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ABSTRACT. To a directedgraph � is associateda ��� -algebra�����	��
 calleda graph� � -algebra. Thereis a canonicalaction � of 
 on � � �	��
 , called the gaugeaction.
In this paperwe presentnecessaryandsufficient conditionsfor the fixed point algebra�����	��
�� to besimple. Our resultsalsoyield somestructuretheoremsfor simplegraph
algebras.

1. INTRODUCTION

Thispaperbringstogetherideasfrom thetheoryof nonnegativematricesassociatedto
stronglyconnectedgraphsandtopologicalgraphtheoryto prove somestructureresults
for graph

���
-algebras.Becauseof the diversebackgroundsinvolved,we have madean

effort to make this paperself-containedby including a little relevant backgroundfrom
eachof theseareas.

We begin by establishingour notationandconventionsfor directedgraphsandtheir���
-algebras(we areawarethat graphtheoristsusequite differentterminology(see[5]

for example)).Next we bring togethertwo setsof resultson thesimplicity of graph
���

-
algebrasdueto Paterson([17]) andSzymánski ([22]). We show thatup to Morita equiv-
alence,asimplegraph

���
-algebrais eitherAF or the

���
-algebraof a stronglyconnected

graph.
We thengive someresultsaboutthe finite pathspaceof a stronglyconnectedgraph.

Theseresultsareessentiallyrestatementsof standardfactsaboutirreduciblenonnegative
matrices.In thefollowing sectionwedescribetheconstructionof a relativeskew product
graphfrom � (cf. [7, 8]). Essentially, if � is a groupwith subgroup� , a relative skew
productgraph��������������� is anextensionof � by thehomogeneousspace����� using
a labelling of the edgesin � by elementsof � . This constructiongeneralizesthe usual
skew productgraphusedin [13, 9]. In Theorem5.2weshow thatany connectedcovering
graphof a givenconnectedgraphcanbewritten asa relative skew productgraphof the
basegraph,a generalisationof the resultsin [7, 8]. We describean invariant,calledthe
local voltagegroup,which enablesusto write theconnectedcomponentsof anordinary
skew productgraphasskew productgraphsin their own right. For a row-finite graph �
thereis a canonicallabellingof theedgesin � with theinteger � suchthat

��� ��� � ��! �
is isomorphicto

��� ���"�#��$&% , where' denotesthegaugeactionof % on
��� ���(� .

In the final sectionwe apply our resultsto graph
���

-algebras.In variousstageswe
provethatthefixedpointalgebra

��� ���(� $ of thegaugeaction ' on
��� ���"� is simpleif and
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only if either � consistsof a singlevertex, or � is row-finite andhasa cofinalsubgraph
with finitely many verticeswhich is stronglyconnectedwith periodone.If � is strongly
connectedwith period ) , then

��� ���(� $ is the direct sumof ) mutually isomorphicAF
algebras.If in addition �+* is finite, then

��� ���(� is stablyisomorphicto acrossedproduct
of asimpleAF algebraby a ! -action.

Theauthorswould like to thanktherefereefor severalhelpful commentswhich led to
improvementsin thefinal draft.

2. GRAPHS AND THEIR
���

-ALGEBRAS

A directedgraph � consistsof a sets �+*-,.�"/ of verticesandedgesrespectively, to-
getherwith maps 01,32546�"/879��* giving the directionof eachedge.A subgraph : of� consistsof subsets:+;"<=��; for >"?A@B,�� suchthat 2-��:(/C�ED :F* and 0G��:(/H�ED :F* .
A path in the directedgraph � is a finite sequenceIJ?KI /�L�LHL I�M of edgessuchthat0N��I ; �O?P2-��I ;RQ6/ � for �"ST>OSTUWVX� . For a finite path IY?ZI /�[H[H[ I6M , its length \ IO\]4^?_U
is the numberof edgesin the sequenceI . An infinite path in � is an infinite sequence��` ; � ;�ab/ of edgessuchthat 0G��` ; �"?A2-�c` ;dQ�/ � for >"ef� ; the setof infinite pathsin � is
denoted�"g . For Uhei@ , let � M denoteall thosepathsin thedirectedgraph � of lengthU . Let � � ?kjM a]*

� M denotethesetof all finite pathsin � . Therangeandsourcemaps

extendnaturallyto � � ; for Il?iI / LHLHL I Mnm � � define0G��I��O?T0N��I M � and 2-��I���?_2-��I / � .
Thegraph� is calledrow-finiteif everyvertex emitsfinitely many edges.A vertex which
doesnot emit any edgesis calleda sink. A vertex which doesnot receive any edgesis
calleda source.

