SYMMETRIC IMPRIMITIVITY THEOREMS
FOR GRAPH C*-ALGEBRAS

DAVID PASK AND TAIN RAEBURN

The C*-algebra C*(F) of a directed graph FE is generated by partial isometries
satisfying relations which reflect the path structure of the graph. In [10], Kumjian
and Pask considered the action of a group G on C*(FE) induced by an action of G
on E. They proved that if G acts freely and E is locally finite, then the crossed
product C*(FE) x G is Morita equivalent to the C*-algebra of the quotient graph
E/G [10, Corollary 3.10].

This theorem bears a striking resemblance to a famous theorem of Green, which
says that the crossed product Cy(X) x G associated to a free and proper action of G
on a locally compact space X is Morita equivalent to Cy(X/G) [6]. So one naturally
asks whether this resemblance can be pushed further: are there analogues for free
actions on graphs of the other Morita equivalences associated to free and proper
actions on spaces? Here we contribute to this circle of ideas by proving an analogue
of the symmetric imprimitivity theorem of [15] and [12] concerning commuting free
and proper actions of two different groups.

The proofs of the Kumjian-Pask theorem in [10] and [9] rely on a result of Gross
and Tucker which realises free actions as translations on skew products, and exhibit a
stable isomorphism rather than a Morita equivalence. Here choosing a skew-product
realisation for one of the actions would destroy the symmetry of the situation, so
instead we construct directly an imprimitivity bimodule implementing the equiva-
lence. This construction is of some interest even in the case of one action; it shows,
for example, that the actions on C*(E) induced by free actions on E provide a new
family of actions which are proper and saturated in the sense of Rieffel ([16], see
also [5, 8, 17]). Since our methods do not require any local-finiteness hypothesis on
the graph E, our one-action result is more general than the original Kumjian-Pask
theorem.

In fact we shall prove two symmetric imprimitivity theorems, one for reduced
crossed products (Theorem 1.9) and one for full crossed products (Theorem 2.1).
We prove the theorem about reduced crossed products in §1, following the strategy
of [4]. We show that every action on C*(FE) induced by a free action on E is proper
in Rieffel’s sense, so that the machine of [16] gives a bimodule for each action. We
then take crossed products of these bimodules by actions of the other groups, and
tensor them to get a bimodule implementing the desired equivalence. In §2, we prove
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the theorem for full crossed products. This time we build the bimodule directly, as
in [15] and [12]; this second construction uses much the same technical tools as we
required in §1, so there is little redundancy in our approach. In the last section we
give some applications, and in particular show how comparing the two versions of
the imprimitivity theorem can lead to amenablity results (Corollary 3.1).

Conventions. A directed graph E = (E°, E',r, s) consists of countable sets E° of
vertices and E! of edges, and range and source maps 7, s : £ — E°. For graph
algebras, we use the conventions of [13]. Thus a Cuntz-Krieger family {Se, P,}
consists of partial isometries {S. : ¢ € E'} with mutually orthogonal ranges and
mutually orthogonal projections {P, : v € E°} such that

S:Se = Prey, SeS; < Pyey and P, = Z S.S* whenever 0 < |s™!(v)| < oo.
s(e)=v
For row-finite graphs, this reduces to the usual definition in [11] or [1], so those
interested in finite or row-finite graphs can just ignore the extra generality. The
graph C*-algebra C*(E) is generated by a universal Cuntz-Krieger family {s., p,};
we write mgp for the representation of C*(E) corresponding to a Cuntz-Krieger
family {S., P,}. We write E* for the path space of E, and for p € E* of length |u|,
we write s, := s, -+ sy, . As usual, the elements of the form s,s; span a dense

«-subalgebra of C*(E).

1. REDUCED CROSSED PRODUCTS

Let E be a directed graph, and suppose we have a left action of a group G on E
which is free on E° (and hence on E'). By universality of C*(E) there is an induced
action o : G — Aut C*(E) such that a,(s.) = s and oy(py) = pyo. We aim to
show that the action « is proper and saturated in the sense of [16].

