Non-dilatant double-shearing theory applied to

dynamical granular chute flow

Grant M. Cox! and James M. Hill

Summary. The non-dilatant double-shearing theory for granular flow is ap-
plied to the problem of dynamical chute flow down an inclined slope. Four
distinct families of solutions are examined and a number of simple exact
solutions are determined which apply to the special case of a granular ma-
terial with an angle of internal friction equal to ninety degrees. Some of the

solutions obtained are illustrated graphically.

1 Introduction

The dynamics of a granular mass flowing down an inclined slope has partic-
ular relevance in the study of avalanches and debris flow, for which following
the huge devastation which occurs it is apparent that the granular mass may
experience huge forces and velocities. In recent papers (Hill [1, 2] and Hill
and Williams [3]) it is shown that the hypoplastic model for granular mate-
rials admits “hot-spot” solutions, by which we mean that the stresses and
velocities may become unbounded in finite time. The purpose of this pa-
per is to examine dynamical granular chute flow down an inclined slope for
an alternative granular model, namely the non-dilatant double-shearing the-
ory proposed by Spencer [4, 5], with a view to whether or not simple exact
solutions for this model also exhibit similar hot-spot behaviour.

Specifically, we extend the simple horizontal shear-flow model proposed

by Hill and Spencer [6], but formulated here to include flow down an inclined
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Granular material | Measured values of 3 = sin ¢
Coal 0.939 0.958 0.973 0.985
Alumina cake 0.941
Waste rock 0.974
Silica 0.979

Table 1: Measured values of 3 = sin ¢ for certain granular materials, where

¢ is the angle of internal friction.

slope, and we examine the corresponding three families of exact solutions to
those studied in [6]. The cohesionless double-shearing theory is characterized
by a single physical parameter ¢ termed the angle of internal friction, and
each of the families of solutions assumes a particularly simple form when
the angle of internal friction takes on the value 90°. There exists in reality
many materials with large angles of internal friction such as those shown in
Table 1, and this idealization is meaningful both for these highly frictional
materials and for the determination of limiting bounds. The non-dilatant
double-shearing granular model has been successfully applied to a variety of
problems (see for example Spencer [7, 8, 9], Spencer and Bradley [10] and
Spencer and Hill [11]).

We comment here that there exists a huge literature on the modelling of
“steady” granular chute flow and we refer the reader to Zheng and Hill [12]
and Hill and Zheng [13] for appropriate references. The reader may also
consult, for example, Hutter [14], Savage and Hutter [15, 16] and Hutter and
Koch [17] for recent papers relating specifically to the modelling of granular

avalanches.

In the following section we state the basic plane strain dynamical equa-

tions for the non-dilatant double-shearing model of granular flow. In the
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subsequent section we specialize these equations to describe the dynamics of
a granular layer accelerating down an inclined plane. Special solutions for
this model are examined in Sections 4, 5 and 6. In Section 7 we examine a
separable solution for the special case of the angle of internal friction equal
to ninety degrees, for which in general (¢ # 90°) there is no corresponding
solution. The four major solutions obtained are illustrated graphically in

Section 8.

2 Basic equations for non-dilatant double-shearing
theory

In this section we state briefly the basic equations for the continuum me-
chanical theory of granular materials for the problem of two-dimensional
plane strain dynamical flow down an inclined plane or chute. In terms of the
Cartesian coordinates (z,y, z) defined by Figure 1, the stress components for
dynamical plane flow down an inclined plane or chute satisfy the equilibrium

equations with inertia terms, namely

004 00y [Ou ou ou .
+ = +u—+v— —gsinal,

ox oy P E ox y

(1)
90yy 0oy,  [Ov ov 0
ar oy ot T e oy

where p denotes the bulk density which here is assumed to be constant,
g is acceleration due to gravity, and « is the angle between the slope of
the inclined plane and the horizontal, as shown in Figure 1. The in-plane
physical Cauchy stress components are denoted by o,,, 04, and o,,, which
are assumed to be positive in tension, and u and v denote the velocities in

the x and y directions respectively. We note that both stress and velocity
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components are assumed to be independent of the depth z.