Let � beadirectedgraph.For o m �"/ weformally denoteby oqpb/ theedgeo traversed
backwards,sothat 2-��orps/C��?t0N��o1� and 0N��oqpb/H��?t2-��ou� . Thesetof reverseedgesis denoted�vps/ . It is thennaturalto define ��oqps/C�wps/x?to for oqpb/ m �vpb/ . A walk in thedirectedgraph� is a sequenceyE?�y /�L�LHL yGM , where y ; m �"/�zW�vpb/ aresuchthat 0N��y ; �x?�2-��y ;RQ6/ � for>�?P�r, [H[�[ ,{U8V|� ; wewrite 2-��yN��?i2q��y / � and 0N��yG�O?X0N��yGM}� . A walk yv?Ty /�LHL�L yGM is said
to be reducedif it doesnot containthesubword y ; y ;RQ6/ ?PyGy pb/ for any y m � / z~� pb/ .
Given a reducedwalk yT?�y /�LHLHL yGM the reversewalk is written y]pb/Y4�?�y]ps/M LHL�L y pb// ,
which is also reduced. If y�,3� are reducedwalks with 0N��yN�5?�2q���C� , then y L � will be
understoodto bethereducedwalk obtainedby concatenationandthencancellationusing
the relations ouorps/�?�2-��o1� , oqpb/CoT?�0N��ou� , oqps/�2-��o1�l?�oqps/�?�0N��o1�{orps/ and o�0N��o1�|?on?=2q��o1��o for o m �"/ . With compositionandinverseoperationsdefinedabove, the set� / ���"� of reducedwalks, forms a groupoidwith unit space�+* andis referredto asthe
fundamentalgroupoid of � (note that the roles of the rangeand sourcemap must be
reversedto make � / ���(� acategory, cf. [14]).

Let ��,.: be directedgraphs.A graphmorphism��4�:f7�� consistsof maps ��;+4:+;�7��(; for >O?�@},H� suchthat �6*G�c0N���b�{�&?�0G����/r���b�{� and ��*-��2q���b�{��?�2q����/����b�{� for all� m ��/ .
Definition 2.1. Let �8,3: bedirectedgraphsand��4-:�7�� bea graphmorphism.Then� is covering map if for each � m :F* , � maps 0-ps/����G� bijectively onto 0-pb/r�^���c�N�{� and2rpb/��c�N� bijectively onto 2rpb/1���6���G�.� (cf. [21, Section2.1.6]).
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Let �54r:P7�� beacoveringmap,andfor y�?ty /�LHL�L yGM m � / ��:�� let ����yN��?�����y / � LHLHLL�LHL ����yGMB� where�6���6pb/��&4�?h�����b��pb/ for � m ��/ . In this way, thecoveringmap� induces
a morphism� � 4 � / ��:��~7 � / ���(� . A graphmorphism ��4&:�7�� hasthe unique
walk lifting property (see[7, Theorem2.1.1]) if given   m :F* and y m � / ���(� with2-��yN��?t�}*-�c b� , thereis a unique¡ y m � / ��:�� suchthat 2q�	¡ yN�&?P  and �6�	¡ yN��?�y . Onemay
alsolift reducedwalkswhich endat �}*q�� ¢� . Likewiseonemay lift infinite pathsfrom �
to : . Thefollowing resultis routine(see[10, Lemma17.4] for instance):

Lemma 2.2. Let � , : bedirectedgraphsand �~4q:�7�� bea graphmorphism.Then�
hastheuniquewalk lifting propertyif andonly if � is a coveringmap.

