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SUMMARY

In this thesis we study two types of cylinder flow, the first given by the
irrational rotation, and the second arising from the von Neumann-Kakutani
adding machine. We give classes of functions which define cocycles for these
transformations, and determine their cohomological properties.

In Chapter 1 we give some basic definitions and results which will be used
later on in this thesis.

In Chapter 2, for the irrational rotation, we give for a family of classes
of functions, a family of classes of irrational numbers which give an ergodic
cylinder flow (skew-product). We define, for each k£ > 1, a class of functions
f which are k times differentiable a.e., with:

(i) [ fdp =0 and f*=2) is continuous (if k > 1),
(i) f* =1 is piecewise continuous also with zero integral,
(iii) f® is Riemann integrable with non-zero integral.

We show that the skew product extension of the irrational rotation on the
circle, T by this class of functions is ergodic for a class of irrational numbers
Si. The family of irrational numbers Sy, for £ > 1, is defined to be those
irrational numbers whose partial quotients satisfy:

(41
o> 0.
ay

lim sup

This extends a result by P. Hellekalek and G. Larcher done in [HL1] and
[HL2|, and also generalises the result by the author given in [P].

In Chapter 3 we show that for the class of functions given by £ = 1 above,
we have an ergodic skew product for all adding machine transformations,
this again extends work done by P. Hellekalek and G. Larcher in [HL3]. We
observe that this result may not be extended, using the methods of Chapter 2,
to k > 1 and obtain ergodicity for a class of adding machine transformations.
We also give a class of functions which define cocycles which are always
coboundaries for a certain class of adding machine. This is analogous to the
work of M. Herman [He], who has shown that the same class of functions,
for the irrational rotation, define cocycles which are coboundaries for almost
all irrational numbers.
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INTRODUCTION

The subject of this thesis is cylinder flows defined by the irrational ro-
tation and the von Neumann-Kakutani adding machine transformation on
the circle T. These are two types of skew products (or cylinder cascades)
which have been studied by various authors. The skew product over the ir-
rational rotation will be dealt with in Chapter 2, and the skew product over
the adding machine will be studied in Chapter 3. Chapter 1 forms a basic
background of details needed in these later Chapters.

The conditions for ergodicity, given in Chapter 2, are on the first k£ deriva-
tives k > 1, of a continuous function (or piecewise absolutely continuous in
the basic, k = 1 case) whose integral is zero. This is important when seen
in the context of results of L. Baggett [B] and M. Herman [He], when if the
function is smooth, then it is a coboundary for certain irrational numbers.

We also note the work of I. Oren [O], who has shown that for rotations
by any irrational number «, step functions of the form xjo g — 3 give rise to
ergodic skew products if and only if § is irrational or 1, @ and [ are linearly
independent over the rationals. Also K. Peterson [Pel] has shown that such
step functions define cocycles which are coboundaries if and only if § € Za.
Thus it suffices for us to study continuous functions, and properties of their
derivatives which give ergodic skew products for certain irrational numbers.

For the basic k = 1 case the situation becomes most clear: P. Hellekalek
and G. Larcher [HL1], have demonstrated ergodicity for continuously dif-
ferentiable functions with a single discontinuity, for all irrationals. On the
other hand, a result of M. Herman [He] gives us that a C! function defines
a coboundary for a certain class of irrational number, so even though the
functions in [HL1] are close to being C', the functions are certainly not
coboundaries. In the paper [P] we give a class of functions which are piece-
wise absolutely continuous with a derivative which is Riemann integrable
with non-zero integral, and demonstrate ergodicity for all irrationals. Also,
M. Herman [He] has shown that if f is absolutely continuous with a deriva-
tive f’ of bounded variation, then f is a coboundary for almost all irrationals.
So the functions given in [P] are close, in some sense to both these classes
of functions which M. Herman has shown to be coboundaries, however the
discontinuities which give rise to a non-zero integral for the derivative, gives
us ergodicity for all irrationals.

We must also compare the result for £ = 1, given in [P] with that of
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L. Baggett and K. Merrill [BM]. They have shown that if f is piecewise
absolutely continuous with f/ € L? and [ f'dy = 0, then f is a coboundary
for those irrational numbers with bounded partial quotients. So again, we
have a fine distinction between functions which have different cohomological
properties.

The results given here are extensions of the work done by P. Hellekalek
and G. Larcher [HL2] who give a result for functions f : [0,1] — R which
are k times continuously differentiable k£ > 2, whose derivatives satisfy:

(D) f20) = fD), for j =0,.... k-2,
1
(i) FE0(0) # SE(1), and [ fdu =0,
0
They give a class of irrational number which guarantee ergodicity for this

class of functions, for all n these numbers satisfy

1

2k+1"°
n

lgnedl <

Here we weaken the conditions on the final derivatives, we only require that:
(i) J fdu =0 and f*=2 is continuous (if & > 1),
(i) f* =1 is piecewise continuous with zero integral,
(iii) f® is Riemann integrable, with non-zero integral.
We prove ergodicity for a wider class of irrational number Sy for £ > 1,
these irrational numbers are those whose partial quotients have the property

Qp+1
k—1

that lim sup > 0, that is, there is a positive constant K such that, for

infinitely mangl n we have that

K
lgnell < =
n
Again these results must also be seen in the light of the work of M.
Herman [He], who has demonstrated that C* functions are coboundaries for
a class of irrational number which satisfy



D

lgnall = —
dn

for all n, where r is any number such that » < k. Thus, as above, despite
the fact that our functions are close, in some sense, to C* functions, we get
an ergodic skew product for a class of irrational numbers.

The conditions for ergodicity given in Chapter 3, correspond to those
given in Chapter 2, for £ = 1. Results on the ergodicity of step functions of
zero integral over the adding machine have been given by P. Hellekalek [H2].
For example, in [H2, Theorem 2] it is shown that step functions of the form
X[0,8) — B give rise to ergodic skew products if and only if 3 is irrational, or
strictly non-g-adic. Also [H2, Theorem 3] gives us results for more general
step functions. Also from [H1], we know that such step functions define
cocycles which are coboundaries if and only if 3 is g-adic.