Upon introducing the usual positive quantities p and ¢ defined by

1 1 1/2
b= _é(axoc + Uyy), q= 5 [(O—xx - Uyy)Q + 403@} ) (2)
and the stress angle ¢ given by
20,
tan 2¢) = #, (3)
Ozx — Oyy

where ) is the angle between the maximum principal stress axis and the x
axis, in the direction of increasing €, then the stresses can be expressed in

terms of the usual decomposition

Ope = =D+ qCos2y, 0, =—p—qcos2y, o = qsin2y. (4)

This stress decomposition, combined with the usual cohesionless Coulomb-
Mohr yield condition
q = Bp, ()
enables the three stresses to be expressed in terms of just two unknowns,
where § = sin ¢ and ¢ is the angle of internal friction, assumed constant.
The above equations are generally accepted as a reasonable basis for the
determination of the plane strain stress profile for free flowing (cohesionless)
granular material. However, to prescribe equations for the determination of
the associated velocity profile is far more controversial. Here we assume
the non-dilatant double-shearing theory as enunciated by Spencer [4, 5].
This theory assumes that the non-zero components of velocity u(zx,y,t) and

v(x,y,t) satisfy the following equations

@4_@_0
ox oy

ou Ov\ . ou  Ov ou  Ov
<%—8—y>sm2d}—<a—y+%)0082¢—6<a—y—a—x+29>,

(6)
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where the quantity €2 is given by

WL LY
Q= 5 +u8x+v(9y' (7)

Physically speaking, equation (6); corresponds to the assumption that the
flow is isochoric, while (6), expresses the condition that the flow arises due
to simultaneous shearing on the two families of surfaces on which the critical
shear stress is mobilized. Together with appropriate boundary conditions for
the stresses and velocities, the above equations represent a complete descrip-
tion for the dynamical behaviour of non-dilatant cohesionless granular flow

down a smooth inclined plane or chute.

3 Model equations for dynamical chute flow

In this section, we exploit the previously stated equations for dynamical flow
of material down an inclined slope or chute to determine a simple model
which gives rise to analytical solutions that exhibit hot-spots. In order to
achieve this, we assume that the material undergoes a shearing deformation
in the x direction, so that the components of the displacement, velocity and
acceleration in the y direction are zero. Thus, we assume that the velocity

components take the form

u=u(y,t), v=0, (8)

and we note that this deformation is consistent with the material being non-
dilatant or incompressible. From (8), we see that the equilibrium equations
with inertia terms (1) becomes

Jozy  Ou
ay ot

0
— pgsina, g;’y = pg cos a, 9)
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and clearly (9)2 can be integrated directly to obtain

Oyy = pg(y — h) cosa, (10)

where h is at most an arbitrary function of time ¢, but here is taken to be
constant. We note that if the surface y = 0 is stress free, then h = 0. Now,

from (4)s, (5) and (10) we find

_ pgB(h —y)cosa
1+ Bcos2y (11)

which combined with (4); and the equilibrium equation (9);, gives

Ou  2gB(h —y)(B +cos2¢)cosady _ g[sina + Bsin(a — 2¢)] (12)
ot (14 B cos2y)? oy 1+ [ cos 2y '

Also from (8), we find that the non-dilatant double-shearing velocity equation

(6)2 becomes simply

oy

B
(8 + cos w)@—;‘ +285 =0, (13)

Therefore, equations (12) and (13) are the governing partial differential equa-
tions for dynamical flow of granular material down an inclined slope or chute.
In the following sections we examine these governing equations for the exis-
tence of hot-spot solutions.

We note that for 5 =1 (¢ = 7/2) equations (12) and (13) become respec-

tively
ou aT
o _ L a(sine — T
T g(h —y)cosa o g(sin cos ),
(14)
@ + 8_T =0
oy ot

where T' = tan ¢ and from which we may deduce the linear partial differential
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equations
Pu 0 ou
T + ay {g(h —9) cosaay} =0,
(15)
o’T o2
il )T —0.
BTE + By? {g(h Y) cosa} 0
We observe for ¢ # m/2, that while the transformation
(3 sin 2¢
R etk 1
1+ Bcos2y’ (16)

transforms (12) into the linear equation (14);, (16) does not linearize equation

(13).

