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Abstract

To model cohesionless granular flow using continuum theory, the usual ap-
proach is to assume the cohesionless Coulomb-Mohr yield condition. However,
this yield condition assumes that the angle of internal friction is constant,
when according to experimental evidence for most powders the angle of inter-
nal friction is not constant along the yield locus, but decreases for decreasing
normal stress component ¢ from a maximum value of 7/2. For this reason,
we consider here the more general yield function which applies for shear-index
granular materials, where the angle of internal friction varies with o. In this
case, failure due to frictional slip between particles occur when the shear and
normal components of stress 7 and o satisfy the so call Warren Spring equa-
tion (|7]/¢)™ = 1 — (o/t), where ¢,t and n are positive constants which are
referred to as the cohesion, tensile strength and shear-index respectively, and
experimental evidence indicates for many materials that the value of the shear-
index n lies between 1 and 2. For many materials, the cohesion is close to
zero and therefore the notion of a cohesionless shear-index granular material
arises. For such materials, a continuum theory applying for shear-index co-
hesionless granular materials is physically plausible as a limiting ideal theory,
and any analytical solutions might provide important benchmarks for numer-
ical schemes. Here, we examine the cohesionless shear-index theory for the
problem of gravity flow of granular materials through two-dimensional wedge
shaped hoppers, and we attempt to determine analytical solutions. Although
some analytical solutions are found, these do not correspond to the actual
hopper problem, but may serve as benchmarks for purely numerical schemes.
The special analytical solutions obtained are illustrated graphically, assuming

only a symmetrical stress distribution.
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1. Introduction

Many industrial processes throughout the world make use of granular materials at various
stages. These granular materials are frequently stored in silos or hoppers, where the
material can be reclaimed at a later date. For dry powder-like materials that flow freely
from a hopper or silo, the cohesion of the material is often effectively zero. For such
cohesionless granular materials, the usual continuum approach to modelling the flow is to

assume that the material yields according to the Coulomb-Mohr theory, namely
|7| = ¢ — o tany, (1.1)

where the cohesion c is set to zero. We note that for this yield condition, both the
cohesion ¢ and the angle of internal friction § are assumed constant, and that ¢ and 7
denote the normal and tangential components of compressive traction which are assumed
to be positive in tension, namely the usual convention in continuum mechanics is adopted
that positive forces are assumed to produce positive extensions. In this paper, we examine
the so-called shear-index yield condition for the situation of vanishingly small cohesion.
Experimental evidence (see Williams et al. [12], Stainforth et al. [10], Eelkman Rooda [1],
Eelkman Rooda and Haaker [2] and Farley and Valentin [3]) indicates that the angle of
internal friction for most granular materials is not constant along the yield locus, but de-
creases for decreasing o from a maximum value of 7/2 at the vertex (t,0), as indicated in
Figure 1. In general therefore, the angle of internal friction is a stress dependent function

0(o) which is defined incrementally from the equation
dr = —do tand(o). (1.2)

Clearly, the Coulomb-Mohr yield condition (1.1) satisfies (1.2) when the angle of internal
friction ¢ is constant, but for a yield condition that satisfies (1.2) when § varies with o,

we assume the shear-index yield condition, sometimes referred to as the Warren Spring

(@)n —1- % (1.3)

where t and n are positive constants which are referred to as the tensile strength and shear

equation, namely

index respectively. We note that the Warren Spring equation (1.3) has been validated
experimentally by a number of authors (see Williams and Birks [11] and Stainforth et
al. [10]). Using the Jenike shear tests, Farley and Valentin [3] suggest that the cohesion
¢ is usually of the order of twice the tensile strength ¢ and that the shear index n for a
particular powder is independent of the bulk density of the compact, and can therefore
be used to classify powders according to their flow properties. In addition, Farley and

Valentin [3] give simple expressions relating n to the ratio of volume to surface mean



Granular material Shear-index n Tensile strength ¢ Cohesion ¢ Density p

(Particle size) (g/cm?) (g/cm?) (gm/cm?)
CaCOg;
(5-7p) 1.35 0.0066 0.051 0.389
(16-201) 1.29 0.00011 0.00443 0.406
Calcite
(40-44p2) 1.12 0.047 0.06 0.445
(+44p) 1.12 0.0012 0.0026 0.457
Zinc Dust