Firstly, for the basic £ = 1 case, we demonstrate ergodicity of the skew
product for all adding machine transformations. This extends the work of
P. Hellekalek and G. Larcher [HL3] who use a Lipschitz derivative condition
for functions with a single, non-zero jump on a particular type of adding
machine. We then observe that, using the methods of Chapter 2 does not
give us an extension of this result for k£ > 1.

In the latter part of this Chapter we show that functions with zero inte-
gral, and have a derivative of bounded variation, define cocycles which are
always coboundaries for a certain class of adding machine transformation.
This is analogous to the result by M. Herman [He], who has shown that this
same class of functions are also coboundaries for almost all irrationals.

This result, together with the class of functions given in the first part of
this Chapter emphasise that certain adding machine transformations have
features in common with rotations by irrational numbers with bounded par-
tial quotients. We also note that, as in the £ = 1 case for the irrational
rotation, the functions given in the first part are close, in some sense, to
those given in the second; however, the discontinuities which give a non-zero
integral for the derivative, make all the difference for the cohomology of the
cocycle.



1 BACKGROUND

1.1 Cocycles, Essential Values
Firstly some definitions and notation in common use throughout this thesis.
All of the proofs of the results given here are to be found in [KS].

1.1.1 Definition: Let (T,, n) denote the one-dimensional torus with
standard Borel field and Lebesgue measure. If T is an ergodic automorphism
of T, then this defines a Z-actionn — T", n € Z on (T,Q, n). A real-valued
additive cocycle for T is a Borel map a : Z x T — R satisfying the cocycle
relation:

a(n+m,z) = an, ")+ a(m, ) 1)
for p-a.e. x € T, and all n,m € Z.

Any such cocycle is uniquely determined by the function f(-) = a(1,-).
Thus we have

n—1
S foT*() forn>1
k=0

0 forn=20

—a(—n,:) forn < -—1.

Conversely, if f : T — R is any Borel map, the above formulae will define
a real-valued cocycle for T'. We shall write f,,(x) for a(n, x), as defined above,
to indicate the relationship between the cocycle and its determining function.

1.1.2 Definition: Let T be an ergodic automorphism of (T,Q, u), and
a:7Z xT — R an additive cocycle for T', whose determining function is f.
The cocycle a will be called a coboundary if and only if there is a Borel map
g: T — R such that

a(l,z) = f(z) = g(T'x) —g(x)
for p-a.e. x € T.



1.1.3 Definition: Let T be an ergodic automorphism of (T,Q, u) and
a:ZxT — R a cocycle for T. Let R = R {oo} be the one-point com-
pactification of R. An element y € R is called an essential value of a if, for
every neighbourhood N(y) of y in R and for every B € Q with u(B) > 0 we
have an n € Z such that

p(BONT "B {z:a(n,z) € N@y)}) > 0.

The set of all essential values of the cocycle a is denoted by E(a) and we
put
E(a) = E(a)NR.

The following are standard results from [KS] :

1.1.4 Lemma: FE(a) is a closed (additive) subgroup of R.
1.1.5 Lemma: The cocycle a is a coboundary if and only if E(a) = {0}.

1.1.6 Lemma: Let T be an ergodic automorphism of (T, u) and let
a:7Z xT — R be a cocycle for T. Suppose K C R is a compact set with
KNE(a) = 0, then for every C € Q with u(C) > 0 there is a Borel set
B C C with u(B) > 0 and with

BAT™"B({z:a(n,z) ek} = 0

for alln € Z.

1.2 Diophantine Approximation

When there is no ambiguity we shall think of arbitrary real numbers as
elements of T, by identifying them with their congruence class mod 1. We
shall also employ the following notation:



1.2.1 Definitions: Forx € R we denote by ||z||, the distance of x to the
nearest integer:

[zl = min{[j—z]:jeZ}.

For a € T, we denote by [a1,as, ...] the continued fraction expansion of
a. The ay are called the partial quotients of a. We define
Pk 1
— = lay,...,ax] = i
r a; +

ag + ———
1
+6Tk

in lowest terms, for k > 1. These fractions are called the convergents of a,
each one being successively a better aprorimation (by rational numbers) to a,
i.€.

lgeerl] = min{[i—ja|:i€ N and0<j<qu1};

for all k > 1. The q; are called the partial quotient denominators.

These partial quotient denominators tell us which multiples of a are clos-
est to integers. The speed of approximation is related to the growth rate
of these denominators. The following lemma makes clear the relationships
between the partial quotients and the convergents:

1.2.2 Lemma:

(i) 3 < @ullgn-rall <1, for alln > 2.

(1) qnllgne|| < an1+1, for alln > 2.

(M) Unt1 = Qng1Gn + Gn-1 for all n > 1 where qo = 1 and ¢, = a;.

Proof:
See [HW] or [Ca). O



1.3 The Adding Machine

Asin [H1], we shall consider the following generalisation of the von Neumann-
Kakutani adding machine transformation on T. Let q = (¢;);>1 be a sequence
of integers ¢;, with ¢; > 2, for all 4.

If A(q) denotes the compact Abelian group of g-adic integers, then the
transformation z — z 4+ 1 on A(q), where 1 = (1,0, ...), is uniquely ergodic
with respect to normalised Haar measure on A(q) (see [HR]).

Consider next the circle, T with Haar measure p. Define the sequence of
integers p(k), k > 0 by

1 for k=0
p(k) = {ql...qk fork=1,2,... .

If
z = » zp(i) with z € {0,1,...,¢s1—1}
i=0
is an element of A(q), then

Z,
P(z) = ——— mod 1
g p(i+1)
belongs to T. The map ® : A(q) — T is measure-preserving and injective
on A(q) except on a subset of Haar measure zero.
The g-adic representation of an element x of T,

TS ey M € 0L g )

is unique under the condition x; # ¢;11 — 1 for infinitely many 7. The unique-
ness condition for the representation ensures that the following transforma-
tion T': T — T is well defined:

Tz :=®(z+1) where z=1z(z) =>_ z;p(i).
i=0
T is ergodic with respect to g and To®(z) = ®(z + 1) for almost all z € A(q).
T may be called a (generalised) von Neumann-Kakutani adding machine

transformation , with associated integers p(k), k > 1.
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1.4 Skew Products

1.4.1 Definition:  Let (R, B, \) denote the standard Lebesque structure
on R. We form a new measure space (T x R, Q x B, u x \) with product
structure, suppose that a : Z x T — R is an additive cocycle for the ergodic
automorphism T on T, and define a new action T, of Z on T x R by

T, z) = (T'a,z+ a(n,a)).