4 Similarity solution for a half-space

In this section, we examine the governing equations for dynamical flow of
material down an inclined plane or chute, namely (12) and (13), and we look
for hot-spot behaviour arising from a similarity solution. Thus we assume
the governing equations are invariant under the stretching group of transfor-

mations
(h _ y)* — Ge(h _ y)7 = e, ut = ebeu’ ¢* _ ¢7 (17)

and we determine the constants a and b such that (12) and (13) remains
invariant in the sense that they have the same form in the starred variables
as in the non-starred variables. From (12) and (17) we obtain a = b, while
from (13) and (17) we have a + b = 1, so that a = b = 1/2. Thus, we find
that (12) and (13) admits a similarity solution of the form

u(y,t) =tU (), ¢ =¥, (18)
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where U and ¥ are functions of £, which is defined by

§=(h—y)/t". (19)
Therefore, on substituting (18) into (12) and (13) we obtain
au av
(ﬁ + COS2\II)d—5 + 46£d—§ = O,

(20)
dU  gBcosa(B +cos2W)dV 1 {U— g[sina+6sin(a—2\lf)]}

e (1+ PBecos2¥)?  d¢ T2 1+ Bcos2¥

which are the governing similarity equations for dynamical granular flow

down an inclined plane or chute. In general (20) must be solved numerically,
and therefore we solve (20) for dU/d¢ and dW¥/d¢, to obtain
(8 + cos2W)(1 + Bcos2W)? [ g[sina + Fsin(a — 2¥)] U
dv 23¢ 1+ [ cos2V¥

ds 4€(1 4 B cos2W)? 4 g cos a(f + cos 2W)? ’
(21)

glsina + Bsin(a — 2V)]
w o 2(1+50082\I/)2{ 7 Goos2l —U}

s 46(1 4 Beos2W)? + g cos o + cos 2W)? ’

which forms the basis for the determination of a full numerical solution.

However, for the special case of § = 1 we find that we are able to analyt-

ically solve (20). In this case, we see that (20) with § = 1 becomes

av._ % d¥
dé cos2 U dE’

(22)
dU  gcosa dV 1 .
& 2cofUdE ¢ U — gsina+ gcos atan ],
which upon making the transformation 7" = tan ¥, gives
aUu T
W __yedl
dg dg
(23)

d dr
2£d_g —gfcosad—§ =U — gsina + g7 cos a.
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Now, upon substituting (23); into (23)2, we find

dU dU
2§d—€+gczsad—§:U—gsina—l—chosa, (24)
which upon differentiating gives
gcosa] dV
2 — =V 25
where V' is defined by
dU
V=&, 26
3 (26)
Equation (25) is separable, and hence, can be integrated to give
1/2
V= [Qg 4 gc;sa} , (27)
where ¢; is a constant of integration. From (26) and (27) we find
2 1/2
U = Cl/[f_z,y]df + Co, (28)

where ¢, is a constant of integration and v = (g cos ) /2. In order to integrate
(28) we introduce A such that A = 2¢ +~, which enables (28) to be rewritten

in the form

1 1 1
U= E <)\1/2_,}/1/2 + )\1/2+,-)/1/2> d/\+62' (29)

Next, upon making the substitution # = A2, then (29) becomes

71/2 71/2
U:cl/<1+m>d$+cl/(1—m>d$+C2, (30)

which can be integrated directly to give

1/2
U:201$+0171/21n{§+::1/2} + co. (31)

Now, in order to determine the solution for 7" we consider (23); and (28),

to find
a [ [26+7]V2
T = —5 Tdf + Cs, (32)
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where ¢3 is a constant of integration and again, v = (g cos ) /2. To integrate

(32) we again introduce A = 2¢ 4+, to obtain

c )\1/2 c A 1/2
T —;_—/\—l—vl—l/Qtanh{(;) e (33)

Therefore, from (31) and (33) we have the similarity solution

26 4 ~]1/2 _ ~1/2
26 + 4] L W

— 909 1/2 1/2]
U(€) = 2c1[26 +7]Y2 + ey n{[25+7]1/2+71/2

(34)
al28 -+ |« [2€ +4]'/?
tan\lf(f) = 2§ + 71/213 h T + cs,
where ¢ is defined by (19). We note that from (24) we require
co = gsina — c3g cos a, (35)

which ensures that (34) is the general solution of (22).