(coarse) 1.27 0.283 0.65 0.498
Alumina

(+37 p) 1.19 0.179 0.290 0.250

TABLE 1. Typical values of n,t,c and p, when the cohesion is close to zero (Farley and Valentin [3], g
denotes 981 dynes).

diameter and t to the bulk density. The known experimental values of shear index n, such
as those cited in Farley and Valentin [3], all lie between 1 and 2, and Table 1 gives the
typical values of n,t,c and p as determined by Farley and Valentin [3] when the cohesion
c is close to zero. From Table 1 we see that there exists shear-index granular materials for
which the cohesion is close to zero, and as such, a continuum theory applying for shear-

index cohesionless granular materials is physically plausible as a limiting ideal theory.

In the following section we state the basic equations for a cohesive shear-index mate-
rial. In Section 3, we examine the resulting equations applying to shear-index materials
for which the cohesion is zero. The equilibrium equations for a cohesionless shear-index
material are then determined in Section 4 for general n, and some simple solutions to
these equations are presented in Section 5. In Section 6, for a cohesionless shear-index
material, we attempt to determine the solution corresponding to the solution for gravity
flow through a two-dimensional converging wedge-shaped hopper which is known to exist

for the Coulomb-Mohr yield condition.

2. Cohesive shear-index materials

In this section, we state the basic equations for the cohesive shear-index yield condition.

However, we first note from Hill and Wu [5] that a general yield function can be expressed



parametrically, in terms of principal stress components, as
(U[ - J][[) cosd = 2f [(U[ + J][[)/2 + (J] — U[[[)(Sin(S)/Q] s
q (2.1)
tand = —af [(U[ + O'[[[)/Q + (O’] — 0111)(sin5)/2] ,

where the stress dependent angle of internal friction § = 6(o) is the parameter, and oy and
orr1 denote the maximum and minimum principal stresses respectively. Thus, for example,
if the angle of internal friction is constant and 7 = f(o) is the linear yield condition (1.1),

then (2.1) gives the well known Coulomb-Mohr yield condition
or —orrr = 2ccosd — (o7 + oyrr) sind. (2.2)
In the case of the Warren Spring equation (1.3), we find

g

flo) =c <1 - t)l/n, (2.3)

and so the Warren Spring yield condition (2.1) has the parametric form

% =1+ %(secé —tand) — 3", LItH =1- %(SGC(S + tand) — 8", (24)
where ( is a function of § which is defined by
t 1/(1-n)
8= <% tan5> . (2.5)

We note that (2.4) and (2.5) are only valid provided n # 1. If n = 1 then the angle of
internal friction is constant and the Coulomb-Mohr yield condition (2.2) arises. We also

note for the special cases of n = 1 and n = 2, that we obtain the explicit yield conditions

N (RGN G DA

1/2 1/2
<1_UI> = (1_0111) _E7 (n=2)
t t t

where the special case of n = 1 corresponds to the Coulomb-Mohr yield condition (2.2),

(2.6)

noting that ¢/t = tand when n = 1. The above relations become more transparent by

expressing the parametric solution (2.4) in the form
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from which the special roles of n = 1 and n = 2 are apparent and (2.6) can be easily
deduced. It appears that n = 1 and n = 2 are the only values of n giving rise to simple
analytical yield functions. However, other special values of n such as n = 3/2,4/3 and 8/5
permit further analytical investigation, but the final results are still complicated (see the
Appendix of Hill and Wu [5]). For an explicit form of the Warren Spring yield condition,
we see from Hill and Wu [5] that the parameter § in (2.4) may be eliminated to give

2p2  1MeE , (n—1) 1/2y "/ (2=n)
o B—|B2- "2y
2t2(n — 1) n2t?