The Z-action T, on T x R is called the skew product of T with R.

The main result we need comes from [KS], and relates the ergodicity of
T, to the properties of the cocycle:

1.4.2 Theorem: T, is ergodic if and only if E(a) = R.

1.5 Assorted Results
We shall make frequent use of the Denjoy-Koksma Inequality:

1.5.1 Theorem: Let [ be a real-valued function of bounded variation on
T, then there is a positive constant ¢ = varf such that:

(i) If T denotes the irrational rotation by «, which has continued fraction
partial quotient denominators q,, for n > 1, then

sup < c

qi: foT (x —qn/fdu

(i1) If T denotes the adding machine transformation with associated integers
p(n), forn > 1, then

p(n)—

Z [T (@) = pln) [ fd

< c.

sup
n,xr

11



Proof:

For the proof in the case of the irrational rotation, see [D]. We give a
proof for the adding machine, adapted from the proof given in [He].

For any n, let y, = ]%n) for k = 0,...,p(n) — 1, then the intervals
[Yk, Yr+1) are g-adic cylinders and partition T into p(n) equal intervals (n-
cylinders). Consider the points x; = Tz for i = 0,...,p(n) — 1, for some
x € T. Let [y, Y, +1) be the unique interval to which x; belongs, then we
have

Yk;+1

foT'@)—p(m) [ fdu

Yk

p(n)—1

> SoT pln) [ fdu| =

i

Rearranging the right-hand side and using the triangle inequality yields

p(n)—1 Yk;+1 ' p(n)—1 Yk, +1 '
> pn) [ ST = f@dud| < Y pn) [ | H(T2) = 50 | dulo).

Hence for all n and all £ € T we have that

p(n)—1

> JoTa)=pn) [ fip < sup | f(T%) = £(t)] -

i= 0 t€ Yk, Yk, +1]

This concludes the proof since the right-hand side is bounded above by
c=varf. a

The following result gives us a condition on the cocycle f,,, where f € L?,
which ensures that it is a coboundary, and its cobounding function belongs
to the same LP space.

1.5.2 Theorem: Let T be an ergodic automorphism of (T,Q,u) and
fe LP(T,Q ) for some p with 1 < p < oo, and suppose that

co = sup||full, < oo.
n

Then there ezists a function g € LP(T,Q, u) for which f = goT — g, and
lgllr < co-

12



Proof:
See [AS] O

Finally, we will need to use Weyl’s Theorem for both the irrational rota-
tion and the adding machine.

1.5.3 Theorem: Let f be Riemann integrable, and let T denote either
the irrational rotation or the adding machine transformation, then

1 n—1

ngfoTi($)—>/fdu

uniformly for p-a.e. x € T.

Proof:

For the irrational rotation the result is true for all x € T, the proof
may be found in [Pe2]. We shall give the proof for the adding machine
transformation, which is adapted from the one given in [Pe2].

Since f is Riemann integrable, we have two families of step functions
based on g-adic cylinders, {g, }n>1 and {h, },>1 with the following properties:

(i) g1(z) > g2(x) > ... and g, — fu-a.e.
(ii) hi(x) < he(x) < ... and h,, — fu-a.e.

We know from [H1, Theorem 2.3] that, for indicator functions x; on g-
adic cylinders I, the ergodic average

1 n—1

- T?
n gxfo (v)

converges uniformly to u(I) for p-a.e. x € T. Hence for all n, the step
functions g, h, converge uniformly to their integrals. Therefore, using [Pe2,
Remark 4.4(2)] we have that the convergence is also uniform for f. O
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2 THE IRRATIONAL ROTATION

2.1 Introduction

In this Chapter we study skew product extensions of irrational rotations
on T, where the extension is defined by a certain family of classes of real-
valued functions. For each k > 1 we define a class of functions which have &
derivatives a.e., satisfying various conditions. We study this class of functions
and give, for each k, a class of irrational numbers, S, and show that skew
products over rotations by numbers in this class are ergodic.

In section 2, firstly we discuss the orbits of the irrational rotation and give
definitions of the classes of functions and irrational numbers that we shall be
working with. Then we give a sequence of lemmas about the cocycles defined
by functions in our class over rotations by these irrational numbers. Finally
we demonstrate that the only possibility for their group of essential values
(or asymptotic range) is R, which guarantees ergodicity of the skew product
(see 1.4.2).

2.2 Conditions for ergodicity

2.2.1 Convention: Throughout this section we shall suppose that f is
k-times differentiable a.e. k > 1, with derivatives satisfying the following
properties:

7 n=~0an Y s continuous (1 > 1),
) [ fdp =0 and f*2 is conti f k> 1
(1) f(k_l) 1S precewise continuous with zero integral,
21 18 Riemann wntegrable wit .
For the rest of this Chapter we assume without loss of generality that

[ f®du >0, and that the irrational number a < %

For small sub-intervals of T we shall consider the order inherited from R,
and use the words left and right accordingly.

14



The following result may be found in part 1, section 4 of [K].

2.2.2 Proposition: Let P,(«) be the set of right half-open intervals of
T defined by the points {—ja} for j = 0,...,q, — 1. Then for all n, each
interval of P,(«) has length ||gn—1c| or ||gne|| + ||gn-1c||. For all n, the map
T sends each interval of P,(a) onto another, with the following exceptions:
for n even

(i) the interval [0, —g,—1) is placed inside [—(¢, — 1), —(¢n-1 — 1)),
(i1) the interval [—(qn — ¢n—1)c, 0) overflows [—(gn — @u—1 — 1), — (g, — 1)a).

For odd n the intervals are the same but the end-points are in a different
order.

