SOME INTRINSIC PROPERTIES OF SIMPLE GRAPH C*-ALGEBRAS

DAVID PASK AND SEUNG-AI RHO

ABSTRACT. To adirectedgraphE is associatech C*-algebraC*(E) calleda graph
C*-algebra. Thereis a canonicalactiony of T on C*(E), called the gaugeaction.
In this paperwe presentecessanand sufficient conditionsfor the fixed point algebra
C*(E)7 to besimple. Our resultsalsoyield somestructuretheoremdor simplegraph
algebras.

1. INTRODUCTION

This paperbringstogetherideasfrom thetheoryof nonneative matricesassociatedo
strongly connectedyraphsandtopologicalgraphtheoryto prove somestructureresults
for graphC™*-algebras.Becauseof the diversebackgroundsnvolved, we have madean
effort to make this paperself-containedoy including a little relevant backgroundfrom
eachof theseareas.

We begin by establishingour notationand cornventionsfor directedgraphsandtheir
C*-algebragwe are aware that graphtheoristsusequite differentterminology (see[5]
for example)).Next we bring togethertwo setsof resultson the simplicity of graphC*-
algebragdueto Paterson([17]) andSzymahski ([22]). We shaw thatup to Morita equiv-
alenceasimplegraphC*-algebrais eitherAF or the C*-algebraof a stronglyconnected
graph.

We thengive someresultsaboutthe finite pathspaceof a stronglyconnectedyraph.
Theseresultsareessentiallyrestatementef standardactsaboutirreduciblenonneative
matrices.In thefollowing sectionwe describeghe constructiorof arelative skew product
graphfrom E (cf. [7, 8]). Essentiallyif I" is a groupwith subgroupH, arelative skew
productgraphE x. (H \ T') is anextensionof E by thehomogeneouspaceH \ I" using
a labelling of the edgesin E by elementsof I'. This constructiongeneralizeghe usual
skew productgraphusedin [13, 9]. In Theoremb.2we shawv thatany connectedovering
graphof a givenconnectedyraphcanbe written asa relative skew productgraphof the
basegraph,a generalisatiorof theresultsin [7, 8]. We describeaninvariant,calledthe
local voltagegroup,which enableausto write the connecteccomponent®f anordinary
skew productgraphasskew productgraphsin their own right. For a row-finite graphE
thereis a canonicallabelling of the edgesn E with theinteger1 suchthatC*(E x. Z)
is isomorphicto C*(E) x, T, wherey denoteghe gaugeactionof T on C* (E).

In the final sectionwe apply our resultsto graphC*-algebras.In variousstageswe
provethatthefixedpointalgebraC* (E)” of thegaugeactiony on C*(E) is simpleif and
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only if eitherE' consistsf a singlevertex, or E is row-finite andhasa cofinal subgraph
with finitely mary verticeswhich is stronglyconnectedvith periodone.If E is strongly
connectedvith periodd, thenC*(E)" is the direct sumof d mutually isomorphicAF
algebraslf in addition E° is finite, thenC*( E) is stablyisomorphicto a crossecroduct
of asimpleAF algebraby a Z-actim.

Theauthorswould lik e to thankthe refereefor severalhelpful commentswvhich led to
improvementsn thefinal draft.

2. GRAPHS AND THEIR C*-ALGEBRAS

A directedgraph E consistsof a setsE?, E' of verticesand edgesrespectiely, to-
getherwith mapsr,s : E' — EO° giving the directionof eachedge. A subgaph F of
E consistsof subsetsF® C Et for i = 0,1 suchthats(F') ¢ F° andr(F!') c F©°.
A pathin the directedgraph E is a finite sequencex = a3 - - - a,, Of edgessuchthat
r(a;) = s(a;y1) for1 < i < n —1. Forafinite patha = a; ... a,, itslength|a| :=n
is the numberof edgesin the sequencex. An infinite pathin E is aninfinite sequence
(%i)i>1 of edgessuchthatr(z;) = s(z;41) for i > 1; the setof infinite pathsin E is
denotedE>. Forn > 0, let E™ denoteall thosepathsin the directedgraphE of length
n. Let E* = |J E™ denotethe setof all finite pathsin E. Therangeandsourcemaps

n>0
extendnaturallyto E*; fora = a; - - - a,, € E* definer(a) = r(a,) ands(a) = s(ay).
ThegraphE is calledrow-finiteif everyvertex emitsfinitely mary edgesA vertex which
doesnot emit ary edgess calleda sink A vertex which doesnot receve ary edgess
calleda source

Let E beadirectedgraph.Fore € E' weformally denoteby e~! theedgee traversed
backwards,sothats(e~!) = r(e) andr(e~!) = s(e). Thesetof reverseedgess denoted
E~!. Itisthennaturatto define(e~!)~! = efore~! € E~1. A walkin thedirectedgraph
E isasequence = aj - - - a,, Wherea; € E' U E~! aresuchthatr(a;) = s(aiy1) for
i=1,...,n—1; wewrite s(a) = s(a1) andr(a) = r(a,). Awalka = a; - - - a, is said
to bereducedf it doesnot containthe subword a;a; 1 = aa=! forarnya € E' U E~L.
Given a reducedwalk a = a; - - - a, the reversewalk is written ¢~ := a;'---a;?,
which is alsoreduced. If a,b arereducedwalks with r(a) = s(b), thena - b will be
understoodo bethereducedvalk obtainedoy concatenatioandthencancellatiorusing
the relationsee™! = s(e), e7te = r(e), e7ls(e) = e! = r(e)e”! ander(e) =
e = s(e)e for e € E'. With compositionandinverseoperationglefinedabove, the set
71 (E) of reducedwalks, forms a groupoidwith unit spaceE° andis referredto asthe
fundamentalgroupoid of E (note that the roles of the rangeand sourcemap mustbe
reversedo make 71 (E) acategory, cf. [14]).

Let E, F bedirectedgraphs.A graph morphismy : F — E consistsof mapsy® :
Fi — Eifori=0,1suchthate®(r(f)) = r(e*(f)) and®(s(f)) = s(e!(f)) for all
feEL.