(2.8)
n (n—1) 12
——  ({B-|B*- A — B =
+2(n -1) { { n?t? } ’
where A and B are defined by
Opp + 0
A = (O-’I”T — 0'90)2 + 0'39, B = — TGG (29)

3. Cohesionless shear-index materials

In this section, we deduce the governing equations corresponding to free-flowing (cohe-
sionless) shear-index granular materials. To do this, we examine the cohesive shear-index

yield condition (1.3) in the form
7|" =" — — o, (3.1)

from which it is clear that for (3.1) to be meaningful when the cohesion is set to zero, we

must assume
t=~c", (3.2)

for some finite positive constant v. Namely, we assume the tensile strength ¢ and cohesion

¢ are such that
t
m— =-. (3.3)

c—0 c"

In this event, the cohesionless Warren Spring yield condition becomes
o
" =—=, (3.4)
g

and we note from (1.1) for the special case of n = 1, that v = cot §. We also note that the
assumption of (3.2) is more than just an analytical necessity, as from Table 1 we see that
there does exist shear-index granular materials whose cohesion is effectively zero, but must

still yield according to (3.1), which clearly can only happen provided (3.2) is satisfied.



Now, upon substituting (3.4) into the general parametric representation of the yield
function (2.1), we find

o1 _ g (secd — tand) — &7, g _ _& (secd + tand) — &, (3.5)
v i i

where the parameter £ is defined by
¢ = (nytand)/0—" (3.6)

and again we note that n # 1. If n = 1 then the yield condition (3.4) becomes the usual
cohesionless Coulomb-Mohr yield condition and & becomes constant since ¢ is constant. It
should be noted that (3.5) and (3.6) can be derived directly from (2.4) using (3.2), where
& = ¢f. Thus, (3.5) is the parametric representation of the cohesionless shear-index yield
condition.

To determine an explicit form of the cohesionless Warren Spring yield equation, we

first need to introduce the positive quantities p and g given by

1 1
b= —5(01—1—0111), q= 5(01—0111), (3.7)
so that from (3.5), we get
_ & 2 | ¢2-2n & (a9, somon)\1/2
p—n—v(m +€27n), q—n—v(n’y +g272) (3-8)
Next, we introduce P and @ defined by
_ 2
p_ (01 UIH) ’ Q:_Ul‘i‘UIH, (3.9)
2y 2y
so that from (3.7) and (3.8) we find
2 4-2n 2-n
P:f—g+—524, Q=¢+t 5 (3.10)
v n=y wy

Following the derivation of the explicit cohesive shear-index yield condition, as given by
Hill and Wu [5], we introduce x defined by

x =&, (3.11)
such that
& _ x = VPP = X/ (3.12)
3 Q—x/ny*
which leads to the a quadratic equation for y, namely
(n—1)
22 X2 —Qx+~*P =0. (3.13)



Solving (3.13) for x gives

n2~? 5 4(n—-1) 1/2
= — + - ——=P .14
R AR Gl N (3.14)
where from (3.10)2, we note that as
X n
S 1
Q o §" >0, (3.15)
which means that
X < 7?0, (3.16)
then we must take the minus sign in (3.14), namely
n?y? 5 4(n—-1) 1/2
= "7 do-|r-2"p . 1
=it @ - ) (317)

Thus, the yield condition for a cohesionless shear-index granular material can be deter-
mined from either (3.10); or (3.10)2 together with (3.17). From (3.10)2 we have
XM X gy, (3.18)
ny
and using (3.17) we find

TL2’)/2 n/(2—n) 4(n o 1) 1/2 n/(2—n)
[2(71 — 1)1 Q - |:Q2 - n2 ‘P}

(3.19)
n n— 1/2
+2(n_1){Q{Q24(an)P} }Q:()a

where P and @) are defined by (3.10). Thus, (3.19) is the explicit cohesionless shear-index

yield condition.