For j = 0,...,k — 1 we denote the variation of fU) by c(j), then the
Denjoy-Koksma inequality 1.5.1 gives us that

| fP@) | < ), (2)

foreach j =0,...,k—1,alln>0and all z € T.
Let wq,...,wy be the discontinuities of f*~1 . Arrange these disconti-
nuities in increasing order: 0 < w; < ... < wy < 1. We may immediately

assume that w; = 0, since the rotation of the domain of f necessary to bring
this about may be performed initially, and does not affect the ergodicity in
question.

Suppose now that at w,, f*~1 jumps by d, = f*D(wF) — fE=D(w7)
for r =1,..., N, where f*=1(wF), f#=D(w7) are the limits of f*#~V(z) as
x approaches w, from the left, right respectively. Since f*~1 is piecewise
continuous we have the following relationship between [ f®)du and these

jumps:

2.2.3 Lemma:

[ 1% =Y d.

15



Hence the condition for [ f®du # 0 is equivalent to 3 d, # 0. We also
have the following:

2.2.4 Proposition: For all n, the graph of the cocycle fq(f_l) has discon-
tinuities at {w, — ja} for 0 < j < q, and r = 1,..., N, with jumps of size
d, at these points. Also, each partition interval QF of P,(«), i = 1,...,¢n,
contains at most 2N — 2 discontinuities of fq(f_l) for all n.

Proof:
The first part is clear. For the second part we show that for all n and
each discontinuity w, for r = 2,..., N of f*~U_ there can be at most two

discontinuities of fq(f*U due to it in any partition interval Q7 of P, ().

By the first part, for fixed r» and all n, the discontinuities of féffl) due
to w, occur at the points {w, — ja} for 0 < j < g,. Their spacing is the
same as for P,(«) (since this is the set P,(«) shifted by w,). The distance
between two discontinuities due to w, is thus [|g,_1c|| or |[gn_1a| + [|g.c||
from Proposition 2.2.2. These distances are also the two possible sizes of Q7.
Now from 1.2.1 we have for all n, that

lgn-1all < llgn-1el + llgnall < 2.[lgn-1c]. (3)

We see that if Q" has length ||g,—1¢| + ||gnc|, then at most two disconti-
nuities due to w, of separation ||g,_1«|| may be placed inside the interval. If
Q7 has length ||¢,—1¢|| then, clearly at most one discontinuity due to w, may
fall inside it. Thus the maximum number of discontinuities of fq(ff_l) which
may occur in any interval of P,(a) is 2(N — 1). This implies the assertion.
O

2.2.5 Definition: For any positive integer k > 1, define the subset Sy of
irrational numbers whose partial quotients {a,}, n > 1 satisfy the following
condition:

Qp+1
— > 0.
n

lim sup

For any a € &, suppose that lim sup CLZH = S > 0, so there exists a

n
subsequence of integers {n;};>; and an integer .J, with a,, 4, > K qﬁj_l for
some 0 < K < S and all 7 > J. Since this is the subsequence we shall be

16



considering, for convenience we drop the subscripts and assume that there is
a positive constant K and an integer N’ such that

Uni1 > K¢ forn > N (4)

For the rest of this Chapter we shall assume that a € S.

2.2.6 Lemma: There is a positive constant Y, such that forn > N’ and
j=0,....k—1
. Y
9@ <

dn

for allx € T.

Proof:

The result is certainly true for j = k — 1 from (2) above, for all n, with
Y =Y(k—1) = ¢(k —1). We shall suppose that the formula holds for
some 1 < 7 < k—1with Y = Y(j) and demonstrate that this implies the
inequality for j — 1, n > N’ and some Y = Y (j — 1). Then, if we take YV
to be the maximum of all these Y (j) for j =0,...,k — 1 this will prove our
result.

We proceed in three steps: firstly we show that there is a positive constant
E such that for n > N’, and all intervals Q' € P,(«)

: E
U g | < = 5
] < & 5)
From Proposition 2.2.2 and the cocycle relation (1), the integral in ques-
tion is the integral of fU~Y over g, — 1 iterates of Q7 under 7. Suppose that
w(QF) = ||gn_1c|, then the integral is equal to the integral of fU=Y over
all of T, except for ¢, intervals of size ||g,«|| which are iterates under 7'

Hence
fVdp = /f‘j‘l)du—/féijf)du,
Qn T I

where [ is the interval of size ||¢,al|, whose g,_; iterates are missed out.
Thus we have

17



Y

i—1 _ i—1
| = | [
since fU~Y has zero integral over T. Applying (2) and 1.2.2ii), we get

cy-1) _cj-1)
< P
qnln+1 an

| o ‘ < c(j = llgmal <
for n > N’, since o € ;.

If W(QF) = ||gn-1¢| + |lgne||, then we split this interval into two chunks,
one I of size ||¢,_1¢/||, the other I of size ||¢,a|. For I; we get the same

estimate as above for the integral of fq(i ~1 over it. For I, we have that for
n> N’

c(j—1)
Kqk 7’

[ aan] < G- lanal <
2

also by (2) and 1.2.2ii). Therefore, if we choose F = w, then we have
established (5) for all intervals @} € P,(«), and all n > N'.

For the second step we demonstrate the following: there is a positive
constant G such that for n > N’, in each interval Q} € P,(«) there is an
x € Q7 with

G
=y (6)

Suppose not, then for some Q7 € P,(«) and any G > 0 we have that
| fID(2) |> qﬁl for all x € Q% and some n > N’. In particular this holds

FI V()| <

n

for G = 4F. Supposing, without loss of generality that fq(ifl) is strictly
positive on ()}, we must have that

. G " G
| /nfé’fjl 1)d,lL| > q’“l M(Qz) Z F'HQn—lO‘Ha

from Proposition 2.2.2. However, from (5) we have an upper bound for this
integral, and since n > N’, we get

18



= Ngnaell <

Hence we have that
E
Qn~||Qn—1a|| < G =

which contradicts 1.2.2i). This establishes (6).
Finally we show the following: there is a constant Y (j — 1) such that for
n > N’ and all intervals Q7 of P,(«)

Y(j—1)
—j

£ <
dn

for all z € Q.
Since fU~Y is absolutely continuous and the formula is true for j we have,
for all a,b € T, that

‘f] D(b) — fU(a ‘/fﬂ | < ik/(lj,)j.]b—a\.