Thedirectedgraph � is saidto beconnectedif, givenany two distinctverticesin � ,
thereis a reducedwalk betweenthem. A directedgraph £ is a tree if andonly if there
is preciselyonereducedwalk betweenany two vertices(so a treeis connected).For a
connectedgraph � and � m �+* we maydefine

� / ���8,{�N��?Z¤uy m � / ���(�O4G2-��yN��?T�v?T0N��yN��¥q,
sothat � / ���8,.�G� is theisotropy groupof theunit � in � / ���(� . If � is connected,thenthe
groupoid� / ���(� is connectedandsoall its isotropy groupsareisomorphic.Ourdefinition
of the fundamentalgroup matchesthe usualone given in [21, Section2.1.6] because
takingthereductionof awalk coincideswith thenotionof pathequivalenceusedthere.

Usingtheaxiomof choiceit maybeshown thatevery connectedgraph � containsa
spanningtree£ (cf. [21, Section2.1.5]):asubgraph£ whichis itself atreewith £&*�?i�+* .
Fix a givenspanningtree £ of � anda vertex � m ��* . Thenfor ¦ m £&* we set ��§ to be
theuniquereducedwalk in £ from � to ¦ . If � hasaspanningtree,thenit is connected.

Let � be a directedgraph. Then a Cuntz-Krieger � -family (or a representationof� ) consistsof a family ¤�¨�©ª4]� m �+*�¥ of mutuallyorthogonalprojectionsanda family¤1«s¬�4qo m �"/u¥ of partial isometrieswith mutuallyorthogonalrangessuchthat

« �¬ «s¬x?i¨6­H® ¬°¯ ,±«�¬C« �¬ SX¨�²3® ¬°¯ ,³¨�©F? ´²3® ¬°¯�µs© «s¬C«
�¬ if @v¶P\ 2 pb/ �c�N�H\B¶T· [

The graph
���

-algebra
��� ���(� is generatedby a universalCuntz-Krieger � -family¤12 ¬ ,�� © ¥ (see[18, Section1]). Theclassof graph

���
-algebrasis quitebroad.It includes,

up to Morita equivalence,all AF algebrasandall Cuntz-Kriegeralgebras(see[12], [11]
amongstothers).

3. SIMPLE GRAPH ALGEBRAS

A loop in � is a path I with \ I#\�ef� suchthat 2-��I��(? 0G��I�� . The loop I m � M is
simpleif thevertices ¤�0N��I ; �+4���SP>FSZU�¥ aredistinct. Thegraph � satisfiescondition
(K) if no vertex lieson exactlyonesimpleloop. Thedirectedgraph � is cofinal if, given` m �(g and � m �+* , thereis a path I suchthat 2q��I��¸?�� and 0N��I��F?�0N��` M � for someUlei� .

If �],.¦ m �+* thenwe write �ªeX¦ if thereis a pathfrom � to ¦ . A subset� of �+* is
hereditary if � m � and �5ei¦ impliesthat ¦ m � . A hereditarysubset� is saturated
if thereis no vertex � m �+*¸�¹� with @�¶K\ 2rps/����G��\�¶º· suchthat 0N��o1� m � for allo m 2rpb/��c�N� . For »�<¼�+* , define ½�¾ to bethehereditarysubsetconsistingof all vertices
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which » connectsto. Then ¿¹�c»l� , the smallestsaturatedhereditarysubsetcontaining» , consistsof all thoseverticesof � m ��* with @t¶À\ 2rpb/��c�N�H\&¶Á· suchthat every
infinite pathstartingat � eventuallyusesverticesin ½�¾ . Recallfrom [2] thata nontrivial
saturatedhereditarysubset� of � givesrise to a nontrivial gaugeinvariantideal ÂCÃ of��� ���(� .
Theorem3.1. Let � bea directedgraph.Then

��� ���(� is simpleif andonly if
(i) � is cofinal.

(ii) � satisfiescondition(K).
(iii) If vertex � emitsinfinitely manyedges,theneveryvertex connectsto � .

Proof. See[17, Theorem4] or [22, Theorem12]. In [17, Theorem4] the proof of the
only if directionis omitted,but aswe seebelow it is not hard.

Supposethat � is not cofinal. Thenthereare ` m �(g and � m �+* suchthat � does
not connectto any vertex usedby ` . Hence2q��`��8Äm ¿¹��½OÅ ©HÆ � becausethe infinite path `
doesnot enter ½OÅ ©HÆ . Therefore¿¹��½OÅ ©HÆ � givesrise to a nontrivial gaugeinvariantidealÂCÇs®dÈ]ÉËÊ3Ì ¯ of

��� ���(� in which case
��� ���"� is not simple.