4. General equilibrium equations for gravity flow

In this section, we utilize the cohesionless shear-index yield condition to determine the
resulting equilibrium equations for quasi-static gravity flow from a two-dimensional con-
verging hopper. In terms of the usual cylindrical polar coordinates (r, 6, z) as defined by
Figure 2, the stress components for quasi-static plane strain flow in hoppers satisfy the

equilibrium equations

0oy ladre Orr — 000

= 0
or r 00 r PG OB,
(4.1)
dorg 10099 2009 )
ar Ty e Ty T rosind,



where p is the bulk density, g is acceleration due to gravity, and o, ggg and o9 denote the
in-plane physical stress components, which are assumed to be positive in tension. Namely,
we adopt the usual convention in continuum mechanics that positive forces are assumed to
produce positive extensions. We note that we have followed the notation of Spencer and
Bradley [9], including adopting the unusual convention of the x axis being vertical. Thus,

following Spencer and Bradley [9] these components can be expressed in the standard form

Opp = —P + q COs Qwa 0pp = —P — g COS 27% Oro = qSin Qw’ (42)

where the positive quantities p and ¢ are defined by (3.7). We note that an equivalent
definition of p and ¢ is

1 1 1/2
p= _5 (Urr+‘790)a q= 5{(0'7"7“_0'09)2"-40'?9} ) (43)
while the stress angle 1) is given by
2
tan 2y = ﬁ, (4.4)
(07”7" - 099)

where physically speaking, v is the angle between the maximum principal stress axis and
the x direction, in the direction of increasing 6.
Now, we find from (3.8) and (4.2) that the stresses become

n 1/2
Opr = _& (n’y2 + 52_2") + £ (n272 + 52_2”) cos 21),
ny ny

n

o0 = =5 (177 4+ 7) = £ (w22 1 ) P os2, (4.5)

1/2
Ure:i( 2.2 52 Qn) / sin 21,
nry

where 1 = ¢(r,0) and & = £(r,0). On substitution of these expressions directly into the

equilibrium equations (4.1), and simplifying, gives

op 10 1 [cos2yOF _ pgnysin(f + 2¢)
or 2891F}_2£2”[ r 060 ~sin2y } 2F ’

(4.6)
1oy 1 10 1 sin 2¢) OF oF pgny cos(0 + 24)
o0 T T 20 {IHF}ng{ 90 T8 2w8r}+ oF ’

which are the general equilibrium equations for a cohesionless shear-index granular mate-
rial, where F' is defined by

}1/2

F(r.0) = € [ny? + 2-20] % n

8



and noting we have used the fact that
9 2 2, ca-on]¥/2) _ [P*YP 4 (2—n)E2
8_5 {§ {n LR ] } B [n2y2 +£2,2n]1/2 : (4.8)

Now, we need to determine the appropriate boundary conditions for gravity flow

through a hopper. To do this, we assume that due to the geometry of the hopper, the
stress distribution is symmetrical around the vertical axis. As a result, we observe from
the equilibrium equations (4.1) that o, and ogg must be even functions of 6, while .9
must be an odd function or skew-symmetric. Thus, to ensure continuity o,¢ must vanish

at the origin giving rise to the boundary condition

¥(0) = 0. (4.9)

To determine the second stress boundary condition, following Spencer and Bradley [9] we
assume a Coulomb friction condition at the wall of the hopper at 8 = «, such that

o9 = —0opgtanp, at 0 =aq, (4.10)

where 4 is the angle of wall friction and « denotes the semi-vertex angle as indicated in

Figure 2. Thus, from (4.2) and (4.5) we find that (4.10) becomes

sin(2 — ) _ €71 (ny? + €27
sin p (n272 + 52—271)1/2 !

at 0 =nr. (4.11)

5. Some simple solutions of (4.6).

In this section, we examine the general equilibrium equations (4.6) for a cohesionless shear-
index granular material in order to determine some simple solutions. We first look for a

simple solution of the form

Y = —0 4 1o, (5.1)
for some constant ¢y, which is a well known solution for the Coulomb-Mohr yield condition
(Sokolovsky [8]) and corresponds to the Cartesian stresses being linear in both = and y.
From (4.6) and (5.1), we find

F cos[2(¢po — 0)] n 1} 10F  Fsin[2(¢ — 0)] OF

- = ksin(200 — 0),

£2n r 00 g2n or
(5.2)
Fsin[2(yp — 0)] 1 0F [F cos[2(¢ho — 0] oF
el 1= = - Qb —
62—71 r 00 + §Q—n or kCOS( ¢0 9))
where k = pgny. On solving (5.2) for 0F/Jr and 0F/d0, we obtain the expressions
OF |G cost + cos(2¢p — 0)]
or [G? —1] ’
(5.3)
or _ I [G sin @ — sin(2y — 0)]
o0 (G2 — 1] ’

