MATH312 Tutorial Solutions
Autumn 2008

Week 2
Question 1:
1. Valid: A*+ B = C".
2. Valid: A'B; = C’;
3. Valid: A’Bl} 4+ Di"E;, = Ci7.
4. Invalid: different order tensors.
Question 2:
1. Oy = 011 + 022 + 033 summing dummy index ¢
=3+0+0
=3.
2. 0ij Oij = 015 015 + 025 025 + 035 03; summing dummy index ¢
= 011011 + 012012 + 013013 summing dummy index j

+ 091 091 + 092 022 + 023 0923
+ 031031 + 032032 + 033 033
=3+ 124+ 12+ 12 4+0*+2°+ 12+ 22 +0°

= 21.
3. 015 0jo = 011 012 + 012 022 + 013 032 summing dummy index j
=3x1+1x0+4+1x2
= 5.
Question 3:
1. dii = 011 + 022 + 33 = 3. summing dummy index 4
2. 0 035 = 015 015 + 025 025 + 035 d3; summing dummy index i
= 511 (511 + (522 (522 —+ (533 533 other 5ij7s Zero
=1+1+1=23.
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3. €ijk €jki = €1jk Ejk1 T €25k €jk2 T €3k €jk3 summing dummy index ¢
= €12k €2k1 T €13k €3k1 + €21k €1k2
+ €93k €3k + €31k €1k3 + €32k €243 summing j, other €;;,’s zero
= €123 €231 + €132 €321 + €213 €132
+ €931 €312 + €312 €123 + €321 €213 summing k, other €;;,’s zero
=1x14+(-1)x(=1)4+(=1) x (—1)
+1x14+1x14(=1)x(-1)

= 6.
4. ijk Aj Ak = ginj ArA; J, k dummy indices, so name irrelevant
= €ijk A]Ak = —&jk AjAk Eijk = —Eikj and A]Ak = AkA]
= 2 €ijk A]Ak =0
i.e., Eijk AJAk =0.
5. 52‘]‘ 5jk = 61‘1 511@ + 512 (52k + (51'3 53k summing dummy index j
(o0, itk
=\ 1 ifi—k
= Ojk-
6. 51']' Eijk = 5“ Eiik 1= j, otherwise (Sij =0
=0 because £, = 0 due to repeated index

Question 4:

1. 7 = free index, £ = dummy index, where range for both = 1, 2, 3.

2. If an index is repeated in the same term, then the repeated index is summed over its

range.
3. o 0%u; N 1 0%uy, X 0%u;
0x0xy, 1 —2v 0x,0x; i=P ot?
82ui (92ui 82ui 1 821,61 8QUQ 82?,63 62161'
X, =
= G ((’93:% 03 + oz:  1—2v [83@183@ + 0x90x; + 83538331}) + P o
1 0 [0uy Ouy Ou 0?u;
2 1 2 3 o i
~ G(Yul+1—2yaxi [8x1+8x2+8x3}>+X1 P or
so that the single equation becomes
1 0 _0u1 0u2 0u3_ 82U1
X, =
G(V u1+1—2yax1 _8x1+3x2+8x3_>+ T
1 0 _aul 6u2 6u3' 82u2
2
X, — g2
G(Y u2+1—2yax2 _8x1+8x2+8x3_>+ 2= op
1 0 [0uy Ouy Ous] 0%u
9 1 2 3 3
Xy — g3
G(Y u3+1—21/8x3 _6x1+6x2+6x3_>+ 3T op

2/3



MATH312 Tutorial solutions for Week 2

Note: In Cartesian coordinates (z,y, z), we have

T =@, T2 =Y, r3 =2
X, = X, X, =Y, Xy =27
Uy = u, Uy =V, Uz = w

where the equations become

1 0 [0u Ov Ow 0*u

2
R e T et X =2
G(Yu+1—21/8x[8x+8y+82})+ Por
1 9 [ou Ov Jw 0%

2
R Dt T e Yy — 2 °
G(Y”+1—2y y[ax+ay+az])+ P o

2
G(YQUJ—I— 1 8{8u v 8_w}>+z 0*w

1— 20z |0z oy 02 BT

4. There is no right or wrong answer for Ronald’s article title.

Question 5:
Let © = x1, y = x5 and z = x3. Then the equations become

1 1

‘=7 (011 — v(022 + 033)] = E (011 +von —v(on + 02 + 033)]
1 1

€2 =% (092 — v(o11 + 033)] = o) (022 + Vo2 = v(on + 022 + 033)]
1

BT F o33 — V(011 + 022)] = E 033 + Vo33 — v(on1 + 022 + 033)]
14+v

€12 = E 012,
1+v

€23 = i3 023,
1+v

€13 = E 013.

so that upon using the Kronecker delta, the equations can be written as the single equation

_1—1—1/ v

Eij = TO'M E 51’]‘ Okk-
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