5 Stress angle ¢ as a function of time only

In this section, we look for a solution where the stress angle v is a function
of time ¢ only. With this assumption, namely ¢ = 9(t), we find that the

governing equations (12) and (13) become

Ou _glsina+ Bsin(e—2¢)] u 28 &y (36)
ot 1+ B cos 2 " Oy B+cos2ydt’
from which it is clear to see that u must be of the form
u(y,t) = uoy + U(1), (37)

where ug is some constant and U is a function of £. Hence, upon substituting
(37) into (36)2, we find the separable equation

d@/’ Ug

B+ cos 21 - _%dt’ (38)
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which integrates to give

1/2
tanvy = [gtﬂ tan { [52 _ 1]1/2 (c1 — uot/Qﬁ)} : (39)
where ¢; is a constant of integration. Now, from (39) we find that (36);
becomes
dU gfBcosall —1]'/? sin{2[52 —1]Y2(¢; —uot/2ﬁ)}
— =g¢gsina — ) (40)
dt B —(1—52)cos{2[5% — 1]V/2(c; — upt/20)}
which can be integrated directly to give
U(t) = co + gtsina
(41)
952 cos o 2 2 1/2
—1 —(1—- 217 -1 — 2
o =) n{B— (1— 3% cos [2[82 — 1]"/2(cr — uot/25)| },

where ¢, is a constant of integration. Thus, from (37), (39) and (41) an exact
analytical solution for dynamical flow of material down an inclined plane or

chute, where the stress angle 1 is a function of time only, is given by

1/2
tani(t) = ﬁtg] tanh {[1 _ 52]1/2 (c1 — uot/2ﬁ)} ,
u(y,t) = co + upy + gtsina (42)
2
+% In {3 — (1 3% cosh [2[1 — 5/ (c — uot/25)]}

noting again that § =sin¢ < 1.

6 Stress angle 1) as a function of velocity only

In this section, we look for a solution where the stress angle v is a function

of the velocity only. With this assumption, namely ¢ = ¢ (u), we find that
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the governing equations (12) and (13) become

u_ o8 o
oy [ +cos2iy du Ot

ou  2gBcosa(h —y)(B+cos2iy)dy Ou  g[sina + Bsin(a — 2¢)]
ot (14 [ cos2y)? dudy 1+ [ cos2y

?

which upon solving for 0u/0t and 0u/0y gives

f3+(h—y) (%ﬂ h :

fi+a(h—y) (%)1 ) :

where fi, fo and f3 are functions of ¢ (u) defined by

ou

a = f1f2

du _ 25f1f2 dip

8y n f3 du

fi(¥) = glsina + Bsin(a — 2¢)],
fa(¥) =1+ [ cos2y,
f3() = B+ cos 29,

and vy = 4¢/3? cos . Upon checking the consistency of (44), we find

dw ou fl f2 de ou

d 2
fs +v(h—vy) (dﬁ) ] l(f{f2+f1fé)@ag/+25ﬁcw26t

fifot Ay ffafy) (doou)?
can(FEAE f33>(aa>]

dip\’ a2\ dip O
= fife [—’Y (%) +2<f2f§+7(h_y)d—;§> d_zzfﬁ_lyt

48 (. P\ (dp\* oy
+g <f2f2+7(h—y)du2> (du) (%] ;

12

(43)

(44)

(45)

(46)
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where primes denote differentiation with respect to ¢. Now, substituting

(44) into (46) gives simply

2 ANEA
o [nd B (1), )
du 20 fifa 3 du
which upon dividing throughout by di)/du and integrating gives
dip Y[ Ss
In|— — [ ——dy —1 =1 48
o (G) + 35 [ e -mss = )
where ¢; is a constant of integration. Thus, we need to evaluate the integral
v 3
1:_/—4, 49
') ™ (#9)
so that from (45) we find
2B(6 + cos 21) cos «

= / (14 B cos2y)[sina(l + [ cos2t) — [ cos asin 2¢)] dy. (50)

Upon making the substitution (16) we find that (50) becomes simply

CoS o
I :/ dT, 51
! sina — T cos o (51)

which clearly can be integrated to give
I, = —In(sina — T’ cos ). (52)