Definition 2.1. Let E, F bedirectedgraphsandp : F — E beagraphmorphism.Then
p is covering mapif for eachv € F°, p mapsr—!(v) bijectively ontor~—!(p(v)) and
s~1(v) bijectively ontos—!(p(v)) (cf. [21, Section2.1.6]).
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Letp : F — E beacoveringmap,andfora = a; - - - a, € m (F) letp(a) = p(a1) - --
---p(a,) wherep(f~1) := p(f)~! for f € E*. In thisway, the coveringmapp induces
a morphismp, : 7 (F) — w1 (E). A graphmorphismp : F — E hasthe unique
walk lifting property (see[7, Theorem2.1.1]) if givenu € F° anda € m(E) with
s(a) = p°(u), thereis auniquea € m(F) suchthats(a) = » andp(a) = a. Onemay
alsolift reducedwalkswhich endatp®(u). Likewiseonemaylift infinite pathsfrom E
to F. Thefollowing resultis routine(see[10, Lemmal7.4]for instance):

Lemma2.2. Let E, F bedirectedgraphsandp : F — E bea graphmorphism.Thenp
hastheuniquewalk lifting propertyif andonlyif p is a coveringmap.

ThedirectedgraphE is saidto be connectedf, givenary two distinctverticesin E,
thereis a reducedwalk betweerthem. A directedgraphT is a treeif andonly if there
is preciselyonereducedwalk betweenarny two vertices(so a treeis connected).For a
connectedyraphE andv € E° we maydefine

m1(E,v) ={a € m(E) : s(a) = v =r(a)},

sothat; (E,v) is theisotropy groupof theunitv in 71 (E). If E is connectedthenthe
groupoidn (E) is connecte@ndsoall its isotropy groupsareisomorphic.Our definition
of the fundamentalgroup matchesthe usualone given in [21, Section2.1.6] because
takingthereductionof awalk coincideswith the notionof pathequivalenceusedthere.

Usingthe axiom of choiceit maybe shavn thatevery connectedyraphE containsa
spanningreeT (cf. [21, Section2.1.5]): asubgrapi’ whichis itself atreewith T° = E°.
Fix agivenspanningreeT of E andavertex v € E°. Thenfor w € T° we setb,, to be
theuniquereducedwvalk in T from v to w. If E hasaspanningree,thenit is connected.

Let E be a directedgraph. Thena Cuntz-Krigger E-family (or a representationof
E) consistsof afamily {P, : v € E°} of mutually orthogonalprojectionsanda family
{S. : e € E'} of partialisometriesvith mutually orthogonarangessuchthat

SiSe = Pr(ey, SeS: < Pyey, Po= Y 8.S;if0< s (v)] < oo
s(e)=v
The graph C*-algebraC*(E) is generatedby a universal Cuntz-Krieger E-family
{se, v} (s€€[18, Sectionl]). Theclassof graphC*-algebrass quitebroad.It includes,
up to Morita equivalenceall AF algebrasandall Cuntz-Kriegeralgebragsee[12], [11]
amongsbthers).

3. SIMPLE GRAPH ALGEBRAS

A loopin E is apatha with |a| > 1 suchthats(a) = r(a). Theloopa € E™ is
simpleif thevertices{r(«;) : 1 <4 < n} aredistinct. ThegraphE satisfiescondition
(K) if novertex lies on exactly onesimpleloop. ThedirectedgraphF is cofinalif, given
z € E* andv € E, thereis apatha suchthats(a) = v andr(a) = r(z,) for some
n > 1.

If v,w € E° thenwewrite v > w if thereis a pathfrom v tow. A subsetH of E° is
hereditaryif v € H andv > w impliesthatw € H. A hereditarysubsetH is saturated
if thereis novertex v € E° \ H with 0 < |s7!(v)| < oo suchthatr(e) € H for all
e € s~1(v). For X C E°, defineLx to bethehereditarysubsetonsistingof all vertices
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which X connectso. ThenX(X), the smallestsaturatechereditarysubsetcontaining
X, consistsof all thoseverticesof v € E° with 0 < [s7!(v)| < oo suchthat every
infinite pathstartingatv eventuallyusesverticesin Lx. Recallfrom [2] thata nontrivial
saturatechereditarysubsetH of E givesriseto a nontrivial gaugeinvariantideal Iy of
C*(E).

Theorem3.1. Let E beadirectedgraph. ThenC*(E) is simpleif andonly if
(i) E is cofinal.
(i) E satisfiexcondition(K).
(iii) If vertex v emitsinfinitely manyedges,theneveryvertex connectdo v.

Proof. See[17, Theorem4] or [22, Theorem12]. In [17, Theoremd4] the proof of the
only if directionis omitted,but aswe seebelow it is nothard.

Supposehat E is not cofinal. Thentherearexz € E> andv € E° suchthatv does
not connectto ary vertex usedby =. Hences(z) ¢ ¥(Ly,}) becausehe infinite pathz
doesnot enterLy,;. ThereforeX(Ly,}) givesrise to a nontrivial gaugeinvariantideal
Is(r,,,) of C*(E) in which caseC*(E) is notsimple.

Supposehat E doesnot satisfycondition(K). Thenthereis asimpleloop L in E such
thateachvertex of L lies on no otherloop. Either E is cofinal or it is not. If E is not
cofinalthenC*(E) is not simple by the agumentabove. If E is cofinal, thenby [12,
Theorem?2.4] C*(E) is stronglyMorita equivalentto C(T) whichis notsimple.

If E hasavertex v of infinite valeny anda vertex w which doesnot connectto v,
thenv ¢ Ly,y. Moreoverv ¢ %(Ly,y}), sincev hasinfinite valeny. HenceX(Ly,)
is a nontrivial saturatechereditarysubsetof E° andso givesrise to a nontrivial gauge
invariantideal Iz, ) of C*(E). HenceC*(E) is not simple, which concludesthe
proof. O

Thedirectedgraph E is strongly connectedf for every pair of verticesv, w thereis
apatha with |a| > 1 suchthats(a) = v, r(a) = w. A strongly connectedgraph
is sometimessaid to be transitive or irreducible (sinceits vertex incidencematrix Ag
is irreducible(cf. [20, Sectionl1.3])). If E is strongly connectedthenit is cofinal. A
subgraphF of E is saidto be cofinalif for every z € E* thereexists N(z) suchthat
r(zy,) € FOforn > N(z).

Theorem 3.2. If the directedgraph E is cofinal, theneither EE hasno loops, or there
existsa strongly connecteatofinalsubgaph F' C E.