Let

Xo(E) =span{s,s; : p,v € E* and r(u) = r(v)},
which is a dense a-invariant x-subalgebra of C*(E). As in [16], we denote by
M(X,(E)) the set of multipliers of C*(E) which multiply X,(F) into itself.

Lemma 1.1. There is a x-linear map Ig : Xo(FE) — M (Xo(E))® such that
(1.1) zlg(y) = Zxag(y) and Ig(y)x = Zag(y)x for x,y € Xo(E).

geG geG
Proof. We begin by showing that there is a suitable multiplier I;(y) when y = s,s.
For each generator s,sj,

5a85304(8,8,,) = 5a555g.uSgw

is nonzero for at most one g, namely the one for which s(8) = s(g-p) = g -
s(p). This implies, first, that the sums in (1.1) are always finite, and, second,

that x(zgeG ay(y)) = x(zgeF ay(y)) for any large enough finite subset F' of G
(and similarly on the right). Since the action of G is free, the partial isometries
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ag(s# *) have mutually orthogonal ranges and domains. Thus it follows from a
minor variation of the argument of [1, Lemma 1.1] that the series >, ag(s,5])
converges strictly to a partial isometry IG(susl*/) in M(C*(F)) satistying

zrla(s,s, E o (s,s,

geG

since this sum is finite, the multiplier I¢(s,s}) belongs to M (X(E)). It is trivial
to check that I¢(s,s}) is fixed by a.

It remains to extend I to all of Xo(E) = span{s,s;}. Let y := >  A,.s.8;
be a finite sum in Xy(£). Since there is at most one element I (y) of M(C*(E))
satisfying (1.1) for all z, and Z L Auwvlc(s,s;) has this property, we can safely define
Ia(y) =2, Muwla(susy). A snmlar argument shows that I is then x-linear. [J

Corollary 1.2. The action a of G on C*(E) is proper with respect to the subalgebra
Xo(E).

Proof. We just need to observe that g — xay(y) has finite support, so that it is
trivially in (1(G,C*(E)), and take (z,y)p := Ig(z*y). O

Next we have to identify the generalised fixed-point algebra C*(E)®. To do this,
we need more information about the map I5 of Lemma 1.1. It is definitely not a
homomorphism: we have s.sy = 0 but Ig(s.)Ic(sf) # 0 when r(e) = g - s(f) for
some g which is not the identity element of G. However, if s.s¢ # 0, so that ef is a
path in E, then I5 behaves nicely:

Lemma 1.3. If p,v € E* satisfy r(n) = r(v), so that s,s), # 0 in C*(E), then
(1'2) [G(Susi) = [G<SM1>IG(SM2) T IG<SH|M|)IG<SV|D|)* T IG<SV1>*'
Proof. First suppose that r(e) = s(f). Then by freeness we have

r(g-e)=sk-f)=g-r(e)=k-s(f) =g =k,
and so s,..5;.¢ 7 0 only when g = k. Thus
Ic(se)lg(sy)x = Z Sg.eSkfT = Z SgeSgrt = Ig(sesy)x.
g,keG geG
An induction argument gives the result for arbitrary g and v = (. Now note that

sus, # 0iff r(p) = r(v), and the same argument gives I(s,)Ig(s,)* = Ig(sys)). O

Every path p in E gives a path in the quotient graph, which we denote by G - p.
In fact every path in G\ E has the form G - p: if a = (G -e1)(G - e3) - - - is a path in
G\ E, then we can find g; € G such that u = e1(g2 - €2)(gs - e3) --- is a path in £,
and then a = G - . Thus we have

(1.3) C*(G\E) =span{sq..sg. : 1,V € E*}.
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Lemma 1.4. The elements Tg.e := 1g(Se), Qcv = Ig(py) form a Cuntz-Krieger
G\E-family in M(C*(E)). Thus there is a nondegenerate homomorphism ¢¢ :
C*(G\E) — M(C*(E)) such that

(1.4) ba(Saust,) = La(sus,,) for all p,v e E*,

and ¢¢ is an isomorphism of C*(G\E) onto the C*-subalgebra of M(C*(E)) gener-
ated by {TG~e7 QG~v}'