TL

By (3) and 1.2.2i), for a,b € QF this becomes

Y(j)

’fu V(o) = f§ 7 (a )’ < w@Qr) < k_]i ,

From (6) we may choose a to be a point for which ‘f(g_l)(a)‘ < %,
q

hence we have for n > N" and all x € Q7, that

9| < G W) _ WH+E

Py

f(jfl
‘ " qﬁ_l dn fol

This proves the result for j — 1, n > N" with Y(j — 1) = 2Y () + G, and the
rest follows by induction. a
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2.2.7 Lemma: There are positive constants K;(k), Ks(k) and a positive
integer Z such that for n > Z we have
nK (k) < fP(2) < nKy(k)
forallz € T.
Proof:
From the definition of f*) given in 2.2.1, and using Weyl’s theorem 1.5.3,

we have that
1 n—1 )
> fP o1 (@)~ [ Py
=0

n =
1=

uniformly, for all x € T. Given this, there is a positive integer Z, such that

for n > Z we obtain
) (2 1
n( ) / " : = 2/ (k)d‘

for all z € T. So

(k)
Kl(k’) < fn n( ) < KQ(k)
for all z € T, where K;(k) =1 [ f®du and Ky(k) = 2 [ fFdp. O

2.2.8 Proposition: Suppose that g is a function which defines the cocycle
9qn, for which there are positive constants R, Ly, Ly and an integer Ny such
that for n > Ny, all partition intervals QF of P,(«) contain a subinterval

JI = [al, b') which satisfies p(J;") > %u(@?) on which g,, is absolutely
continuous and
tnLi < g, (@) < gl

forn > Ny and all x € J'. Then there are constants H, F' independent of
and n, such that for n > Ny,

(1) g4, moves through a height greater than H on JI',
(i1) for any interval I = [x,y| C g, (JI") we have that

p (g ramn e
1(QF)

> Fly—x].
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Proof:
Choose H = h, and suppose that g,, is strictly increasing for n > Ny,
then the height, h moved through by the cocycle on J;" is given by

by
ho= ) =) = [ g dn

By hypothesis, and applying Proposition 2.2.2, we have that for n > N;

Ly

Ly
h =g (0" il
> an - p(QF) > R

R

If g4, is strictly decreasing we obtain, also for n > Nj, a reversed inequal-
ity, but with a minus sign, this proves i).

For ii), define m = g, () N J] and p = g, ' (y) N J;* then, supposing that
9q, is strictly increasing, for n > Ny we have that g, '(I) N J* = [m,p), and

P
y—xr = /gf]nd,u.

By definition of g we have, for n > Ny, that

L Y-z
p—m :
Qn-LQ

Hence from (3) we obtain
p—m y—

> ;
(@) 2L5.¢5 || gn-1¢t]]

and so

w (g Nz Ly
w(QF) 2L,

If g,, is strictly decreasing, we get the same inequality for n > Ny, so

putting F' = %Lg completes the proof of ii). O
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2.2.9 Lemma: Forj =0,...,k— 1 there exist strictly positive con-
stants H(j), F(j), L(j) and an integer Ni(j) with the following proper-
ties: within each interval QF of P,(«) there is a subinterval JI'(j), with

w(Jr(j)) > ﬁu(@?) such that for n > Ni(j),

(i) f;i),J moves through a height greater than H(j) on JI'(j),

(i1) for any interval I7'(j) = [z, y] in fq(i),J (J(4)) we have that

7

() onne)

w(QF)

> F(G)ly—=]|.

Proof:
The result is certainly true for j = k — 1 by using Lemma 2.2.7, Propo-

sition 2.2.4, and applying Proposition 2.2.8 to g = f*~1 with R = 2N1 5
L, = Ky(k), Ly = Ks(k) and N; such that gy, > Z. We shall assume that
the result is true for some 1 < j < k—1, and show that this implies that the
result holds for j — 1.

From i) above, since the result is true for j, we know that for n > Ny (j),
fq(é)_]- moves through a height greater than H(j) on every J!'(j) C QP for

i=1,...,qn, where u(JI'(j)) > ﬁu(@f‘) Without loss of generality we

may assume that there is some = € J'(j) with fq(i'),j (z) > YH(j). As the
result is true for j, we may apply ii) above to the interval

: 1 Jn(
) = |FHGLY NI,
Hence for n > Nj(j), there is a subinterval S'(j) in each J/*(j) which
satisfies p (S*(j)) > ﬁu(@?), and on which
no) < L@ < 6o (7)

for some strictly positive constants t1(7), t2(j) and L'(j).
From the cocycle relation (1), for all n and all x € T, we have that
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f;g)—j-&-l(x) = fég)—j(x)+f§g)—j(an$) + ..o+ f;g)—j(Tq"(qnil)x)'

Hence, in order to estimate bounds for f (i)_Hl () we must look at the values

) q
of f;i)_j for ¢, — 1 iterates of x by T'%. Note that, since a € Sy we have, for

n> N’

[T —x| = gmall < =,

n

and so

1

| T(In(anl)x —x | < W

Hence for n > Ny(j — 1) = max {N’, N1(j) }, all points in SP'(j), except

for a subinterval I at one end, of size u(I) < return to SP'(j) at least

1
Kq, "

¢n — 1 times under 7% . Thus from (7), for z € V;"(j) = SI'"(j)\I we have
that

< qnt2(j)7

wti(j) < ’fq(é)—jﬂ (z)

for n > Ny(j —1).
We may now apply Proposition 2.2.8 for g = fq(ifjl) and the interval

I = V*(j) to obtain our result for j — 1.
By induction the result holds for 7 =0,...,k — 1. a
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2.2.10 Lemma: For any A C T with u(A) > 0, and every e > 0, there
is an Ay C A with u(A\Ao) < € and an infinite sequence {n;};>1 of integers
such that Tz € A for all i, and all x € Ay.

Proof:
For any Borel set B of positive measure the map

v — p(BN(B-u))

is continuous at 0, where B — = denotes the set B translated by the element
—x € T (c.f. [R, Theorem 1.1.5]).