Thus, from (16) and (52) we find that (48) becomes

(1 + Bcos2v) dvp

(B + cos 2¢)[sin v + B sin(a — 29))] du b (53)

which is a separable equation that can also be integrated to give

/( (1+ B cos2y) b = cru+ o, (54)

B+ cos 2¢)[sina + Bsin(a — 2¢)]
where ¢, is a further constant of integration. Thus, we now need to evaluate

the integral

I — / ( (1 + Bcos2y) . (55)

B+ cos 2)[sin v + [ sin(a — 29))]
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and the details for this are provided in the Appendix. From the Appendix
we find that (54) becomes

. 1/2
(1 - 3%)"?sina arctand { (ﬂ) tanw}

(sin® a — [32) 1+ 4
(56)

B cos a | sina 4 fsin(a — 29)
+2(si112 a— (3?) N B+ cos 2

which is an equation for u in terms of . Now, from (44), (45) and (53) we
find

W ge1 (B 4 cos 20) (1 + (B cos 2¢0)?[sin a + [ sin(a — 21))]?
ot {14 Bcos2¢)t + v (h — y)(B + cos 2¢)2[sin o + Bsin(a — 2¢)]2}’

} = C1u + co,

(57)
oy 298¢ (83 + cos 2¢) (1 + 5 cos 2¢)[sin a + Bsin(a — 2¢)]?
dy {1+ Beos2y) +71(h — y)(B + cos2¢)2[sina + Bsin(a — 20)]2}
where v, = 2y = 4g3*c? cos . Now, from (57); we find
(1+ B cos 2¢)?
/ (B + cos2¢)[sina + G sin(a — Qw)]2dw
(58)

0B + cos 2v
(=) / (1 + B cos2y)?

where k;(y) is an arbitrary function of integration. Thus, we need to consider

dy = geit + ki (y),

the two integrals

_ B + cos 2¢
ls= / (1 + Bcos Qw)Zdw’
(59)
_ (14 3 cos 24)?
L= / (B + cos 2¢)[sina + Bsin(a — Qw)]2d¢>

which upon making the substitution 7" = tant, we find that (59) becomes

[ Q4s -
b= s i et

(60)
[(A+58)+ (1 —p)T?

I :/ _ JdT.
[(1+3) = (1 =BT {[(1 + B) + (1 = B)T?sin — 20T cos ar}
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Now, (60); integrates to give

T
(1+3)+ 1 —-p)T*

and using MAPLE we find that (60)s becomes

I3 =

(61)

/ B(1 — 3?)sina cos n {1+ B)+ (1 —B)T*}sina — 26T cos oz]
L=

(6% — sin® a)? (1+p)—-Q1-p)17
12
T <—1 + g) ] (62)
32T cos® a

+sin a(B? —sin® a)[{(1+ B) + (1 — B)T?}sina — 28T cos

1— B2)/2[(1 — 82} sin & + 32 cos?
+( F) [((52—6311811211@)6; b cos a]arctanh

Thus, from (58), (61) and (62) we find that
21 (h = g) tan
[(1+5) + (1= B) tan® )]
which is a transcendental equation for the determination of ¢ in terms of ¢
and y, where I is given by (62) and 7" = tan . We note from (57), and (58)
that k;(y) is determined to take the form

+ 1y = geit + ky(y), (63)

ki (y) = —2gBctysina + cs, (64)

where c¢3 is a constant of integration.
Now, we note that (A2) gives rise to a special case when 3 = sin . Thus,
in this case we find from (A1) that

(1+8) + (1 - AT

1
= 5/ [(1+8) = (1 =B)T?[(1+6) + (1 = B)T* = 2(1 = 5)!/°T] "

(65)

which can be rewritten in the form

a® + 17
dT
I = /3/ a+bT)(a—bT)3 (66)
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where a = (14 3)/2 and b = (1 — 8)"/2. Upon using partial fractions and

after integrating, we find that (66) becomes

I 1 | a+bT 1 1 n a 1 N (67)
= — c
2T 4abB " |a—bT | 20Ba—bT ' 26BJa— T2 Y
which can be simplified to give
1 -3 1/2
IQ = Warc’canh [(m) tanz/;

(68)
tan
Bl(1+ B)2 — (1 — B)/2 tan ]

where ¢4 is a constant of integration and recalling that 7" = tan .