Proof. We have already observed in the proof of Lemma 1.1 that I5(s.) is a partial

isometry, and it follows immediately from [1, Lemma 1.1] that I (p,) is a projection.
For the first Cuntz-Krieger relation, we use freeness again:

Tadg.er = Z Z Sg.eSkel = Z Sg.eSget = 1a(Pr(e))T = Qrco)T-

geG keG geG

Next suppose G - e # G - f. Then the partial isometries {sg., s : g,k € G} have
orthogonal ranges, and hence

(TeeT5) (TasTo)r =Y (sgesye)(skpsh )z = 0;
g,keG

thus T¢.. and T¢.; have othogonal ranges. A similar calculation shows that the pro-
jections Q¢., have mutually orthogonal ranges, and that (T¢..T¢..)Qc-ste) = T T e
which implies the Cuntz-Krieger relation Tg..T¢., < Q). For the third Cuntz-
Krieger relation, suppose G - v is a vertex in G\ E such that s™'(G - v) is finite and
nonempty. Then

s HG-v)={G -e:e € E' and s(e) = v},

so we can use the Cuntz-Krieger relation p, = >, _, ses; and (1.2) to see that

QG"U - IG(pv) - Z [G(Sesz> - Z [G(Se)IG(SE)* = Z TG‘GTée'
(G-e)=G-v

s(e)=v s(e)=v

We take for ¢ the homomorphism 77 g corresponding to this Cuntz-Krieger family;
it is easy to see by looking at the projections Q¢., that ¢¢ is nondegenerate. The last
formula follows from (1.2). To see that ¢¢ is an isomorphism, note that each Q¢.,, is
nonzero and apply the gauge-invariant uniqueness theorem of [13, Theorem 2.7]. [

Corollary 1.5. The map ¢g of Lemma 1.4 is an isomorphism of C*(G\FE) onto
the generalised fized-point algebra C*(E)“.

Proof. The generalised fixed-point algebra is by definition the closure in M (C*(E))
of

span{lq(z*y) : x,y € Xo(E)} = span{la(s,s,) : p, v € E*},
which by (1.4) and (1.3) is the image of ¢¢. O
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To prove that the action « is saturated, it suffices to show that the functions
g — zoy(y*) span a dense ideal of the reduced crossed product C*(E) X,, G.
Indeed, because G is discrete and the elements s,,s, span a dense subspace of C*(E),
it suffices to show that the functions f(g) = dx(g)s,s, have this form. But

f(9) = 0k(9)8,5,Ps(v) = SuS, 0 (Pr-1.5(1)),
so the span of the left inner-products c«(gyxc(z, y) is precisely the dense subalgebra
k(G, Xo(E)) of C*(E)x,G. For later use, we record that the left action of f = dy.s,s]
is given by

(1.5) [ = c(B)x{5uS,: Pk—1.5(0 )) cx = (su8)) - <Pk—1 s(w)s T)D

_ZS” O{gpkl Zf g)ag(x

and this formula extends by linearity to all f & k(G, Xo(E)).
We can now deduce the following theorem from [16, Theorem 1.5].

Theorem 1.6. Suppose a group G acts freely on a directed graph E, and let o« be the
induced action on C*(E). Then the reduced crossed product C*(E) X, G is Morita
equivalent to C*(G\F).

We now consider the symmetric situation in which we have commuting free actions
of groups G and H on the left and right of . We continue to write « for the action
of G on C*(F) induced by the left action, and write 3 for the corresponding action
of H, which is characterised by ((s.) = Se.n-1. Because the action of H commutes
with that of G, it descends to an action on the quotient graph G\ F, and this induces
an action on the C*-algebra C*(G\FE). It should not cause too much confusion if
we call this action [ too: see Lemma 1.7(3) below. In the same way, we write a for
the induced action of G on C*(E/H).

For the proof of our symmetric version of Theorem 1.6, we need two lemmas.
The first describes how the actions interact with the averaging maps I and Ig; by
symmetry, it is enough to check one side.