So, given € > 0, there is a § > 0 such that | u(B) — u (BN(B —z)) |[< €
for | z |< 6. Firstly we show that ||¢*a|| — 0 as n — oco. By definition,

ldfal] = min{|j—q¢al|:j€Z}

= min{|j—(ga+...+q)|:j€Z}

¢*~times

so, by the triangle inequality,

< min{|ji—gua |+ [ Jpr — g | g1, Jpr €L}

= ¢, 'llgnell.
From (4) we have that
k—1 Ap41
<
qn —_ K Y

for n > N’, so we obtain

(41
laball < =2 fguall.

From 1.2.2ii) for all n we have

e < ,
GnQn+1
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hence

gkl < —0 asn— 0.

1
Kqn
So given § > 0 we may choose K” > 0 such that for n > K” we have
lgker|| < 6, and hence

(B) = (BO(B = 2))| = |u(B) - u (BOT*B)| <.

If we apply the above to our set A, given € > 0 we can find an n; such
that

€

L (AﬂT_qzl A) > p(A) — 7 (8)

Now we apply the above argument to the set ANT ~41 A and obtain an

p(ANT B ANT P AN T "% A) > p (AN T % A) — 2 (9)
Then by monotonicity, (8) and (9) we have that
" (A N T4 A N 4%, A) > 4 (A N T A N T, A N T — 4, A)

> u(AﬂT_q51A>—i > M(A)_Ze'

Inductively, we get for ¢ > 1

p(ANTE AN T4 A) > p(4) - (21'2:1)6.

Letting ¢ — oo and defining ¢,, = 0, we have that

1 ( ﬁ T_qfliA> > p(A) —e.

i=0
The set Ay = ﬂ T~%: A has the required properties. a
i=0
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2.2.11 Lemma: Given A C T with u(A) > 0, and ¢ > 0 there is an
Ay C A with u(Ag) > 0 and u(A\Ag) < €, with the following properties:
Given any

€ > 0, there exists a § > 0 such that for all x € Ay, and all intervals 1(x)
containing x of length u (I(x)) < 0, we have that

pI(x)NA)
p(I(x))

1—e.

Proof:
Define, for n > 1, a sequence of functions g, on T by

L (@0 A)
(0 (2)

where the infimum is taken over all intervals I, (x) C T containing x which

gu(T) =

satisfy p (I,(z)) < % By a similar argument to that given in the proof of
Lemma 2.2.10, the function

((x—=pB,z—7)NA)
v+ B

is continuous in x, for any 3, v > 0. Now g,, defined above is the infimum of
such functions, with the condition that | §+ v |< % From [C, p.229] we see
that g, is upper semi-continuous, and therefore Borel measureable.

The Lebesgue Density Theorem says that g,(z) — 1 for almost all x € A
and g, (z) — 0 for almost all z € A°. Hence the Borel function g = liminf g,
is almost everywhere equal to the characteristic function of A.

By Egoroft’s Theorem, given ¢ > 0, there is a Borel set Ag C A with
u(A\Ap) < € such that g, — ¢ uniformly on Ag. That is, given € > 0, there
is an N € N such that

g(x,8,7) = £

| gu(z) —g(z) | < €
for all z € Ay, and all n > N. Thus we have for such n,
gn(z) > 1—c¢€

for all z € Ay, since g is the characteristic function of A. By definition of g,
this implies that for n > N
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So, putting 6 = %, we have our result. O

2.2.12 Lemma: FE(f) # AZ for any A > 0.

Proof:

Suppose that E(f) = AZ where A > 0. By the cocycle relation (1) and
Lemma 2.2.6 we have that | f(z) [< Y for all n > N’, and all z € T. Let
v be the greatest integer such that vA <Y. We choose

H(0)

0 < < Jaut1)

where H(0) is the number obtained in Lemma 2.2.91). Consider the compact
set

K=(—¢Y]\J(ix—€ix+e).
i=0

This is the interval (—e, Y] without sub-intervals of width 2e about each
i\ € E(f), fori=0,...,v. Clearly XN E(f) = 0, so applying Proposition
1.1.6 we have that there is a Borel set B € Q with u(B) > 0 such that for
allm € Z, BNT™BN{y:| fm(y) |} =0.

From Lemma 2.2.9i), for all n > N;(0), every interval, QF in P,(«)
contains a subinterval Ji*(0) on which | fi | moves continuously through
a height greater than %H (0). We claim that for n sufficiently large, and for
every interval ()7, the ratio of the Lebesgue measure of ()7 to that of the set
QY N{y :| fgr(y) |€ K} is greater than a fixed positive number.

Applying 2.2.9ii) to the interval(s) comprising K of total length at least
5H(0)—(2v041)e > 1 H(0), through which the graph of | f,x | must pass, gives
us a strictly positive constant F', independent of ¢, such that, for n > N;(0),

p(2O)N{y | f(v) €KY 7 H0O)

w(Qr) g 4
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So, by monotonicity, for n > N;(0) there exists a strictly positive constant
W, independent of ¢, such that

p(@n{y:l frw) €K}
n(@7)

W. (10)

This proves our claim.
Now from Lemma 2.2.11, given 0 < ¢ < 1u(B), there is a By C B with
uw(B\By) < €, and a 6 > 0, such that, for all z € By,

p(I'(z) N B)

p(I'(x))
for any interval I’(x) containing x, of length u(I'(z)) < §. Then, from
Lemma 2.2.10, given 0 < ¢’ < su(By), there is a Borel set By C By with

1
1—= 11
W (1)

w(Bo\B1) < €”, and a sequence {n,};>1 of integers, with T%y € B, for all
x € By. We now fix x € B;. From Proposition 2.2.2 we know that, given
0 > 0 there is an integer M’ such that, for k& > M’,

p(Qh@) <o

where QF () is the interval in Pj(«) which contains x. So for n =n; > M’
we have that

Blei \3)115) (ﬁgf()g)B) > 11— ;W. (12)

Now, applying (11) to T% % € By for this n, we also get that

k
p(ITQ7(x)N B 1
( . ( ) > 1—=W, (13)
u(T4Q (@) 2
since the interval T Q" (z) encloses the point Tz and

p(T7QMw) = p(@@) < o

So, using the T-invariance of u, (13) becomes

n(Qz)NT % B) 1
p@r@y o e 14
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By (12) and (14) B and T—% B take up, in proportion, more than 1 — %W
of QI'(x) for n =n; > M’. Hence we have that

n(Qix)NBNT % B)

Q) - 1w

for n =n; > M’

So, reducing to a subset of B if necessary, we find that, for our chosen n
and z, the set BNT~% B takes up at least a fixed proportion of Q7 (z); from
(10) we have that for n sufficiently large {y : | fux(y) |€ K} also takes up at
least a fixed proportion of Q?(z). Since these proportions add up to more
than 1, the two sets must intersect for n = n; > Y’ = max {M’, N;(0)}.