9



where G is defined by
F

G = o (5.4)
Now, upon checking the consistency of (5.3), we obtain
(G%sin 6 + 2G'sin(0 — 2¢) + sin 6) r%—G
' (5.5)

+ (G? cos 0 + 2G cos(0 — 2¢hg) + cos 6) g—? =

which is a first order partial differential equation and is readily solved by the method of

0,

characteristics to yield
(G2 + 2G cos 2¢g + 1) rcosf + 2G sin 29y rsinf = ¢(G), (5.6)

where ® denotes an arbitrary function. Although (5.6) constitutes the general solution
of (5.5), it’s usefulness is limited because G(r,60) is not given explicitly. Alternatively,
suppose that

G =¥ (rsin(f — b)), (5.7)

for some function ¥ and constant 6y, then from (5.5) we have immediately
(G 4 1) cos By + 2G cos(2ig — ) = 0, (5.8)

so that for non-constant G, we require

™

00:(2a+1)2, Yo=(a+b+1)

T
2 )
for any integers a and b. If instead G is a constant, then we find from (4.7) and (5.4)

(5.9)

that both F' and £ must also be a constant. However, from (3.6) we find that £ is only
constant for the special case of n = 1, namely for the Coulomb-Mohr yield condition,
and so we assume that G is a non-constant. Thus, for a cohesionless shear-index material
(1 < n < 2), non-trivial solutions of the form (5.1) and (5.7) only exist provided 6y and
o are given by (5.9).
Now, for 6y and vy defined by (5.9), we see that sin2yy = 0 and so both the general
solution (5.6) and (5.7) yield
G = G*(rcosb), (5.10)

for some function G*. From (4.7), (5.4) and (5.10) we also find that
F = f(rcosf), &= E(rcos#), (5.11)
for some functions f and E. Thus, (5.2) becomes

F/[G sin(2¢ — 0) + sin 0] = —ksin(2¢0 — 6),
(5.12)
J" G cos(2¢pg — 6) — cos 0] = —k cos(2¢pg — 0),

10



where here prime denotes differentiation with respect to r cosf. For 6y and vy given by
(5.9), we see that (5.12) becomes

f (1 - 51E2f_n> = eak, (5.13)

where €1 and €9 are parameters whose values depend on 1. In particular, 61 =e9=1 for
1o =0, and €1 = —1 and g9 = F1 for Y9 = +7/2. In order to solve (5.13), we find from
(4.7) and (5.11) that

1/2
f=EBn*y?+ B & (5.14)
and therefore, (5.13) can be written in the form
2.2, p2-am]¥/2) 2,2 pm—1 v 1—n g
E[ny +E } — ey E" E — (2 — n)e  EVE = esk. (5.15)
Solving (5.15) yields
nl 2 p2-2n 2.2 p2-2]'/?
S {n'y +E } —F [n v+ E } = —egkrcosd + C, (5.16)

which is a transcendental equation for E(rcosf), where C is a constant of integration.
Thus, we have determined an exact solution for a cohesionless shear-index granular ma-
terial which satisfies the equilibrium equations (4.6), where (6) is of the form of (5.1)
and £(r,0) = E(r cos0) satisfies (5.16). Therefore, from (5.1) and (5.16) we can write the

stresses (4.5) as

21 F 1/2
Opr = €169pgr cos @ + C* — i [n272 + E2_2n} / sin? 6,
ny

2e1F
ogy = €169pgr cosf + C* — i bl [

1/2
n?y? + EQ*Z”} / cos 6, (5.17)

2€1E

1/2
Org = — [n272 + E2_2”} / sinf cos 6,

where C* = C//ny and E = E(r cos ) satisfies (5.16).