Proof. Underthe relationof mutualconnectvity (i.e.v ~ w if andonly if v > w and
conversely),thereexists an equivalenceclass X of verticeswhich containsary vertex
whichliesonaloop. If E hasaloopandis cofinaltherecanonly beonesuchequivalence
class.Let F bethesubgraptwith F = X andF! = {e : s(e) € F°}. We claimthat
r(F') C F°. Supposehate € F! is suchthatr(e) ¢ F°. Sinces(e) € F?, thevertex
s(e) connectdo itselfviaa. Lety = aaa --- € E*. ThensinceE is cofinal,r(e) must
connectto somevertex on « andhenceto s(e). But this contradictsour assumptiorthat
r(e) ¢ FO. By its definition F is stronglyconnectedlt remainsto shov that F C E is
cofinal.

Letz € E*. Thenif s(z) € F°, thenwe maytake N(z) = 1. Sowe suppose
thats(z) ¢ F°. Letv € F°. Thenthereis aloop a with s(a) = v which yields
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y = aa--- € E*®. SinceF is cofinal thereexists 8 € E* suchthats(8) = v and
r(B) = r(xm) sSomem > 1. Letw = r(z,41). Thenby cofinality theremustbe a path
v € E* with s(y) = w andr(y) = r(y¢a)) = v for somel > 1. Thenwv connectdo w
via Bz.,41 andw connectdo v viay, andsow € F° by definition. O

Corollary 3.3. Supposeahat C*(E) is simple Theneither C*(E) is an AF algebra or
there existsa strongly connectecsubgaph ' C E sud that C*(E) is strongly Morita
equivalento C*(F).

Proof. If C*(E) is simple,thenby Theorem3.1thegraphE is cofinal.If E hasnoloops
thenby Theorem3.1 E cannothave ary verticesof infinite valeng andthenC*(E) is an
AF algebraby [12, Theorem2.4]. Ontheotherhandif E hasloops,thenby Theorem3.2

thereexists a strongly connectedcofinal subgraphF' of E. Let P = Y p,. Then
vEF0
by a similar agumentto the one givenin [3, Sectionl] P definesa projectionin the

multiplier algebraof C*(E) suchthat PC*(E)P = C*(F). To seethat PC*(E)P is
full, justobsenethatP # 0 andthatC*(E) is simple.HenceC*(E) is stronglyMorita
equivalentto C*(F') asrequired. O

4. STRONGLY CONNECTED GRAPHS

In this sectionwe briefly give someresultsaboutthepathspaceof astronglyconnected
graph. Essentiallythey arereformulationsof resultsaboutfinite, nonneyative matrices.
For moredetailsaboutnonneyative matricessee[20, Sectionl.3] or [15, Section4]. Let
E be a directedgraph. Thenfor v € E° we defineits period d(v) to be the greatest
commondivisor of thelengthsof all loopswhich begin atwv. If thereareno suchloops,
thenwe setd(v) = 0.

Lemma4.1. If E is strongly connectedthenfor anyv, w € E° onehasd(v) = d(w).

Proof. Letv,w € E°. ThensinceF is stronglyconnectedherearepathsa € E* and
B € E* from v to w andw to v, respectiely. So,if w is the sourceof aloop of length
s thenw is the sourceof loopsof lengthk + ¢ + s andk + £ + 2s. Henced(v) divides
(k+ £+ 2s) — (k+ £+ s) = s. Therefored(v) dividess for every loop with sourcew
of lengths. Sinced(w) is thegreatestommondivisor of suchnumberss, we musthave
d(v) < d(w). But sincethe agumentcanbe repeatedvith v andw exchangedpnehas
d(w) < d(v), andsod(v) = d(w) asrequired. O

Hencewe may definethe period of a stronglydirectedgraphto be the periodof arny
oneof its vertices.If E is stronglyconnectedvith period1 andhasfinitely mary vertices,
thenits vertex incidencematrix A g is aperiodicin the sensethatthereis ak > 1 such
thatevery entryof A%, is strictly positive (cf. [4, p.253]).

Lemma4.2. Let E bea strongly connectedyraphwith periodd. For eachv € E° there
is a positiveinteger N (v) suc thatfor &£ > N(v), v is thesourceof a loop of lengthkd.

Proof Supposéhata € E¥® andf € E*? areloopswith sourcev. Thenag € E(k+s)d
is aloopwith sourcev. Hencethe set

V = {kd : thereis aloop of thelengthkd in E with sourcev}
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of positive integersis closedunderaddition;moreovertheir greatestommondivisoris d.
But thenby [20, LemmaA3] V' mustcontainall but afinite numberof positive multiples
of d, andtheresultfollows. O

Next we examinethe structureof the finite pathspaceof a stronglyconnectedyraph
with periodd (see[20, Theoreml.3in Partl]):

Lemma4.3. Let E bea strongly connectedyraph with periodd, andv € E°. For any
w € E° there existsr,, with0 < r,, < d sud that:

(i) if 4 € E® isapathfromv to w, thens = r,, (mod d);

(i) there is a positiveinteger N (w) sud thatfor £ > N(w) thereis a pathof length
kd + r,, fromov tow.

Proof. For (i), leta € E™ and3 € E™ be pathsfrom v to w. SinceE is strongly
connectedthereis apathy € E? fromw tov. Henceay € E™? andf8y € E™ *7 are
loopswith sourcev. SinceE hasperiodd, it followsthatd dividesm + p andm' + p, and
sod divides(m + p) — (m' + p) = m — m/, thatis,m —m' = 0 (mod d). Setr,, = m
(mod d). If u € E? isapathfrom v to w, thens = r,, (mod d).

For (ii), leta € E™ beapathfrom v to w. Thenfrom (i) thereis a positive integerm
suchthatn = md + r,,. By Lemmad4.2 thereis a positive integer Ny suchthatfor all
s > Ny, v is thesourceof aloop of lengthsd. SetN(w) = Ng + m. If & > N(w), then
k —m > Ny, andsothereis aloopé € E*—™)4 with sourcev. Hencead is a pathof
lengthn + (k —m)d = (m + k — m)d + r, = kd + 7, fromov tow. O

Notethatif w = v in theabovelemma,thenr, = 0. Notealsothatr,, in Lemma4.3
is calledaresidueclassof w with respecto v (cf. [20, Definition 1.7 in Partl]).