Lemma 1.7. Let x € Xo(G\E), y € Xo(E) and h € H. Then
(1) ¢c(@)lc(y) = Ic(9c(2)y);
(2) Bullc(y)) = La(Br(y));
(3) Bu(¢c(x)) = da(Bn(x)).

Proof. For (1), just recall that ¢g(x) belongs to the fixed-point algebra M (Xy(FE))?,
so for z € Xo(F) we have

(be(@)I6(v))z = 6a(@)( 3 ay(v)z) = D ay(6a(2)y)z = Ia(da(@)y)=
geG geqG
For (2), note that

BulTa(v))z = Bulla@)5 () = (D )8, (2)) = D Bulag )5 (2)),

geG geG
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and the result follows because 3, 0 ay = a0 3. Part (3) follows from (2) because
¢ (ScusSe.,,) is by definition I¢(s,s)), and every z is a linear combination of terms
of the form sq.,s¢.,,. O

The next lemma is standard; it is a very special case of [2, Theorem 2.1], for
example.

Lemma 1.8. Suppose o and 3 are commuting actions of G and H on a C*-algebra
A, and let a x 3 denote the action of G x H on A defined by (o X 3)(g,n) = g © Bh.
Then there is an action x,id of H on AX .G such that (8x,id)n(f)(s) = Bu(f(s))
for f € k(G, A), and then

(A Xar G) Xgxiar H= A Xaxp,r (G X H).

Theorem 1.9. Suppose that we have commuting free actions of two groups G and
H on the left and right of a directed graph E, and let o : G — C*(E/H) and
B : H — C*(G\FE) denote the induced actions on the C*-algebras of the quotient
graphs. Then C*(G\E) %3, H is Morita equivalent to C*(E/H) X4, G.

Proof. Define an action u of H on the bimodule X = XO(E)H'”D giving the equiva-
lence between C*(E) X4, G and C*(E)* = ¢¢(C*(G\E)) by

un($us,) = Sun-18,.4-13

because the actions a and  commute and ( pulls through the maps I and ¢q, up
is isometric for || - ||p, and hence extends to the completion. The pair (X, u) then
implements a Morita equivalence between the systems (C*(E) X, G, H,  x,id) and
(C*(G\E), H, 3), and hence by [3, page 299] there is a Morita equivalence X x,,, H
between (C*(E) Xo, G) Xpgx,iar H and C*(G\E) X3, H. Reversing the roles of
G and H gives us an equivalence Y x,, G between (C*(E) Xg, H) Xax,idr G and
C*(E/H) X4, G. By Lemma 1.8, both iterated crossed products are isomorphic to
C*(E) Xaxpr (G x H), and now the internal tensor product

(Y Xa,r H)~®C*(E)><a><[3,r(GXH) (X Xo,r G)
implements the required equivalence (see [14, §3.2]). O

2. FULL CROSSED PRODUCTS

Theorem 2.1. Suppose that we have commuting free actions of two groups G and
H on the left and right of a directed graph E, and let o : G — C*(E/H) and
B : H — C*(G\E) denote the induced actions on the C*-algebras of the quotient
graphs. Then C*(G\E) x3 H is Morita equivalent to C*(E/H) x4 G.

We shall prove this theorem by making
Xo(F) :=span{s,s, : u,v € E*}

into a pre-imprimitivity bimodule over the dense subalgebras By := k(H, Xo(G\FE))
of B := C*(G\E) x3 H and Cy := k(G,Xo(E/H)) of C := C*(E/H) x, G, as in
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[14, Definition 3.9]. For b € By, ¢ € Cy and x,y € Xo(F), define

(2.1) b= ¢ab(h)fi(z) and z-c=Y a;t(zém(c(g))),

heH e

(22)  pley)(h) = ¢g' o Ie(xBu(y")) and (r,y)c(g) = ¢ o In(z"ay(y)).

Before starting to verify that these actions and inner products have the right prop-
erties, it pays to observe that the situation is more symmetric than it appears at
first sight. Indeed, as in [12, page 372, the map ® : x — 2* on X(E) obviously
swaps the inner products, and converts the formula for the left action into the one
for the right action:

= Bulx*)da( = B(@@)ec (b (h ™))

heH heH
= B, (2(x)da(b"(h)).
heH

So it is enough to check many of the properties on just one side.
We begin by checking the algebraic properties.