To apply the simple solution (5.17) for gravity flow through a two-dimensional wedge
shaped hopper, we need to apply the boundary conditions (4.9) and (4.10). We know that
if &1 = g9 = 1, then ¥y = 0 and (4.9) is satisfied. However, we find that we are unable
to satisfy (4.10) unless n = 1. This means that while the simple solution (5.17) satisfies
the governing equations for gravity flow through a wedge shaped hopper, we are unable to
satisfy the appropriate boundary conditions. Despite this, for the purpose of completeness,
in Figure 3 we demonstrate the variation of the stresses (5.17) for three values of the
shear-index, where (4.9) is satisfied, for the constant values C' =25, v = 1,p = 1.018 and
a = 2877 /900. We observe from Figure 3 that the curves given tend to straight lines as

the shear-index n approaches unity, a result which might be expected.

11



In this section, we have looked for a simple solution for ¢ which is known to exist
for the Coulomb-Mohr yield condition, namely where 1) = —0 4 g and g is a constant.
This solution for 1 leads to a corresponding solution for F' of the form F = f(rcos#),
but which cannot satisfy the appropriate boundary conditions for gravity flow through a
wedge shaped hopper. For this reason, we now look for a more general solution of the

form

Y =—0+h(y), F=[f(y), (5.18)

where y = rsin(6 — 6y) for some constant 6. This means that the equilibrium equations

(4.6), after simplifying, becomes
dh  kcos(2h —6p) _ sin(2h —26p) df

dy 2f T e qy
(5.19)
1df ksin(2h—6p) _ cos(2h —26o) df
fdy f g2 dy’
where k = pgn~y. On dividing (5.19)2 by (5.19);, we find
sin(2h — 290)(31‘; + 2f cos(2h — 290)(31]; = k cos 6. (5.20)
Clearly, (5.20) can be solved to yield
sin(2h — 26p) = T esf o (5.21)

f )
where ¢; is a constant of integration. Thus, upon substituting (5.21) into either (5.19); or

(5.19)9, gives
ff —kcosOy(kycosby+c1)  ff

[£2 — (ky cos by + c1)2]/? £2n
where the prime denotes differentiation with respect to y. In order to solve (5.22) we note
from (4.7) and (5.18) that

= ksin 6, (5.22)

}1/2 , (5.23)

f=¢ {nz,yz 4 g2
and therefore, (5.22) becomes
12’
{[52(n272 + €272 — (kycos by + 01)2} / } + 2y 4 (2 — n)E T = ksin b,

(5.24)

which upon integrating yields
1/2 )
[52(71272 + €272 — (ky cos By + 01)2} +&" [n’yQ + 5272"] = kysinfy +ca2,  (5.25)

where co is a second constant of integration. Thus, we have determined a solution of the

equilibrium equations (4.6) for a cohesionless shear-index granular material, where 1 and

12



F' are of the form of (5.18). Note that when h(y) = constant = 1, and in particular
given by (5.9)2, then we find from (5.21) that ¢; = 0 and 6y must satisfy (5.9);, and hence,
(5.25) becomes (5.16) where & = E(r cos ).

To apply the solution (5.25) for gravity flow through a two-dimensional wedge shaped
hopper, we need to apply the boundary conditions (4.9) and (4.10). Unfortunately, we are
unable to do determine the constants ¢; and co such that (4.9) and (4.10) are satisfied.
Again, for the purpose of completeness, in Figure 4 we demonstrate the variation of the
stresses (4.5) where & satisfies (5.25), for three values of the shear-index and the constant
values ¢; = 1,co = 140,v = 1,p = 1.018 and o = 2877/900. We again observe that the

curves tend to the linear dependence as n approaches unity.

6. Possible forms for hopper flow solutions of (4.6)

In this section, for cohesionless shear-index materials we attempt to determine the cor-
responding solution known to exist for the Coulomb-Mohr yield condition and which ap-
plies for granular flow through a wedge-shaped hopper under the action of gravity. The
Coulomb-Mohr theory assumes a wedge-field solution for the stresses so that all stress

components are linear in r, thus

o =1f1(8), o0r0 =7f2(0), 099 =1f3(0), (6.1)

for certain functions fi, fo and f3. Accordingly, we look for a wedge-field solution for
a cohesionless shear-index granular material with 1 < n < 2. From (4.5), on assuming
1 = 1(0), we require that

& (ny? 4 €272) = rF*(0), & (272 +&272)2 —1GH(0), (6.2)

for some F*(0) and G*(0) to be determined. Upon rewriting (6.2) in the form

* 2 %2
R L (63
£ §
we find that upon subtracting (6.3); from (6.3)2, gives
2 1x2 *
n(n —1)y? = r°G*(0)  rF(0) (6.4)