5. SKEW PRODUCT GRAPHS

In this sectionwe describethe relative skew productgraph constructionand shov
how it canbe usedto describeall connectedcoveringsof a givenconnectedyraph. We
introducean invariant, called the local voltagegroup which enablesus to describethe
connectedcomponentof ordinary skew productgraphsand exhibit them as ordinary
skew productgraphsin their own right. Finally we specializeto a certainskew product
graphsformedfrom the integerswith a view to applicationso graphC*-algebrasn the
next section.

The following definition generalizeghe onesgivenin [8, Section4] and[7, Sec-
tion 2.3.2]for row-finite graphswith finitely mary verticesandgroupswhich arefinite.
Let E beadirectedgraph,I’ acountablegroupwith subgroupH, andc : E* — T afunc-
tion which we think of asalabelling of theedgesn E by elementof I'. Fromthis data
we mayform therelativeskew productgraph E x. (H \ T') with vertex setE° x (H \T),
edgesetE! x (H \ I'), andtherangeandsourceof thetheedge(e, Hg) givenby

s(e,Hg) = (s(e),Hg) and r(e,Hg) = (r(e),Hgc(e)) respectiely.

If H isthetrivial subgroupof I", thenthe above definition reducedo that of the or-
dinary skew productgraphE x. I' usedin [13, Definition 2.1] and[7, Section2.1.1]
(asopposedo thoseusedin [9, 6] wherethe labelling givesrise to a coactionof I' on
C*(E)). If H istrivial, thereis afreeaction\ of I" on E x. I definedfor g, h € T by
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Xt (z,9) = (z, hg) wherez € Efori = 0,1. If H is asubgroupof T, then H alsoacts
freelyon E x. I" andthequotientgraphH \ (E x.I') isisomorphicto E x. (H \T') via
themaps|z, g] — (z, Hg) wherex € Ei fori =0, 1.

For functionscy,c; : E* — T, we saythatc; andc, arecohomolgousand write
c1 ~ ¢y if thereis afunctiond : E® — T suchthatc; (e)b(r(e)) = b(s(e))ca(e) for all
e € E'. Therelation~ amongsall functionsfrom E! to T is anequivalencerelation. If
c1,cs : E' — T arecohomologoushenE x., T is equivariantlyisomorphicto E x, T
andE x., (H\T) =2 E x., (H\T) viathemaps(v,g) — (v,gb(v)) and(e,g) —
(e, gb(5(e))). |

Themapp. : E x. (H \T) — E definedby p.(z, Hg) = z, wherex € E* fori =
0,1, isacoveringmap. If E, E x. (H \ T') areconnectecand H is normalin T, then
pc is aregular coveringsincetheimageof m (E x. (H \ T"), (v, Hg)) under(p.)« is a
normalsubgroupof 7, (E, v). In fact,we shallshav thatevery connectedcoveringof a
givenconnectedjraphF is arelative skew productgraphformedfrom E (cf. [7, 8]).

Lemma5.1. Let E and F' beconnectedyraphs,p : F' — E acoveringmap,T a span-
ningtreefor E andv € E°. Thentheris a spanningorest{T,, : u € p~!(v)} of F suc
thatp(T,) = T forall u € p~(v).

Proof. Forw € E° letb,, betheuniquereducedvalk in T from v tow. Foru € p~1(v)
let b,,(u) be the uniquelift of b,, to a reducedwalk beginningatu € F°. PutT? =
r(bw(u)), andlet T} consistof all the edgescomprisingeachb,, (1) asw runsthrough
E°. By theuniquewalk lifting propertyfu is atreesuchthatp(fu) =T.

To show that {T}, : u € p*(v)} is aforest,we mustshaw thatthe T,, aredisjoint.
Supposehatw is avertecin T, N T,,, whereu, v’ € p—(v). Leta betheuniquereduced
walk in JN“U from u to w, andb betheuniquereducedvalk in JN“U/ fromwu' tow. Thenab™!
is areducedwalk in F' from u to «', andsop(ab~!) = p(a)p(b)~! is aloopin T with
sourcev. Hencep(a) = p(b) andthena=! = b~! by uniquewalk lifting atw. Therefore
we have thatu = s(a) = s(b) = «'. A similar argumentshaws that7,, andT, cannot
have anedgein common.

To shav that{fu : u € p~1(v)} spansF, supposehatw € F°. Thenthereexists
auniquereducedwalk b,y in T from v to p(w). By the uniquewalk liting property

; -1 T-1 \ _ -1 \ _ -1 ;
therglsareducedNaIk by I {suchthats(bp(w)) =w andp(li?(w)) = b, Since

p(r(b;éu))) = v, wemusthaver(b;,') € p~!(v), andsow liesin T, 5. O
Theorem5.2. Let E, F beconnectedjyraphs,p : F' — E acoveringmap,’ a spanning
treefor E andv € E° . Letw € F° besud thatp(w) = v € E°. Thenthere existsa
mapc = ¢, 7 : E' = 71 (E,v) suhthat F = E X, (p.m1 (F,w) \ m(E,v)).

Proof. Let H = p.n'(F,w) and{a; : i € I} C n'(E,v) bearight trans\ersalfor H
in 71 (E,v). Fori € I, leta; bethelift of a; in F with s(a;) = w, andputv; = r(a;).
Thenp='(v) = {; : i € I}. Letc = ¢,7 : E' = 7' (E,v) bedefinedby c(e) =
bs(e)eb;é), whereb, .y andb, () arethe uniquereducedwalksin 7" from v to s(e) and
r(e) respectiely.
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Fori € I, let T; bethetreeTy, in F describedn Lemmab.1. Defineamapy : F —
E x. (H \ 7' (E,v)) asfollows: if u € T?, thensety®(u) = (p(u), Hay). If f € Flis
suchthats(f) € 79 andr(f) € T?, thenwe pute! (f) = (p(f), Haic(p(f)) ™).