Supposethat � doesnotsatisfycondition(K). Thenthereis asimpleloop ½ in � such
that eachvertex of ½ lies on no otherloop. Either � is cofinal or it is not. If � is not
cofinal then

� � ���"� is not simpleby the argumentabove. If � is cofinal, thenby [12,
Theorem2.4]

��� ���(� is stronglyMorita equivalentto
� ��%�� which is not simple.

If � hasa vertex � of infinite valency anda vertex ¦ which doesnot connectto � ,
then �XÄm ½OÅ §�Æ . Moreover �TÄm ¿¹��½OÅ §�Æ � , since � hasinfinite valency. Hence ¿¹��½OÅ §�Æ �
is a nontrivial saturatedhereditarysubsetof ��* andso givesrise to a nontrivial gauge
invariant ideal ÂCÇb®RÈ]ÉËÍNÌ ¯ of

� � ���(� . Hence
� � ���"� is not simple, which concludesthe

proof.

The directedgraph � is strongly connectedif for every pair of vertices�],.¦ thereis
a path I with \ I#\¹eÎ� suchthat 2-��I��5?�� , 0N��I��~?�¦ . A stronglyconnectedgraph
is sometimessaid to be transitive or irreducible(sinceits vertex incidencematrix Ï&Ð
is irreducible(cf. [20, Section1.3])). If � is stronglyconnected,then it is cofinal. A
subgraph: of � is saidto be cofinal if for every ` m �(g thereexists ÑY�c`¢� suchthat0N�c`�M]� m : * for UlehÑY��`�� .
Theorem3.2. If the directedgraph � is cofinal, theneither � hasno loops,or there
existsa stronglyconnectedcofinalsubgraph :�<X� .

Proof. Underthe relationof mutualconnectivity (i.e. ��Ò ¦ if andonly if �YeÓ¦ and
conversely),thereexists an equivalenceclass » of verticeswhich containsany vertex
whichliesona loop. If � hasa loopandis cofinaltherecanonly beonesuchequivalence
class.Let : be thesubgraphwith : * ?�» and : / ?=¤�on4�2-��o1� m : * ¥ . We claim that0N��:(/��¹<_:F* . Supposethat o m :(/ is suchthat 0N��o1��Äm :F* . Since 2-��o1� m :F* , thevertex2-��o1� connectsto itself via I . Let Ô�?iI6I�I L�LHL m �(g . Thensince� is cofinal, 0G��o1� must
connectto somevertex on I andhenceto 2-��o1� . But this contradictsour assumptionthat0N��o1��Äm :F* . By its definition : is stronglyconnected.It remainsto show that : <P� is
cofinal.

Let ` m �(g . Then if 2-�c`¢� m :F* , thenwe may take ÑY��`��W?Î� . So we suppose
that 2-��`��¼Äm :F* . Let � m :F* . Then thereis a loop I with 2q��I��Õ?�� which yields
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Ôt?ÖI�I LHLHL m �(g . Since � is cofinal thereexists × m � � suchthat 2-�c×6�E?K� and0N�c×��#?_0N��`]Ø�� someÙÚe�� . Let ¦P?_0N��`]Ø Q6/ � . Thenby cofinality theremustbea path' m � � with 2-��'s�x?P¦ and 0N�c'b��?Z0N��Ô1ÛwÜ Ý]Ü^�x?P� for someÞ"e�� . Then � connectsto ¦
via ×s`]Ø Q6/ and ¦ connectsto � via ' , andso ¦ m :F* by definition.