Lemma 2.2. Let by, by € k(H, Xo(G\FE)) and z,y € Xo(E). Then

by (by-x) = (biba) -2, p(b1-z,y) =b1-p{z,y) and (p(r,y))" = (Y, ).

Proof. We compute:

b (b2 2) = 3 66 (ba(k) G Y dalba(h)ulx)

keH heH

= Z¢G(b1 (Z¢G Brba(h)) Bin(x )) by Lemma 1.7

keH heH

=Y bc (1(K)Be(ba(k710))) Be(x)  putting £ = kh

keH ¢tecH

= 3" balbiba(0))u(a)

teH

= (blbg) -
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And again:
plb- @, y)(h) = 65" 0 I ( Y 66(b(k)Bi(x)Bn(y"))

keH

= 65 (D 6c(0() I6(B(2)Bu(y"))) by Lemma 1.7(1)

keH

=Y (k)" o Ia(Br(xB-1n(y")))

keH

= Z b(k)Br(dg" o Ia(zBe-14(y*))) by Lemma 1.7
keH

= (b- 5z, y))(h).
The last statement follows from more calculations using Lemma 1.7. 0J
To establish the positivity of the inner products, we need to know how the left
and right structures interact.

Lemma 2.3. Forb € By, c € Cy and x,y, z € Xo(E), we have
(b-x)-c=b-(xr-c), and x-{y,z)c = plx,y)- 2.
Proof. Once again, we compute using Lemma 1.7:

(box)-c=> " o, (¢c(b(h)Bu(z)ou(clg)))

geG heH

=>° 3 6a(b(h) (0 (20 (c(9)))

heH geG

=b-(x-c).

The second equation follows almost immediately from the characterising properties
(11) of IG and ]H O

Lemma 2.4. For every x € Xo(FE), g(x,x) is a positive element of the C*-algebra
completion B = C*(G\E) x3 H of By, and Xo(E) is a left pre-inner-product By-
module. Similarly, Xo(FE) is a right pre-inner-product Cy-module.

Proof. In view of Lemma 2.2 and the symmetry of the situation, it suffices to prove
the first statement. Recall that x is a finite sum ), A, s,s): let F' be a set of
representatives in E° for

{v-H e (E/H)":v=s(v) for some (u,v) with \,, # 0}.
Observe that

Z<pmpy>c(g) = {ZUGF ¢IT11 © IH(Z%) if g = eg

0 otherwise,
veF
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so the choice of F' implies that
Y (pop)e =D wlu(p) =Y > apen =1
veF veF veF heH

Thus from Lemma 2.3 we have

B{r, ) =B<x T - (Z Puv, Do) >> ZB T, 2 Dy, Po)o)
=2 plw.sla.p) pv>—Z(s<x>m>) 5. 0),

veEF veF

which is positive in B. O

In view of Lemma 2.4 and Lemma 2.3, it remains to establish property (c) of [14
Definition 3.9], namely that
(2.3) I6l|*(z, 2)c — (b-2,b-2)c >0 in C.
To do this, we choose a faithful representation 7 of C = C, on H,. Since we
know that X,(F) is a pre-inner-product Cp-module, we can induce to get a faithful
representation of £(Xo(E)) on H := Xo(F) ®c Hr. We shall construct a covariant
representation (p,U) of (C*(G\FE), H, ) on 'H such that
(2.4) pxUDb)(z®&) =0 -2)®& forbe By and x € Xo(F).

Then, because every representation of a C*-algebra is norm-decreasing, we can de-
duce that

(- 2) @ E|I* = [lpx U)(z@&|* < [[b*[lz @ E||* for every & € Ha,
or, equivalently,
0 < (r(Ibl*(z, z)e — (b~ z,b- ))& | ) for every & € H,.