For f € F' wehave o°(s(f)) = (p(s(f)), Ha;) whereas

(0 (f)) = s(o(f), Haic(p(f)) ™) = (s(p(f)), Haie(p()) ™),
sos(!(f)) = ¥°(s(f)) providedthat Ha;c(p(f)) ™" = Ha;. To seethis, let

_ =71 17 ~—1
h—aibr(f)f bs(f)aj ,

whereb, ) is thelift of by(.(ry) With s(b,(s)) = Bi, andby(yy is thelift of by, s)) with
s(br(s)) = v;. Soh is aclosedwalk in F with s(h) = w. Hence

p(h) = aib;(i(f))p(f)_lbp(s(f))a;1 = aic(p(f))_la;1 € H,

andso Ha;c(p(f))~! = Ha; asrequired. It is straightforvardto show thatr o ¢! =
¢° o r, andhenceyp is agraphmorphism.

We now shaw that ¢ is injective. Supposehatfor someg, f € F! we have ol(e) =
o' (f), wherer(&) € T;, r(f) € Ty, s(€) € Tj ands(f) € Tj. Then

(p(&), Haie(p(@) ™) = (p(f), Hawe(p(f)) ™),
in which casep(e) = p(f) andtheni = '. Letb beareducedwalk in T; from s(e) to

s(f). Thenb = p(b) is aclosedreducedwalk in T', which impliesthats(e) = s(f). So
¢ = f by uniquewalk lifting of p(¢) = p(f) ats(¢). Theproofthaty is injective on F°
follows similarly.

Finally we claim that is surjective. Given(e, Ha;) in (E x. (H \ m (E,v)))!, let
a= d}-gs(e) bethelift of a; atw followedby thelift of b, atv;. Sete to bethelift of

e in F basedatr(a). Thens(€) € T; andsupposehatr(é) € T;. Thensincep(e) = e,
onehasy' (€) = (e, Ha;c(e)™') andHa;c(e) ™' = Ha; fllows by a similar agumentto
theonegivento show thaty® o s = s o ! abore. Theproofthaty? is surjective follows
similarly. O

Thefunctione = ¢, 7 : E' — m1(E,v) givenin the proof of Theorems.2 depends
on the transwersalp,m (F,w) in 7 (E,v), andon the choiceof v andT'. In Remarks
5.9 we shav thatthe cohomologyclassof ¢ is independenof the choiceof v andT'. By
uniquewalk lifting, a differenttrans\ersalhasno effect otherthanto permutethetreesin
thespannindorestof F.

We shallnow fix our attentionon ordinaryskew productgraphs.Let E be a directed
graphandc : E' — T afunctionwhereT is a countablegroup. Thenthereis a map
(which we shallalsodenoteby c) from 7 (E) to T definedby

c(ay - -an) =c(ar) -+ - clay),

wherec(e™1) = c(e)~!. It is straightforwardto shaw thatc is afunctorfrom 7, (E) to T.
Forv € E° let

Ty(c) = {c(a) : a € 7" (E,v)}.
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Sinceit is the rangeof a homomorphismI',(c) is a subgroupof T', calledthelocal
voltage groupof ¢ basedatw (in [7, Section2.5] thesegroupsarereferredto asthelocal
group). Thefollowing factsarenot difficult to establish(se€[19, Lemma6.5]):

Lemma5.3. LetE beadirectedgraphandc : E' — T afunctionwheeT isacountable
group.

(i) If there is a walk betweenw, w € E°, thenT,(c) andT,(c) are conjugatesub-
groupsof I'.

(ii) If ¢1,¢2 : E* — T are cohomolgous,thenfor all v € E°, T',(¢;) andT,(c2) are
conjugatesubgoupsof T'.

Remark 5.4. Let E beadirectedgraphandc : E* — T afunctionwherel  is acountable
group.If gisareducedvalkin Ex I from (v, g) to (u, h), thenh = gc(a) anda = p.(a)
isareducedvalk in £ fromv to u (cf. [7, Theorem2.1.2]).

Proposition5.5. Let E be a connectedgraph, ¢ : E! — T a functionwhee T is a
countablegroup. Thenthevertices(v, g) and(u, k) lie in thesameconnectedomponent
of E x. T if andonlyif thereis areducedwvalka in E fromv to u suc thatg—1h liesin
thecosetl', (¢)c(a) of thelocal voltage group of ¢ basedat v.

Proof. If (v, g) and(u, h) lie in the sameconnecteccomponenof E x. I', thenthere
existsareducedvalka in Ex.I from (v, g) to (u, h). By Remarks.4onehash = gc(a),
wherea = p.(a). Theng='h = c(a) liesin T, (c)c(a) asrequired.

Corversely let a be areducedwalk in E from v to u suchthatg='h € T'(c)c(a).
Hencethereis b € «'(E,v) suchthatg='h = c(b)c(a) = c(ba). Let d bethe unique

lift of d = ba in E x. I startingat (v,g). Thend is areducedwalk in E x. I' with

s(d) = (v,g) andr(d) = (r(ba), gc(ba)) = (u,h), sothat (v, g) and(u, h) arein the
Same(:onnected:omponent. O

Corollary 5.6. Let E be a connectedraphandc : E! — T afunctionwheeT is a

countablegroup. ThenE x. I consistsof |T' : T, (c)| mutuallyisomorphicconnected
componentsyhere T, (c) is the local voltage group of ¢ basedat v € E°. In particular,

E x. T is connectedf andonlyif T, (c) = T for somev € E°.

Proof. By Proposition5.5 the numberof connecteccomponentof E x. T is equalto
T : T'y(c)|, thenumberof cosetof I', (¢) in T'. SincethenaturalactionA of T on E x.T
is transitve onp; 1 (v) = {(v,g) : g € T} forall v € E° andE is connectedit follows
thatthe connecteccomponent®f E x . I' aremutuallyisomorphic. O

Thereappeard¢o beanerroron[7, p.88]whereit is shavn thatthe connectedcompo-
nentsof E x. I aremutuallyisomorphicby thetransitvity of the naturalactionof I on
E x.T' — whichis certainlynotthe casein general.

Definition 5.7. Let E beadirectedgraph,c : E! — T afunctionwherer is a countable
group. Fix T aspanningreeof E andvertex v € E°. Thendefinethe T-voltage based
atv to bethefunctione, 7 : E* — T givenby

@) cy,r(e) == c(bs(e)ebr_(le)) = c(bs(e))c(e)c(br(e))_l,
wherefor w € E, by, is theuniquereducedwalk in T from v to w.
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Thefunctione, r : E' — T is thesameasthe oneusedin the proof of Theorems.2.
Thefollowing resultis not difficult to establish

Proposition5.8. Let E be a directedgraph with spanningtree T andc : E' — T be
a functionwheee T is a countablegroup. Thenfor v € E°, onehasc,r ~ ¢, and
furthermoeT',(c) = Ty (cy, 7).