&2 &
which, in principle is a transcendental equation for £ in terms of F* and G*. Alternatively,

upon multiplying (6.3); by n and subtracting from (6.3)2, we determine the following

quadratic equation for £2=", namely
(n — )& — nrF*(0)€27™ +12G*2(9) = 0, (6.5)

13



which upon solving yields

r

2—n __
&= 2(n —1)

{nF*(G) + [02F*2(0) — 4(n — 1)G(0)] 2} , (6.6)

noting that we need to assume the minus sign in (6.6) to ensure that the special case of
n = 1 is well-defined. Substituting (6.6) into (6.4) yields a relationship between F*(0)
and G*(#) where the r dependence must cancel out in order that the relationship be valid,

since F* and G* are functions of 6 only. However, from these equations this relationship

becomes
r 2/(2-n) .
n(n — 1)*‘)/2 |:42(n — 1):| [:lF*(e) _ {H2F*2(0) . 4(n _ 1)G*2(9)}1/2:| 2/(2—n)
(6.7)
r2F*(6) « . . 1/2 oo
ﬂﬁﬂ%”@%“”@—M—%%M LHM@Q

from which it is clear to see that the assumed r dependence is consistent only for the
special case of n = 1, namely only for the Coulomb-Mohr yield condition. Therefore for
1 < n < 2, it is not possible to obtain a wedge-field solution of the form (6.1) to the
equilibrium equations. We note that a similar situation also applies even if we neglect

gravity. In this case we have equations of the form
én (n’y2 4 62—211) — T'aF*(Q), € (n2,y2 4 52—271) 1/2 — rbG*(G), (68)

for certain constants a and b and the same conclusion may be deduced.
Thus, we need to assume that the dependence on r is more complicated than either

(6.2) or (6.8) allows. This means that we need to look for a solution of the form
Y =—-0+h(0), F=F(0), (6.9)

for some function h(#). In this event, after solving for 0F/dr and OF /00, the equilibrium

equations (4.6) gives

OF [? [G cos[2(h — 0)] + 1] % — k [G cos @ + cos(2h — 0)]]
ar G2 -1] ’
(6.10)
- [Qstin[Q(h )%+ k[Csing — sin(2h - 0)]]
a0 " G2 -1] |

where k = pgny, and G is defined by (5.4). We note if h(f#) = constant = 1)y, then
(6.10) simplifies to become (5.3). We now assume that gravity may be neglected. This

assumption is made to facilitate the analytical results, noting that including gravity further
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increases the complexity of the results, and if an analytical solution cannot be obtained
when gravity is neglected, then obtaining an analytical solution with gravity included is

not likely. Thus, (6.10) simplifies to become

orF H dh
el 2(h — 1] —
o T Geosta(h— o))+ 1 2.
(6.11)
oF . dh
% = HGSIH[2(h — 0)]@,
where H is defined by
=2t (6.12)
e '
Equations (6.11) can be shown to be consistent provided that
17 dh
[cos[2(h — o) + 5} = R(r) (6.13)
for some function R(r), and hence, from (6.13) we are able to write
1/2
(G212 — (GR - )] /
sin[2(h — 0)] = (6.14)

GH ’
where the prime denotes differentiation with respect to 6. Thus, from (6.13) and (6.14)

we find that (6.11) becomes

OF HGR OF 971/2

= — — = H|G?*h"? - —h : 6.15

or r 700 [Gh (GR h)} (6.15)
Since we have rewritten (6.11) in the form of (6.15), we again need to confirm the consis-
tency of (6.15), from which we find

53{e- )

2 7 =0, (6.16)
B2 - (R - _)
o (n
and therefore we have (6)
R(r) = Gr.0) +7T(6), (6.17)

for some arbitrary function 7'(¢). However, as R is only a function of r, then we see that

we need to take 7'(f) = 0 and G becomes a separable function. Thus, (6.15) becomes