Thus 7(||b||*(x, z)c — (b-x,b-z)¢) is a positive operator on H,, which implies (2.3)
because 7 is faithful.
To construct the first part p of our covariant pair (p, U), we show that there is a

Cuntz-Krieger (G\ F)-family {Sg.c, Pg.,} on H such that
See(r®&) = (Io(se)r) ® ¢ and Pau(z ® &) = (Ig(po)z) ® ¢
for x ® £ € Xo(F) ©® Hr. We take Pg., to be the orthogonal projection on
Spam{s,s) © € 1 s() € G- v}
since
(S,usz*/ ® £ | SaSZ’ ® 77) = <7T(g = ¢}—{1 © ]H(SV‘S;SQ-&S;~6))€ | 77)

vanishes unless G-s(u) = G-s(«), the Pg., have mutually orthogonal ranges spanning
H.

To see that the formula for S¢.. defines a partial isometry, we first deduce from the

relation I (sg)*Ic(sg) = Ia(pr(e)) established in Lemma 1.4 that Sg.. = Sg.ePar(e);
thus Sg.. vanishes on the complement of Pg..)H, and it suffices to show that Sg..
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is isometric on Pg M. If G- s(u) = G- s(a) = G - r(e), then there are unique
elements g, go € G such that s(u) = g, - r(e) and s(a) = g, - r(e), and
(25)  (La(se)(5a5h): La(5e)(557)) () = (SgaeSash; Sg.esus,)c(9)
= ¢y © I (56555, ¢5(ggn)-eSguSg)
_ ¢ © T (58855gu55.,)  if ggu-7(e) = ga -7(e)
0 otherwise.
Because G acts freely, this vanishes for all g except g = gagljl, which is the only
g for which g - s(u) = s(a); thus (2.5) reduces to (s45%,5,55)c(g9). Now we can
compute
(SGe(SuSZ ® 77) | SG-e(SaSE ® 5)) = (IG(Se)(SuSD ®n | ]G(Se)(sasg) ® 5)
= (7((sas}h, susy)c)n | €) by the previous calculation
= (susl*, ® (| 8ass ® f).
It follows easily that Sg.. is isometric on span{s,s} : s(u) € G - r(e)}, and hence

extends to a partial isometry, as claimed.
We next claim that the adjoint of Sg.. in B(H) is given on Xy(FE) ® H, by

(2.6) Sae(r @ &) = (Ia(sp)r) @& = (la(se) r) ® €.

(This will allow us to use the Cuntz-Krieger G\ E-relations established in Lemma 1.4.)
To see (2.6), it suffices to show that

(sy55, la(sc)susy)o(9) = (Ta(se)syss, sus,)c(9)

for all g € GG, which will follow from
(2.7) sssyg(la(sc)sus,) = (Ia(se)sys5) ag(sus,).

We look at the left-hand side of (2.7) first. The product I¢(s})s, vanishes unless
G-e=G-p, and then Ig(s})s, = S, = S, = Sw, say. Thus

S§55SgwSgr I G-e=G -y and g- s(u2) = s(y)
* I * *) — YEg R g )
595309 (I(5¢)55) {O otherwise.
Now we consider the right-hand side of (2.7). The product I¢(s.)s. vanishes unless
G -r(e) = G- 5(v), and then Ig(s.)s, = sg. .5, for the unique element g, of G such
that g, - r(e) = s(v). Now s s, vanishes unless g, - e = g - u1, and then equals
Sg.- Thus

8587 8guSgw I G-1(e) =G -s(y)and g, -e=g- i,
0 otherwise.

(Ia(se)syss) ay(sus,) = {

Now we have to check that the two sets of constraints on g are equivalent. For
one direction, G' - e = G - 1y implies that there exists ¢’ with ¢’ - ¢ = uy, and then
g-s(p2) = s(v) implies s(y) = s(g- p2) = 7(g- 1) = (99’ - €), 50 G-r(e) = G- 5(7)
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with g, = g¢’. For the other direction, note that g, -e = g - p1 certainly implies
G-e=G ", and then g - s(u2) =r(g- 1) = r(g, - €) = s(y) by choice of g,. We
have now proved (2.7), and hence also (2.6).