Remarks5.9. Proposition5.8 shawvs thatif we useanotherbasevertex to computethe
T-voltagesor if we usea differentspanningtree,thenwe geta cohomologougunction
from E' to T. Moreover, if T is a spanningreefor E, thenthelocal voltagegroupof ¢
atv is generatedby {c, r(e) : e € E' \ T'} (cf. [7, Theoren2.5.3]).

Proposition 5.10. Let E bea connectedlirectedgraphwith spanningreeT, v € E° and
¢ : E' = T afunctionwhee T is a countablegroup. Thenead connecteccomponentf
E x.T isisomorphicto E x., . T'y(c).

Proof. Forw € E° letb,, betheuniquereducedvalk in T' from v to w. Sinceeachof the
connectedcomponent®f E x . I' areisomorphicby Corollary5.6,we shalldealwith the
connectecomponent” which containsthevertex (v, 1r). Definegp : E x., » T'y(c) =
E x.T by

¢°(v,¢(a)) = (v, ¢(a)e(by)) andyp’ (e, ¢(a)) = (e, c(a)e(bye))),
wherea € 7 (E,v). We checkthatyp is agraphmorphism:

¢°(r(e, c(a)) = ¢ (r(e)c(a)c(bs(eyebry,)) = (r(e), c(a)e(bseye))

= r(e, c(a)c(bs(e) = (' (e, ¢(a)),
and

" (s(e,c(a))) = (s(e), c(a)bs(e)) = s(e, c(a)bse)) = s(¢ (e, c(a).

Toseethaty isinjective, supposghaty’ (e, c(a)) = @' (f, ¢(b)). Then(e, c(a)c(bs(.)))
= (f,¢(b)e(by(yy)) inwhichcasee = f andthenc(a) = ¢(b). Toshaw thate? isinjective
is similar. It only remainsto shav thattheimageof ¢ is F. Supposehat (u, g) € F°.
Thenthereis areducedwalk b from (v, 1r) suchthatb = p.(b) is areducedwalk in E
from v tow with g = ¢(b). Sincebb,, ' is aclosedreducedvalk in E which beginsatuw it
followsthate(bb, ') € T’y (c) andthen(u, c(bb, ') isavertexin E x., , T'y(c) suchthat
0O (u, c(bby1)) = (u,c(b)) = (u,g). A similar proof shaws that! is surjectize, which
completesour proof. O

Remark 5.11. Let E beadirectedgraphandc : E' — T afunction.If E x. T is cofinal,
thenE is cofinal. However, the corverseis nottrue.

We shallbeinterestedn thecasewheneachedgein E is labelledby theintegerl. The
skew productgraphE x . Z thenhasno loops(see[13, Proposition2.6]). Thenext result
canbededucedrom thedefinitionsandtheresultsfrom section4.

Proposition5.12. Let E bestronglyconnectedindletc : E* — Z givenbyc(e) = 1 for
all e € E'. If E hasperiodd, thenT,(c) = dZ for all v € E°.

If EO is finite thenwe cansayallittle more.
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Proposition5.13. Let E be a strongly connectedyraph of period d with finitely many
vertices. Letc : E' — Z begivenbyc(e) = 1 for all e € E'. Theneac connected
componendf E x. Z is cofinal.

Proof. Supposehatz is an infinite pathin one connecteccomponenif E x. Z, and
(v,m) is avertex in the samecomponent.Since E° is finite, thereis v € E° andan
increasingsequencei; > ny > ng > ... of integerssuchthat (u, n;) is the rangeof
someedgein z. Let « beashortespathfrom v = p.(v, m) tow = s(p.(Z)) in E. Then
|a| = ry, theresidueclassof w in E with respecto v (seeLemma4.3). Let & bethelift

of ain E x. Z with source(v,m). Thenby Remark5.4,r(a) = (w,m + ry). Since
(w,n) := s(z) and(w, m+r,) belongto thesameconnectedomponentby Proposition
5.5we musthave

2 n—(m+ry,) =kd

for somek’ € Z. Since(w,n) connectgo (u,n;), it alsofollows from Lemma4.3 (ii)
thatfor all i > 1 onehas

3) n; =n+ k;d+ sy

for somek; > 1, wheres,, is theresidueclassof u in E with respecto w. By Lemma
4.3 (i) thereis a positive integer N (u) suchthatfor all K > N(u) thereexists a pathof
lengthkd + s, from w to u. Sincethe k;’'s becomearbitrarily large we may assumehat
k' + k; > N(u) for sufficiently larges, andsoby Lemma4.3 (i) thereexistspathsg; in
E fromw to u of length(k' + k;)d + s,. Let B; bethelift of 3; in E x. Z with source
(w,m + ry). Thenby Remark5.4

r(Bi) = (uym + 1y + (K + ki)d + 5,)
= (u,m+ry+(n—(m+ry))+kid+s.) by(2)
= (u,n + kid + sy) = (u,n;) by (3).
Henced3; is a pathin the connectectomponentf E x . Z containing(v, m) and(w,n),

beginningat (v, m), andendingat (u, n;) for sufiiciently largei. Sincez passeshrough
(u,n;) for all 4, it followsthatthis components cofinalby definition. O

6. THE AF CORE

Let E beadirectedgraph,and{s., p, } a Cuntz-Krieger E-family generatingC*(E).
Thereis a stronglycontinuousaction of T on C*(E) calledthe gauge actionwhichis
characterizedthy

VzSe = 8¢, and v.p, = py,
wherez € T. ThefixedpointalgebraC*(E)” of thegaugeactionis AF andis normally
referredto asthe AF core(seg[16, Section2.2] and[3, Section2]). We wishto establish
conditionswhich guarante¢hat C*(E)? is simple. To do this we shallusethe following
Morita equivalencewhich wasestablishedhn [13, Proposition2.8].

Lemma6.1. Let E be a row-finite directedgraph with no sinksand sources,and ¢ :
E' — Zbegivenbyc(e) = 1forall e € E'. ThenC*(E)" is stronglyMorita equivalent
toC*(E X Z).
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The casewhentherearefinitely mary verticesis straightforvard.

