
MATH312: Applied Mathematical Modelling III
Autumn 2008

Solutions of Surprise Test for Week 3

Question 1:

1.

δij δij = δ1j δ1j + δ2j δ2j + δ3j δ3j summing dummy index i

= δ11 δ11 + δ22 δ22 + δ33 δ33 other δij’s zero

= 1 + 1 + 1 = 3.

2.

εijk εjki = ε1jk εjk1 + ε2jk εjk2 + ε3jk εjk3 summing dummy index i

= ε12k ε2k1 + ε13k ε3k1 + ε21k ε1k2

+ ε23k ε3k2 + ε31k ε1k3 + ε32k ε2k3 summing j, other εijk’s zero

= ε123 ε231 + ε132 ε321 + ε213 ε132

+ ε231 ε312 + ε312 ε123 + ε321 ε213 summing k, other εijk’s zero

= 1× 1 + (−1)× (−1) + (−1)× (−1)

+ 1× 1 + 1× 1 + (−1)× (−1)

= 6.

Alternatively, you could use the ε− δ identity.

3.

δij εijk = δii εiik i = j, otherwise δij = 0

= 0 because εiik = 0 due to repeated index

Question 2:

1.

g
∼
· h∼ = (gie∼i) · (hje∼j)

= gihi(e∼i · e∼j)

= gihjδij

= gihi.

2.

h∼ × g
∼
· f
∼

= [(hie∼i)× (gje∼j)] · (fke∼k)

= (higjεijne∼n) · (fke∼k)

= εijnhigjfk(e∼n · e∼k)

= εijnhigjfkδnk

= εijkhigjfk.
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3.

g
∼
× f

∼
· h∼ = h∼ × g

∼
· f∼

= εijkhigjfk.

4.

∇∼ · f∼ × g
∼

=

(
e∼m

∂

∂xm

)
· [(fie∼i)× (gje∼j)]

=

(
e∼m

∂

∂xm

)
· [figjεijne∼n]

= εijn
∂

∂xm
{figj} (e∼m · e∼n)

= εijn[fi,mgj + figj,m]δmn

= εijn[fi,ngj + figj,n].

Question 3:

1.

J =

∣∣∣∣
∂xi

∂Xj

∣∣∣∣ =

∣∣∣∣∣∣

cos X2 −X1 sin X2 0
sin X2 X1 cos X2 0

0 0 1

∣∣∣∣∣∣
= X1(cos2 X2 + sin2 X2) = X1.

2.

∂Φ

∂X2
=

∂Φ

∂xi

∂xi

∂X2
=

∂Φ

∂x1

∂x1

∂X2
+

∂Φ

∂x2

∂x2

∂X2
+

∂Φ

∂x3

∂x3

∂X2

= −X2 sin X2 ∂Φ

∂x1
+ X1 cos X2 ∂Φ

∂x2
+ 0

= −x2 ∂Φ

∂x1
+ x1 ∂Φ

∂x2
.

3.

g11 =
∂zk

∂X1

∂zk

∂X1
=

∂z1

∂X1

∂z1

∂X1
+

∂z2

∂X1

∂z2

∂X1
+

∂z3

∂X1

∂z3

∂X1

= cos2 X2 + sin2 X2 + 0

= 1.

g22 =
∂zk

∂X2

∂zk

∂X2
=

∂z1

∂X2

∂z1

∂X2
+

∂z2

∂X2

∂z2

∂X2
+

∂z3

∂X2

∂z3

∂X2

= (X1)2 sin2 X2 + (X1)2 cos2 X2 + 0

= (X1)2.

4.

g = J2

= (X1)2.
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5. If metric tensor is a diagonal matrix, then

|gij| = g = g11g22g33

⇒ (X1)2 = 1× (X1)2 × g33

⇒ g33 = 1.

Question 4:

The metric tensor becomes

gij =




1 sin θ 0
sin θ 1 + 2r cos θ + r2 0

0 0 1


 ,

while the conjugate metric tensor becomes

gjk =




1+2r cos θ+r2

(r+cos θ)2
− sin θ

(r+cos θ)2
0

− sin θ
(r+cos θ)2

1
(r+cos θ)2

0

0 0 1


 .

Question 5:
These are some possible answers - there are an infinite number of possible correct answers.

1. B, B̄ = B.

2. Bk, B̄k = Bj
∂xj

∂Xk
.

3. Bm, B̄n = Bm ∂Xn

∂xm
.

4. εijk, ε̄rst = εijk
∂xi

∂Xr

∂xj

∂Xs

∂xk

∂X t
.

5. δi
j, δ̄m

n = δi
j

∂Xm

∂xi

∂xj

∂Xn
.
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Question 6:

1.

(λ + µ)∇∼ (∇∼ · u∼ ) + µ∇2u∼ = 0

⇒ (λ + µ)

(
e∼m

∂

∂xm

)[(
e∼i

∂

∂xi

)
· (uje∼j)

]
+ µ

∂2

∂xk∂xk
(une∼n) = 0

⇒ (λ + µ)

(
e∼m

∂

∂xm

) [
uj,i(e∼i · e∼j)

]
+ µun,kke∼n = 0

⇒ (λ + µ)

(
e∼m

∂

∂xm

)
[uj,iδij] + µun,kke∼n = 0

⇒ (λ + µ)

(
e∼m

∂

∂xm

)
ui,i + µun,kke∼n = 0

⇒ (λ + µ)e∼mui,im + µun,kke∼n = 0

i.e., (λ + µ)e∼jui,ij + µuj,iie∼j = 0
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