Since we know from Lemma 1.4 that {Is(s.), [a(py)} is a Cuntz-Krieger (G\E)-
family in M(Xy(FE)), we can deduce from calculations on elementary tensors in
Xo(F) @ Hy that {Sg.c, Pa.v} is a Cuntz-Krieger (G\ E)-family on H. For example,
if s71(G - v) is finite and nonempty, we have

Y SaeSilew§)=( Y lals)lals)'w) 0

s(G-e)=G-wv s(G-e)=Gwv

We can now define the first part of the covariant representation (p,U) which we
seek by taking p := mgp : C*(G\E) — B(H). We define U : H — U(H) by
Un(z ® &) = Bu(x) @ €. Each Uy, is unitary because it is invertible (with (U,)™! =
Uj,-1) and isometric:

(Bu(@), Bu(v))c(9) = &' o I (Bu(w) ag(Bu(y))) = o7 © In(Bu(z"ay(y)))
=0y o In(r"ay(y)) = (.y)c(9).
Covariance follows from the identity G, (Ig(x)) = Ig(On(x)):

Unp(Br(sa.e))(x @ &) = Upp(sc.(en1))(x @ &) = Br(la(Sen-1)r) @&
= (Ia(Bn(sen—1))0n(7)) @ & = (Ig(8e)Br(z)) @&
= p(sG.e)Un(z ® ).

Finally, we need to check that p x U(b) satisfies (2.4). But since every path in
G\E has the form G - p for some path g in E, it suffices to note that p(sg..sg.,) =
Ic(s,8}) = ¢c(sq.ust.,), and that the action of By on X((£) is formally the inte-
grated form of (¢¢, 5) (see (2.1)).

This completes the construction of (p, U), and hence the verification of [14, Defini-
tion 3.9(c)]. We have now shown that X (£) is a By—Cj pre-imprimitivity bimodule
in the sense of [14, Definition 3.9], and it follows from [14, Proposition 3.12] that
the completion is a (C*(G\E) x H)-(C*(E/H) x G) imprimitivity bimodule.

This completes the proof of Theorem 2.1.

3. APPLICATIONS

3.1. Amenability. We now show how comparing the two bimodules we have con-
structed can give information about amenability of the actions. The idea for this
comes from [8].

Corollary 3.1 ([9, Corollary 3.3]). Suppose G acts freely on a directed graph E,
and let o denote the induced action of G on C*(E). Then « is amenable in the
sense that C*(E) X, G = C*(E) X4, G.
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Proof. Define a right action of G on E by e-g := g~*-¢, and apply Theorem 2.1 with
the other group absent. This gives a (C*(F) x G)-C*(G/E) imprimitivity module

Xo(F) in which the norm comes from the C*(G\ E')-valued inner product. Since ¢¢g
is isometric, for x € Xo(E) we have

(" = [z, 2} @\p)l = llég' o o)l = el )|l = ||(z,2)p].
Thus the completions of Xy(£) in Theorems 1.6 and 2.1 are the same as Hilbert
C*(G\ E)-modules, and have the same left action of By (compare (1.5) with (2.1)).
In particular, this implies that the ideal in C*(G\E) associated by the Rieffel cor-
respondence to the kernel of the regular representation of C*(E) x G is {0}, and
hence the regular representation is itself faithful. 0

Remark 3.2. It seems likely that a quotient of the bimodule of Theorem 2.1 will
implement a Morita equivalence between C*(G\E) xg, H and C*(E/H) X, G,
and hence that « is amenable exactly when [ is. However, as it stands it is not
easy to compare the bimodule in Theorem 2.1 with the tensor product module
constructed in the proof of Theorem 1.9.

In the usual symmetric imprimitivity theorem for free and proper actions on a
space ¢Pp, the quotient spaces G\P and P/H are always nice, but the actions
on them need not be. In the same spirit, the actions a and # will not always be
amenable on C*(G\E) and C*(E/H). For a somewhat trivial example, take G to
be a nonamenable group, and let E be the graph with vertex set G and no edges,
so that C*(E) = ¢o(G). If now H = G also, then C*(E/H) = ¢o(G/G) = C, and
C*(F/H) x G =2 C*(G) # C*G) =C*(E/H) %, G.