Theorem6.2. Let E bea row-finitedirectedgraphwith nosinksor souicesand E° finite.
ThenC*(E)" is simpleif andonlyif E is strongly connectedvith period1.

Proof. Let E be strongly connectedwith periodone,andc : E' — Z be given by
c(e) = 1for all e € E'. By Proposition5.13the skew productgraphE x. Z is cofinal.
SinceFE x. Z hasnoloopsand E is row-finite, by Theorem3.1 C*(E x. Z) is simple,
andthensois C*(E)” by Lemma6.1.

Now supposehatC*(E)" is simple. Thenby Lemma6.1C*(E x . Z) is simple.From
Theorem3.1 E x. Z is cofinal,andso E is cofinalby Remark5.11. We claimthat E is
stronglyconnectedLetu, v € E°. ThensinceE? isfinite andE hasnosourcesthereis a
loopa € E* andapathg € E* with s(a) = s(8) andr(8) = v. Letz = aa--- € E™.
ThensinceE is cofinalthereis apathy € E* with s(u) = w andr(u) = s(a). Hence
thereis apathug € E* from u to v, which establishesur claim. From Propositions.12
andCorollary5.6it followsthat £ hasperiod1. O

Remark 6.3. TheoremB.2is nottrueif E° is infinite. ThegraphE shavn belov
/‘\./\./\./\. N
1\/ 2\/3\/4\/5

is clearly stronglyconnectedvith period1. However for thefunctionc : E! — Z given

by c(e) = 1 for all e € E*, theskew productgraphE x. Z is notcofinal.

If E hassinksor avertex of infinite valeng, thenwe will make useof the following
result:

Lemma 6.4. Let E bea directedgraph,andsupposeghat H C E° is a nonemptysatu-
ratedhereditarysubseof E° sudthat H # E°, thenC*(E)" is notsimple

Proof. Let H be a nontrivial saturatechereditarysubsef E° and Iy bethe gaugein-
variantideal of C*(E) generatedy {p, : v € H}. Let® : C*(E) — C*(E)" bethe
conditionalexpectatiorassociatedo the gaugeaction. Then® is faithful on positive ele-
ments(cf. [3, Sectionl]). SinceH is apropersubsebf E°, and® anexpectatiorwhich
is faithful on positive elementsit followsthat® (1) is aproperidealof C*(E)” andthe
resultfollows. O

Let usfirst dealwith the casewhentherearesinks.

Proposition6.5. Let E be a row-finitedirectedgraphwhich hasat leastonesink. Then
C*(E)7 is simpleif andonlyif E consistof a singlevertex.

Proof. If E consistsof a singlevertex, thensincethereareno edgesonehasC*(E) =
C*(E)Y = C, whichis simple. Supposéhat E hassinksv; # vs. ThenX({v1}) isa
propersaturatedhereditarysubsebf E°, andsogivesriseto aproperidealin C*(E)? by
Lemma6.4. Supposeow thatv is theonly sink andlet J bethe subalgebraf C*(E)”
generatedy elementof theform s, s}, wherep, v € E™ for somen > 1 aresuchthat
r(p) = r(v). It is straightforwardto shav that.J is a closed2-sidedidealin C*(E). If E
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hasedgesthenJ is nontrivial andJ # C*(E) sincep, ¢ J. HenceC*(E) is simple
only if therearenoedgesand E® = {v}. O

Thecasewhenthereis avertex of infinite valeng is quite similar.

Proposition6.6. Let E be a directedgraph with at leastone vertex of infinite valency
ThenC*(E)" is notsimple

Proof. Supposey € E° hasinfinite valeng. Let J be the C*-subalgebraof C*(E)”
generatedy elementof theform s, s}, wherep, v € E™ for somen > 1 aresuchthat
r(u) = r(v). It is straightforvardto show that J is a closed2-sidedideal in C*(E)7.
Now J # C*(E)" sincep, ¢ J, andJ is nonzerosince E hasedges,so the result
follows. O

Now supposehat E° is infinite and E hasno sinks. If E is eitherstronglyconnected
or hasno loops,thenwe claim thatfor eachv € E° thereis aninfinite pathz(v), with
sourcev suchthatfor all n thereis no pathof lengthlessthann from v tor(z(v),, ). Every
vertex on sucha pathis visitedin the shortestistancefrom v. An infinite pathwith this
propertyis saidto be v-depth-fist, sinceit is a pathin the depth-firstspanningreeof £
(se€[5, Section3.3)).

Forv € E° letV(0) = {v} andfor n > 1 let V(n) denotethoseverticesto which
v connectsby a pathwhoselengthis lessthann. Since E° is infinite with no sinks
and E is strongly connectedbr hasno loopsit follows that V' (n) is nonemptyandthe
containment/ (n — 1) C V(n) is strictfor n > 1. ThesetV(n) \ V(n — 1) denotes
thoseverticeswhich canbereachedrom v with shortespathof lengthn. We saythata
patha € E™(v) := {a € E™: s(a) = v} isv-deepif it useddifferentvertices thatis if
r(a;) € V(i) \ V(i — 1) for 1 <4 < n. Let E} (v) denotethecollectionof v-deeppaths
in E™(v).

Lemma6.7. Let E be a directedgraphwith E° infinite and no sinks. If E is strongly
connectedr hasnoloops,thenfor v € E° thesetE}' (v) is non-emptyfor all n > 1.

Proof. Theresultfollowsimmediatelyfrom thefactthatr (E3(v)) = V(n) \ V(n — 1)
whichis non-emptyfor alln > 1. O

Theorem6.8. Let E bea row-finitedirectedgraphwith E° infinite andno sinks.If E is
strongly connectear hasno loops,thenfor each v € E° thereis a v-depth-fist path.