This shows that there is an M with BNT"™BN{y:| fm(y) |€ K} # 0.
Thus we have a contradiction, and the lemma is proved. a

2.2.13 Theorem: Let [ fdu = 0, f*2 be continuous with zero inte-
gral, =Y be piecewise continuous also with zero integral and f* Riemann
integrable with [ f®du # 0. Then the skew-product Ty is ergodic for all
o € Sk

Proof:

Since the only closed additive subgroups of R are: AZ for A > 0, or R
itself, then the above Lemma and 1.1.4 demonstrate that the only possible
remaining choice for the essential values is E(f) = R. By 1.4.2 this shows
that the skew-product T} is ergodic. a

2.2.14 Remark: For the case where k = 1, we note that §; = R\Q, and
so we obtain the result from [P].
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3 THE ADDING MACHINE

3.1 Introduction

In this Chapter we study skew product extensions of the adding machine
transformation on T where the extension is defined by certain classes of
real-valued functions. In the first case we study the class of functions which
are piecewise continuous, have zero integral and have a derivative which is
Riemann integrable with non-zero integral. We study this class of functions
and show that their properties ensure that the skew-product is ergodic. We
then note that the method used in Chapter 2, will not work for £ > 1.

Finally we study the class of functions which have zero integral and have a
derivative of bounded variation, we show that these properties guarantee that
these functions define cocycles which are always coboundaries for a certain
class of adding machine.

3.2 Conditions for ergodicity

Here we proceed as in [P] for the adding machine:

3.2.1 Convention: Throughout this section we shall suppose that f is
piecewise continuous with zero integral, and has a derivative which is Rie-
mann integrable with non-zero integral.

Let f have discontinuities at 0 < wy < ... < wy < 1 where the ordering
comes from the ordering of T by argument as in Chapter 2.

Letd, = f(wh)— f(w.) forr=1,... N, where f(w}) and f(w, ) are the

limits of f at w, as x approaches from less or greater argument. We suppose
N
without loss of generality that Z d,. > 0.

r=1
We define P, to be the partition of T into p(n) intervals (n-cylinders),
each of length ]ﬁ, defined by the first p(n)—1 points on the orbit of 0 under
T. The subscript of a cylinder denotes the P, to which it belongs.
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3.2.2 Lemma: For all n and all cylinders Q! € P,, i = 1,...,p(n)
there is a sub-interval (union of sub-cylinders) J, C Q! on which fyum) is
continuous, and which satisfies:

u(J})
QL)

1
> —.
- N
Proof:
Clearly, for all n the discontinuities of f,) occur at the points T*w, for

s=20,...,p(n)—1and r = 1,...,N. In any cylinder Q° € P, there are,
therefore, at most IV discontinuities of f,,), and hence the result follows. O

3.2.3 Lemma: There are positive constants Ky, Ko and an integer N,
such that for n > Ny we have that

nK, < fi(z) < nK
for p-a.e. x € T.

Proof:
From the definition of f, and using Weyl’s Theorem 1.5.3, we have that

1 n—1

oo Ta) = [ rau

uniformly for p-a.e. x € T. Given this, there is a positive integer Ny, such
that for n > N; we obtain

O [l < 5[ ra

for p-a.e. x € T. So

()

K, < n < K,
n
for pra.e. @ € T, where K1 = 1 [ f'dp, and Ky = 3 [ fldp. O
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3.2.4 Lemma: There exist strictly positive constants H, F' and an
integer Ny with the following properties: Within each cylinder Q' of P, for
i=1,...,p(n), there is a sub-interval J' such that for n > Ny,

(i) fon) moves through a height greater than H on Ji,
(i) for any interval [x,y] = I} C fywm) (J.), we have that

w (o (1) NI

1(Q3) Fly==].

Proof:
By Lemma 3.2.2 we may consider the cylinder J. = [a!,b") C Q! on
which f,¢,) is continuous and which satisfies

s (1) = B o (15)

Then from Lemma 3.2.3, since p(n) > n for all n, we have for n > Ny,
that

Kip(n) < fym@) < Kap(n), (16)

for p-a.e. © € T. Now we choose H = 2[(—]\17, then for n > Nj the height, h
moved through by the cocycle on J! is given by

, A b,
h = fom)()) = fom(a,) = g Somdn-

In order to obtain a lower bound for this height, we use (15) and (16)
above to give us
i 18!
h > K1-M<Jn) .p(n) > N
This proves i).
For ii) define m = f 0 (x) N Jj, and p = f,,)(y) N J; then, since fyp) is
strictly increasing for n > Ny, we have that f, . (12) N J;, = [m,p), and
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P
y—xr = /f;(mdu.

. Hence

So, from (16) above we have, for n > N; that p —m > o)
we have that

p—m y—
— > ,
M(Q% Ko
and so
M(f;(i)(fi)ﬂ]é) L Y@
M(Q%) K,

for n > N;. Putting F' = KLQ’ we note that F' is strictly positive and
independent of 7, which completes the proof of the second assertion. O

3.2.5 Lemma: E(f)# A\Z for any A > 0.

Proof:
Suppose that E(f) = AZ where A\ > 0. Since, by hypothesis f has
bounded variation, applying the Denjoy-Koksma inequality 1.5.1 gives us a

¢ > 0 such that | f,m)(z) |< ¢ for all n, and all x € T. Let v be the greatest
integer such that v\ < c. We choose

H

0 < ¢ < T@rD

where H is the number obtained in Lemma 3.2.4i). Consider the compact
set

v

K= (—€c\J(X—¢€ix+e).