3.2. Induced actions. We start with a group G, a subgroup H of GG, and a right
action of H on a graph E. We consider the product graph G x E in which r(g,e) =
(g,7(e)) and s(g,e) = (g, s(e)), and define a right action of H on G x E by

(g,U)‘h:<gh,U‘h), (g,e)hZ(gh,eh)
This action is free because H acts freely on G in the first variable, and it commutes
with the free left action of G defined by g1 - (9,¢) = (g19,e¢). We can therefore
apply Theorem 2.1. The map (g, ¢e) — e induces an H-equivariant isomorphism of
G\(G x E) onto E, and hence an isomorphism of C*(G\(G x E)) x3 H onto the
crossed product C*(E) x, H by the action v induced by the original action of H.
Thus, without any hypotheses on the action of H, we have:

Corollary 3.3. In the above notation, C*((G x E)/H) x, G is Morita equivalent
to C*(E) x, H.

We can think of the action of G on the graph (G x E)/H as being induced from
the action of the subgroup H on F, much as we induce group representations or
actions on C*-algebras. When we think this way it is natural to wonder how the
graph-theoretic construction relates to the C*-algebraic one, and, remarkably, it
turns out to be the same, in the sense that (C*((G x E)/H), G, «) is isomorphic to
(Ind% (C*(E),), G, 7), where 7 denotes the induced action by left translation.
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To see this, recall that if H is a closed subgroup of a locally compact group and
v : H — Aut A, the induced C*-algebra Ind% (A, ~) is the subalgebra of Cy(G, A)
consisting of the functions f satisfying f(gh) = v, '(f(g)) for h € H and such that
gH — || f(g)]| belongs to Co(G/H). If z € C.(G) and a € A, then

(z®a)(g) = /H F(gh)(a) dh

defines an element z ® a of Ind% (A, ), and a partition of unity argument in G/H
shows that these elements span a dense subspace of Ind%(A,7). In our situa-
tion, everything is discrete, so the elements x4 © s,s; span a dense subspace of
Ind%(C*(E),~). We can see by writing down a Cuntz-Krieger (G x E)-family in
co(G) ® C*(F) and applying the gauge-invariant uniqueness theorem of [13, The-
orem 2.7] that C*(G x E) is naturally isomorphic to ¢o(G) ® C*(E). If we use
this isomorphism to identify C*(G x E) with ¢y(G) ® C*(E), then, in our notation,
X{g) ©8,,5% is just T (X gy @5,55). Thus C*(G x E)? is the subalgebra Ind% (C*(E), v)
of Cp(G,C*(E)) C M(C*(GXE)), and ¢y is an isomorphism of C*((Gx E)/H ) onto
Ind% (C*(E),~). Since both a and 7 act only on the copy of G, this isomorphism is
equivariant, as claimed.

It is curious that we can now recover Corollary 3.3 from the usual symmetric
imprimitivity theorem, which implies that

C*((G x E)/H) x, G = (Ind5(C*(E),7)) x, G

is Morita equivalent to C*(E) x., H (see [12, §1.5]). It is not at all clear to us,
however, how one might try to recover the full strength of Theorem 2.1 from [12].

3.3. Green’s imprimitivity theorem. Suppose a group G acts on the left of a
directed graph E, and consider the diagonal left action on G x E. A subgroup H of
G acts on the right of G x E by (g,e) - h = (gh, e), and we then have (G x E)/H =
(G/H) x E, equivariantly for the diagonal actions of G. The map (g,e) — g~ !-e
induces an isomorphism of the other quotient G\(G x E) onto E, which converts
the right action of H into that given in terms of the G-action by e-h := h™'-e. The
action of H on C*(FE) induced by this right action is just the restriction of the original
action « of G on C*(E). On identifying C*((G/H) x E) with ¢o(G/H) @ C*(E), we
recover:
Corollary 3.4. The crossed product (co(G/H)RC*(E)) X r5aG is Morita equivalent
to C*(E) o H.

This is precisely Green’s imprimitivity theorem for the action o : G — Aut C*(E)
([7, §2]; see also [12, §1.4]).
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