OF HGR OF ,
_ " 6.18
= . 5y = HCGI, (6.18)

for which it may be readily verified are consistent. However, from (6.17) with 7'(9) = 0,

we can rewrite (6.18) as

OF HK OF
2 = _— HGHK 6.19
" ! 7 GH, ( )
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and the consistency of (6.19) now yields the separable equation

R"(6) r dR
=— — = 6.20
h'(6) R2(r) dr ’ ( )
where ) is the constant of separation. Upon solving (6.20), we find
1 A HO) 1
h(6 :——ln<—9—i—— , R(r)=——, 6.21
=30 ) = St (621

where pg, n1 and rg are constants of integration and we must assume that A # 0. We note
that if A = 0 then (6.20) yields

h(0) = pob + p1, R(r) =ro. (6.22)

Thus, from (6.17) and (6.21), we find for A # 0 that

G(r,0) = —lne(:/ff), (6.23)
where v = p9/A and from (4.7) and (5.4), we find that (6.23) gives
K
&(r,0) = m, (6.24)
where |
n(r,0) = ne(:/?;)), (6.25)

and r is a constant defined by & = (ny)/(1="). We further note that we obtain G' = —1.
From (4.7) and (6.24), we have F' = f(n) and therefore (6.18) becomes

i 2

= 6.26
dn = NP 1] 1020
which can be solved to yield
1
n+ 1\ Yy
fn) =m0 (n - 1) A (6.27)

where 79 is a constant of integration. Now, from (5.4), (6.23) and (6.24) we may determine

an alternative expression for f(n), namely

_ _,2-n n
fn) = = e (6.28)

From (6.27) and (6.28), the two expressions for f(n) are clearly not consistent and by
substituting (6.28) into (6.26), we find the following quadratic equation for 7, namely

M —2(1 —n)n+ A1 —n) =0, (6.29)
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from which it is clear to see that we must have both n = 1 and A = 0 for (6.27) to be
consistent with (6.28). This means that a solution of the form (6.9) only exists when
both n = 1 and A = 0 which corresponds to the Coulomb-Mohr yield condition. This
means that we are unable to determine a solution of the form ¢ = (0) for a shear-index
granular material with 1 < n < 2 for flow through a wedge-shaped hopper. For the case
when A = 0, we note that h(f) and R(r) are given by (6.22) and for A # 0 we still require

n = 1.

7. Conclusions

In this paper, we have presented the limiting ideal theory for shear-index cohesionless
granular materials. We find that the cohesive shear-index yield condition can only apply
for cohesionless granular materials provided that in the limit as ¢ tends to zero, t = yc”,
where t,c and n are positive constants referred to as the tensile strength, cohesion and
shear index respectively, and ~ is a positive constant such that (3.3) is satisfied. While
the notion of a shear-index yield condition is generally used for cohesive materials, it is
clear from Table 1 that there exists shear-index granular materials for which the cohesion
is close to zero, and therefore there is a need to formulate the corresponding theory for
free flowing or cohesionless materials as a plausible limiting ideal theory. Here, we have
attempted to apply the cohesionless shear-index yield condition to the problem of gravity
flow in a two-dimensional wedge shaped hopper. Although we have determined some
simple solutions of the appropriate cohesionless equilibrium equations (4.6), we are unable
to determine values of the constants of integration which satisfy the boundary conditions
(4.9) and (4.10), except for the special case when n = 1, namely the Coulomb-Mohr yield
condition. Despite this, these simple solutions might be useful as numerical benchmarks

for purely numerical schemes.
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Figure Captions

Figure 1. General yield locus.
Figure 2. Coordinates for a two-dimensional wedge-shaped hopper.

Figure 3. Variation of the stresses with r for three values of the shear-index, where 1 is
defined by (5.1) with )9 =0, C = 25, v = 1, a = 2877 /900, and E satisfies (5.16).
((a)n = 1.19, (b) n = 1.5 and (c) n = 2).

Figure 4. Variation of the stresses with r for three values of the shear-index, where 1) is
defined by (5.18) with ¢g = 0, 6y = 7/3, ¢1 = 1, co = 140, v = 1, o = 2877/900,
and ¢ satisfies (5.25). ((a)n = 1.19, (b) n = 1.5 and (c) n = 2).
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