1=0

This is the interval (—e, ¢ without sub-intervals of width 2e about each
i€ E(f), fori=0,...,v. Clearly E(f)NK = 0, so applying Proposition
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1.1.6 we obtain a Borel set B € Q with u(B) > 0 such that for all m € Z,
BNT™BN{y:| fu(y) €L} =0. ,

In Lemma 3.2.41) we showed that for all n > Ny, every cylinder @, in
P, contains a sub-interval J on which | fy) | rises continuously through
a height greater than %H . We claim that for n sufficiently large, and for
every cylinder @)}, the ratio of the Lebesgue measure of )!, to that of the set
QLN{y 1| fom)(v) |€ K} is greater than a fixed positive number.

Applying Lemma 3.2.4ii) to the interval(s) within K of total length at
least %H —(2v+1)e > iH, through which the graph of | f,¢,) | must pass,
gives us a strictly positive constant F' independent of ¢, such that, for n > Ny,

(L0l bW [€XY)
1(Q3) 4
So, by monotonicity, for n > N; there exists a strictly positive constant
W, independent of ¢ such that

n(QLN{y | frw(v) [€K D)
u(@;)

W, (17)

This proves our claim.
Now, applying the Lebesgue Density Theorem, given any x € B € {2 with
p(B) >0, and an € = W > 0, there is an N, such that for n > N,
p@@)NB) - 1,
1 (@ (2)) 2
where Q¢ (z) is the cylinder in P, which contains z. Also, since we have that
TP Qi (r) = Q' (r) and the measure u is T-invariant, we have that
1 (QLx)NT "™ BN B)
1 (@ ()

So, for n > max {Ny, Ny}, we have that the set BONT P B takes up
at least a fixed proportion of Q' (z); from (17) above we also have that
{y :| fom(y) |€ K} takes up at least a fixed proportion of Q% (x), for all i.
Since these proportions add up to more than 1, the two sets must intersect
for this n.

This shows that there is an m with BNT""BN{y :| fm(y) |€ K} # 0.

O

Thus we have a contradiction, and the lemma is proved.

> 1-W.
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3.2.6 Theorem: Let f be piecewise absolutely continuous, with [ fdu =
0, f" Riemann integrable and [ f'dp # 0. Then the skew product Ty is
ergodic.

Proof:

Since the only closed additive subgroups of R are: AZ for A > 0, or
R itself, the above Lemma and 1.1.4 demonstrate that the only possible
remaining choice for the essential values is F(f) = R. By Theorem 1.4.2 this
shows that the skew product T is ergodic. a

3.2.7 Remark: We note that the arguments above and in Chapter 2
involve properties of the sequences of integers p(n), ¢, respectively associ-
ated to the map T'. Hence it seems that we may obtain similar results to
those given in Chapter 2 for the adding machine transformation. However
in Chapter 2, for the class of functions defined for £ > 1 in 2.2.1, we must
use the ’good approximation’ conditions of our chosen irrational numbers to
ensure that as we iterate our partition intervals around by 79, the disconti-
nuities do not spread evenly over the interval. For the adding machine, this
behaviour does not occur, and so the method will not be applicable.

3.3 Coboundaries for the adding machine

Now we study a different class of functions, which define cocycles which have
extremely different cohomological properties to those studied in the previous
subsection.

3.3.1 Convention: In this section we study the class of functions with
zero integral and have a derivative which has bounded variation. We also
assume that the associated integers p(n) (see 1.3) of our adding machine
transformation satisfy

< 00. (18)

[e9)
>
n=1

Qn+1
p(n)



3.3.2 Lemma: Suppose f is as above, then there is a positive constant
K such that, for all n and all x € T

| foml(@) | < pfi) (19)

Proof:
Since f’ has bounded variation and [ f'du = 0, the Denjoy-Koksma in-
equality 1.5.1 gives us that

| fom @) | <, (20)
for some positive constant ¢ = varf’, all x € T and all n. Since [ fdu = 0,
we also note that for all n, we have that

[, Fmdi =0, 21)

on any n-cylinder, B,, C T. By hypothesis f is continuous, so we may assume
that there is a positive constant ¢ such that | f(x) |< ¢ for all z € T.
Let K = max {c, 3¢ }, then suppose without loss of generality, that there

is an « € T and an n such that fy,(z) > ]% We now show that if this is

the case, then there is an n-cylinder on which the integral of f,,) cannot be
Zero.

From (20) the slope of f,,) is bounded for all n, hence we may calculate
the proportion of the n-cylinder to which x belongs on which f,,) is positive.
Let dy, dy denote the distances to the right and left of z respectively, when
Jp(n) next crosses the x-axis. Since f is absolutely continuous we have that

z+d1 ,

and so, by assumption and (20)

K 1 > 3 1
¢ pn) — pn)

We get a similar inequality for dy. This implies that the function f,(,) can-
not return to zero inside the cylinder. Therefore we cannot have [ f,q,)dp = 0
for this cylinder, this contradicts (21), and so the result follows. O

dy >
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3.3.3 Theorem: Suppose that f : T — R is such that [ fdu = 0, with
" of bounded variation, then for almost all x € T, we have that

SUp | fulz) | < oo,

and hence from Theorem 1.5.2, [ defines a coboundary whose cobounding
function is L.

Proof:
Any n € N may be written uniquely as

s(n)
n=> n;p(i) where n; € {0,...,¢11 — 1},
i=0

for some positive integer s(n). Thus for all z € T, we may write f,(x) as

s(n)—1

fn(x) = fp(O)no (l‘) + fp(l)m (Tnox) +...+ fp(s(n))ns(n) (TZi:O p(i)nix%

by the cocycle relation. Hence by the cocycle relation (1) again, and the
triangle inequality we have that

s(n)—1

| fal@) | < nof(@)] + oot | Ty Fogspy (T2i=0 POmg) |

Using (19) we have that

K ) qit+1
| (@) | < no.K+...4 ngm)- < K. ~ < 00,
" p(s(n)) 22 b0

since n; < ¢+1 for all 4, and using our hypothesis (18). Hence the result
follows. O
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