+2 2—|—C4,

7 Separable solution for special case of 3 =1

In this section, we look for a separable solution for the special case when the
angle of internal friction is equal to ninety degrees. Thus, we consider the

linear partial differential equations (15) and assume
T(y,t) = Aly)B(?), (69)

where A(y) and B(t) are functions to be determined. Upon substituting (69)
into (15)y we find

1 d*B(t) 1 d?

B(t) dt? - _A(y) dy? {g(h —y)A(y) cosa} = Ay, (70)

where A; is some constant. Hence, (70) gives rise to the two ordinary differ-
ential equations

d’B(t)
dt?

~\B(t) =0,
(71)

ol = 3)Aly) cosar} + Ady) =0
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Now, in order to solve (71) we need to make an assumption about the sign

of ;. Clearly, we have three possible solutions for B(t), namely

B(t) = ¢y coskt + cosinkt, if \} = —k?,

B(t) =it + Co, if )\1 = 0, (72)

B(t) = c1e® + cpe™*, if \; = k2,

where ¢; and ¢, are constants of integration and k is some constant. For

A(y) we have

as Aly) =
dy? dy = gcosa (v) =0, (73)

which on making the transformation ((y) = (h — y)"/?A(y), becomes

P¢ d¢ A 1
=~y * |~ T

] () = 0. (74)

On making the further transformation n = (h —y)'/2, we find that (74) gives

rise to the equation

2 d o2\
772(17;; + 77;; + {((g(zo;a;ﬁ/?) - 1] ¢(n) =0, (75)

which is Bessel’s equation and assuming A; > 0, has the solution

1/2 1/2
<<n>=C3J1{(gfj;a) n}+cm{(gfj;a) n}7 (70

where J; and Y] are the usual Bessel functions of the first and second kind of

order one respectively, and c3 and ¢4 are constants. Thus, we find that (76)

becomes

3 4Mi(h —y) 1/2 Cq AN (h —y) s
A(y)zmjl{<m> }+(h—y)1/2yl{< g Ccos o > }
(77)
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Therefore, the solution for T'(y, t) is given by (69), (72) and (77), noting that
here we assume A; is positive, since we are looking for hot-spot solutions.

Thus, altogether we have the solution

{clekt T cpe Rt

[ = y]'/?

T(y,t) = {C3J1 [V(h - y)l/Q] + Y [’V(h - y)1/2] } ; (78)

where v is defined by

7—( o >/ (79)

g cos o

Now, in order to determine the solution for u(y,t), we can either solve
(15); directly, or we can utilize the above solution for T'(y, t) and solve either

(14); or (14),. Here, we solve (14); which can be rewritten in the form

ou . 0
a—gsma%—gcosaa—y{(h—y)T}, (80)
and from (78) we find
0
gy W= )T}
(81)

k [clekt + cge"ﬂ

Rl GG SRR} §

where Jy and Y| are Bessel functions of the first and second kind of order
zero respectively. Thus, from (81) we can integrate (80) with respect to t, to

obtain

u(y,t) = gtsina + c;
(82)
el oY bt e 7).

where c¢5 is at most a function of y, but here is taken to be constant.
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8 Numerical results and conclusions

All the solutions obtained involve particular functional forms, and therefore
we are not at liberty to arbitrarily impose initial and boundary conditions.
We choose to illustrate these solutions either for an initial or boundary condi-
tion involving zero velocity at y = —d, where d denotes the layer depth which
in the figures is taken to be unity. For the solution presented in Section 4,
we assume a perfectly rough inclined plane so that the velocity at y = —d is
taken to be zero and we show the variation for the case of an assigned surface
velocity which has the form u(0,t) = U;t. Figure 2 shows the variation of
u(y,t)/t and (y,t) for & = —y/t? increasing for the values 3 = 1/2 and
U; = 0.88. Figure 3 shows the same variation but for the value § = 1 and
three values of U;. We note that the exact analytical solution (34) coincides
with that obtained from the numerical solution of (21) using MAPLE.

