∼ i as

A∼ = Axe∼1 + Aye∼2 + Aze∼3,

= Ax(E∼ 1 cos X2 − E∼ 2 sin X2) + Ay(E∼ 1 sin X2 + E∼ 2 cos X2) + AzE∼ 3,

= (Ax cos X2 + Ay sin X2)E∼ 1 − (Ax sin X2 − Ay cos X2)E∼ 2 + AzE∼ 3.
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Hence, the physical components (and the contravariant components) of A∼ are

A(1) = A1 = Ax cos X2 + Ay sin X ,

A(2) = A2 = −Ax sin X2 + Ay cos X2,

A(3) = A3 = Az.

6. To find the gradient basis vectors, we know

E∼
1 =

1

V
(E∼ 2 × E∼ 3), E∼

2 =
1

V
(E∼ 3 × E∼ 1), E∼

3 =
1

V
(E∼ 1 × E∼ 2),

where V = E∼ 1 · (E∼ 2 × E∼ 3) 6= 0 is the triple scalar product and represents the volume
of the parallelepiped having the basis vectors for its sides. Note it is important that
the order of indices remain in the same cycle (in a similar manner to the permutation
symbol εijk). If the order is not maintained, then V will be different. Now, as we know
the tangential basis vectors E∼ i are unit vectors, then V = 1.

Hence, we now consider

E∼
1 = E∼ 2 × E∼ 3 =

∣∣∣∣∣∣

e∼1 e∼2 e∼3

− sin X2 cos X2 0
0 0 1

∣∣∣∣∣∣
,

= cos X2e∼1 + sin X2e∼2,

= E∼ 1.

Similarly, noting the cyclic order of the indices, we consider

E∼
2 = E∼ 3 × E∼ 1 =

∣∣∣∣∣∣

e∼1 e∼2 e∼3

0 0 1
cos X2 sin X2 0

∣∣∣∣∣∣
,

= − sin X2e∼1 + cos X2e∼2,

= E∼ 2.

Finally, to find E∼
3, we consider

E∼
3 = E∼ 1 × E∼ 2 =

∣∣∣∣∣∣

e∼1 e∼2 e∼3

cos X2 sin X2 0
− sin X2 cos X2 0

∣∣∣∣∣∣
,

= e∼3,

= E∼ 3.

Therefore, the gradient basis vectors are respectively equal to their corresponding gra-
dient basis vectors.

Note: You should check that the tangential and gradient basis vectors satisfy the recip-
rocal basis condition E∼ i · E∼ j = δj

i .
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7. As the gradient basis vectors are respectively equal to their corresponding gradient
basis vectors, then the covariant physical components are respectively equal to their
corresponding contravariant physical components, i.e.,

A(1) = A(1) = Ax cos X2 + Ay sin X2,

A(2) = A(2) = −Ax sin X2 + Ay cos X2,

A(3) = A(3) = Az.

7/7