Proof. Forintegersm > n > 0, let Ej»™(v) denotethosea’ € Ej(v) which appearas
thefirst partof somea € EJ*(v). Clearly E;»™ (v) #  for allm > n > 0 sinceE}"(v)
is non-emptyandfor ary a = o/a” € Ej*(v) with o' € E™(v) wehavea' € E»™ (v).
Moreover, this argumentalsoshavs that E7-™ (v) 2 Ej-P(v) for all integersp > m >
n > 0. Let
EP=() = ] ES™(v).
m>n

Then E7»>°(v) # 0, sinceit is the intersectionof a decreasingsequencef finite non-
emptysets.Now we may definethe infinite pathwe seek:SinceE;*Oo(fu) # 0, thereis
z(v)1 € E' suchthattherearea,, € E™ for n > 1 with z(v),a, € E;™"t'(v). Since
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E is row-finite, thereis z(v), € E' suchthatthereareinfinitely mary sucha, with
an = z(v)20", wherea! € E™~'. In particularz (v),2(v)2 € E}>°(v), sincefor n > 2
therearea € E;"(v) with a = 2(v)12(v)20" for somea” € E"~2. In this way we
may definez(v) = (z(v);) € E* with s(z(v);) = v andr(z(v);) € V() \ V(i — 1)
forall4 > 1. |

Corollary 6.9. Let E bearow-finitedirectedgraphwith E° infinite andnosinks.If E is
strongly connectedr hasnoloops,thenC*(E)? is notsimple

Proof. Letc: E' — Z begivenby c(e) = 1 for alle € E! andfor v € E°, let z(v)
beawv-depth-firstpath. Let 2’ € (E x. Z)* bethelift of z(v) with source(—1,v), and
supposdhata’ is suchthats(a') = (0,v) andr(a') = r(z';) = (i — 1,r(x(v);)) for
somei. Hencea = p. (') is apathof lengthi — 1 from v to r(z(v); ), which meanshat
r(z(v);) € V(i — 1), which contradictionghe definition of z(v). HenceE x. Z is not
cofinal,so C*(E x. Z) is notsimpleby Theorem3.1,andhenceC* (E)" is not simple
by Lemma6.1 O

Theorem6.10. Let E be a directedgraph. ThenC*(E)? is simpleif andonly if either
FE hasa cofinalstrongly connectegubgiaphof period 1 which hasfinitely manyvertices,
or E consistof a singlevertex.

Proof. If E hasavertexinfinite valeng, thenC* (E)" is notsimpleby Propositiors.6. So
we maysupposehat F is row-finite. If E is notcofinalthen,by theproofof TheorenB.1,
thereis anontrivial saturatedhereditarysubsebf E° whichgivesriseto anontrivial ideal
in C*(E)” by Lemma6.4. Sowe may supposehat E is cofinal. If E doesnot satisfy
condition(K), thenthereis a cofinal subgraphl. which consistsof a loop with no exits.
Letc : E' — Z begivenby c(e) = 1foralle € E'. ThenE x. Z is cofinalif and
only if L hasonevertex. Henceby Lemma6.1, C*(E)” is simpleif andonly if E has
a cofinal strongly connectedsubgraphof period1 which consistsf a singlevertex (and
edge).Sowe maysupposehat E alsosatisfiescondition(K). Thereforewe mayassume
that E satisfiesconditions(i)—(iii) of Theorem3.1,andsoC*(E) is simple.

If E hasa sink, thenby Proposition6.5 C*(E)7 is simpleif andonly if E consists
of a singlevertex. So we supposehat E hasno sinks. By Theorem3.2 either E has
no loops,or thereis a stronglyconnectedtofinal subgraph#” C E. Supposeéhat E has
no loops. Then E° cannotbe finite (asthat would meantherehadto be a sink cf. [12,
Section2)]). If EY is infinite, thenC*(E)" is not simpleby Corollary 6.9. SupposeF
hasa stronglyconnectectofinalsubgraph¥'. Thenby Corollary 3.3thereis a projection
P € M(C*(E)) suchthatC*(F) = PC*(E)P. Sincethisisomorphismis essentially
theidentity map,it commuteswith theusualgaugeactionson C*(E) andC*(F’), which
are both denotedby . The projectionP is the limit of a sumof projectionsin C*(E)
whichareinvariantunderthegaugeaction.HenceP € M (C*(E))”, andthenC* (F)7 =
PC*(E)YP. SinceF is cofinalin E, it followsthat PC*(E)? P is full, andso C*(E)”
is stronglyMorita equivalentto C*(F')”. Theresultnow follows from Theorem6.2 and
Theorem6.9. O

If we discountthe trivial casewhenthe graphonly consistsof a singlevertex, Theo-
rem 6.10saysthefollowing: Up to Morita equivalencethe only graphsFE for which the
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AF coreof C*(E) is simplearethosewhich have finitely mary verticesandarestrongly
connectedvith periodone. For stronglyconnectedyraphswe prove the following struc-
tureresultsfor the AF core.

Theorem6.11. Let E be a strongly connectedrow-finite graph with period d. Then
C*(E)" is a direct sumof d mutuallyisomorphicAF algebras. If in addition E° is fi-
nite, thentheseAF algebrasare simple

Proof. Let E bestronglyconnectedrow-finite with periodd, andc : E* — Z begiven
by c(e) = 1 for alle € E'. By Corollary5.6 E x. Z consistof d mutuallyisomorphic
componentsSinceeachcomponents a subgraptof agraphwhich hasnoloops,thefirst
partfollowsfrom Lemma6.1and[12, Theoren?.4]. If E° isfinite, theneachcomponent
is cofinalby Propositions.13,andthelaststatemenfollows from Theorem3.1. O

Theorem6.12. Let E be a strongly connectedow-finite graph with finitely manyver-
tices. ThenC*(E) is stablyisomorphicto a crossedproductof a simpleAF algebra by
anactionof Z.

Proof. Let E be a strongly connectedyraphwith periodd, T' be a spanningireefor E,
v € E° andc : E* — Z begivenby c(e) = 1 for all e € E*. By Proposition5.10each
componenbf E x . Z isisomorphicto E x., . 'y (c). SinceE is stronglyconnectedvith
periodd, by Proposition5.12we haveT', (¢) = dZ = Z. Let A denotethefree Z-adion
onE x., » dZ which hasquotientE. Thenby [13, Corollary3.9] onehas

C*(E X¢, p AdL) x\ L = C*(E) ® K(6*(Z)).

SinceE x., , dZ is isomorphicto a subgraphof E x. Z it hasno loops, and so
C*(E x., , dZ)is AF by [12, Theorem2.4]. If E° is finite, thenE x., ,. dZ is cofinal
by Proposition5.13. It thenfollows that C*(E x., , dZ) is simple by Theorem3.1,
which completeghe proof. O
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