For the solution presented in Section 5, the constant ¢y in (42) is chosen
such that u(—d,0) = 0 and Figure 4 shows the variation with time of the
velocity of the base layer and the stress angle as determined by (42) with
¢y = 1 and uy = —1/3. In this case we observe that the velocity u(—1,t)
becomes infinite at the finite time ¢y = 4.74, which generally is determined

from
tan ¢

{201 cos ¢ — cosh™ (tan ¢ sec ¢)} , (83)

to -
Ug

noting that we require ug < 0. This particular solution indicates that the
non-dilatant double-shearing theory of granular flow admits the possibility
of predicting infinite velocities in finite time.

For the solution presented in Section 6, Figure 5 shows the variation with
time in the velocity of the bottom layer and the stress angle as determined
by (56) and (63) where I is defined by (62) and k;(y) is given by (64).

The constant ¢y is chosen so that initially the base velocity u(—1,0) is zero,
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whereas ¢; and c3 are taken simply to be unity.

For the solution presented in Section 7, Figure 6 shows the variation with
time in the velocity of the bottom layer and the stress angle as determined
by (78) and (82). The constant ¢ is chosen so that initially the base velocity
u(—1,0) is zero and the constant ¢, is assumed zero to ensure that the stress
angle 1 is well-defined at y = 0. The constants ¢y and c3 are taken to be
unity, whereas c¢; is assumed to be minus unity to ensure that the velocity
remains positive.

We have extended the simple non-dilatant double-shearing dynamic model
given in Hill and Spencer [6] for horizontal flow, to the case of chute flow down
an inclined plane. We have obtained generalizations of the major solutions
presented in [6] and special cases of these are depicted graphically. One
solution exhibits “hot-spot” behaviour indicating the possibility of obtaining
extremely large velocities in finite time. For the special case of the angle of
internal friction equal to 90° the model gives rise to linear partial differential

equations for which we have determined a separable solution.
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Appendix: Details of the evaluation of integral

(55).

In this Appendix we give the details for the evaluation of the integral I,
defined by (55). Upon making the substitution 7' = tan ), we find that (55)

becomes
I :/ [(1+5) +(1 =BT T
270+ 8) — Q- p)Tsina{(1+6) + (1 — /)T?} — 28T cosa
(A1)
and then using partial fractions we find that (A1) can be expressed in the
form
B 1 (1—-pB*)sina+ 3(1 — 3)T cosa
beGmam) wep-apm
(A2)
1 —%cos? a + (1 — B)T sin a cos a
+(sin2 a— [3?2) / [sina{(1+ 3) + (1 — B)T?} — 28T cos o
and therefore, we need to consider the three integrals
] :(1—52)811104/ dT
T Ginta— ) ) [1+5) - (=BT
~ Bl —pB)cosa Tdr
~wa-® | rm - )
B [ cos « Beosa — (1 — )T sina
b=~ (sin® o — (32) / [sinaf{(1+ )+ (1 — B)T?} — 26T cos o ar;
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which evaluate respectively to give

B sima(l—ﬁQ)l/2 1-0 1/2
I5s = s — 3 arctanh {T (W) ,

___ Peesa - Ad
I =~ 3o — g L+ — (L= BT, (Ad)
I; = m In[(1+ B)sina — 28T cosa + (1 — B)T? sin .

Therefore, (A2) becomes

_sina(l - pg%)Y? 1-3 1/2
= (sin2 ey arctanh {T (Hﬁ)

(A5)

B cos a l (1+B)sina — 28T cosa + (1 — B)T?*sina
2(sin* v — 32) " (1+p8)—1—-p)17 '



Figure Captions

Figure 1. Coordinates for two-dimensional dynamical granular low down a

plane inclined slope.

Figure 2. Variation of u(y,t)/t and v¥(y,t) as functions of ¢ = —y/t? for
the similarity solution (18) as determined by the numerical solution of

(21) with 8 = 1/2.

Figure 3. Variation of u(y,t)/t and ¢ (y,t) as functions of £ = —y/t? for the
similarity solution (18) as determined by the analytical solution (34)

for # =1 and three values of u(0,t)/t.

Figure 4. Variation of u(y,t) and () along the chute base y = —1 accord-

ing to (42), where hot-spot behaviour occurs when ¢t = 4.74.

Figure 5. Variation of u(y,t) and ¢ (u) along the chute base y = —1 accord-
ing to (56) and (63).

Figure 6. Variation of the separable solutions for u(y,t) and 1 (y,t) as de-
fined by (78) and (82) and valid only for § = 1.
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