Corollary 3.3. Supposethat
� � ���(� is simple. Theneither

� � ���(� is an AF algebra or
there existsa strongly connectedsubgraph :Á<�� such that

��� ���"� is strongly Morita
equivalentto

��� ��:�� .
Proof. If

��� ���"� is simple,thenby Theorem3.1thegraph� is cofinal. If � hasno loops
thenby Theorem3.1 � cannothaveany verticesof infinite valency andthen

��� ���"� is an
AF algebraby [12, Theorem2.4]. Ontheotherhandif � hasloops,thenby Theorem3.2
thereexists a strongly connectedcofinal subgraph: of � . Let ¨�? ß©�àrá�â � © . Then

by a similar argumentto the onegiven in [3, Section1] ¨ definesa projectionin the
multiplier algebraof

� � ���(� suchthat ¨ � � ���(�{¨ Ò? � � ��:�� . To seethat ¨ � � ���(��¨ is
full, just observe that ¨ãÄ?Z@ andthat

��� ���(� is simple.Hence
��� ���(� is stronglyMorita

equivalentto
��� ��:�� asrequired.

4. STRONGLY CONNECTED GRAPHS

In thissectionwebriefly givesomeresultsaboutthepathspaceof astronglyconnected
graph. Essentially, they arereformulationsof resultsaboutfinite, nonnegative matrices.
For moredetailsaboutnonnegativematricessee[20, Section1.3] or [15, Section4]. Let� be a directedgraph. Then for � m �+* we defineits period )��c�N� to be the greatest
commondivisor of the lengthsof all loopswhich begin at � . If thereareno suchloops,
thenweset )��c�N��?t@ .
Lemma 4.1. If � is stronglyconnected,thenfor any �],.¦ m � * onehas )��c�N�ä?t)]��¦¸� .
Proof. Let ��,{¦ m �+* . Thensince � is stronglyconnectedtherearepathsI m �"å and× m � Û from � to ¦ and ¦ to � , respectively. So, if ¦ is thesourceof a loop of length2 then � is thesourceof loopsof length æ"ç�ÞxçT2 and æ�ç�Þ#çTèq2 . Hence)��c�N� divides��æ(ç�ÞäçXèr2u��Vt��æ"ç�ÞOç¼2u�x?�2 . Therefore)��c�N� divides 2 for every loop with source¦
of length 2 . Since )]��¦¸� is thegreatestcommondivisor of suchnumbers2 , we musthave)��c�N�FS_)��c¦¹� . But sincetheargumentcanberepeatedwith � and ¦ exchanged,onehas)��c¦¸�xS¼)��c�N� , andso )]���G�ä?T)��c¦¸� asrequired.

Hencewe maydefinetheperiodof a stronglydirectedgraphto be the periodof any
oneof its vertices.If � is stronglyconnectedwith period � andhasfinitely many vertices,
thenits vertex incidencematrix Ï Ð is aperiodicin the sensethat thereis a æYeº� such
thateveryentryof Ï¸åÐ is strictly positive(cf. [4, p.253]).

Lemma 4.2. Let � bea stronglyconnectedgraphwith period ) . For each � m �+* there
is a positiveinteger ÑY���G� such that for ænehÑY���G� , � is thesourceof a loop of length æN) .
Proof. Supposethat I m � åCé and × m � ² é areloopswith source� . Then I6× m � ® å�Q ² ¯ é
is a loopwith source� . Hencethesetê ?Z¤uæB)84 thereis a loopof thelength æN) in � with source�]¥
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of positiveintegersis closedunderaddition;moreovertheirgreatestcommondivisor is ) .
But thenby [20, LemmaA3]

ê
mustcontainall but a finite numberof positivemultiples

of ) , andtheresultfollows.

Next we examinethestructureof the finite pathspaceof a stronglyconnectedgraph
with period ) (see[20, Theorem1.3 in Part I]):

Lemma 4.3. Let � bea stronglyconnectedgraphwith period ) , and � m ��* . For any¦ m � * thereexists 0 § with @�S¼0 § ¶X) such that:
(i) if ë m � ² is a pathfrom � to ¦ , then 2¹ìT0�§ ( ívîNï#) );

(ii) there is a positiveinteger ÑY�c¦¹� such that for æ�e_ÑY��¦¸� there is a pathof lengthæN)¹ç�0�§ from � to ¦ .

Proof. For (i), let I m � Ø and × m � Ø#ð be pathsfrom � to ¦ . Since � is strongly
connected,thereis apath ' m �¹ñ from ¦ to � . HenceIs' m � Ø Q¢ñ and ×b' m � Ø#ð Q¢ñ are
loopswith source� . Since� hasperiod ) , it followsthat ) divides Ùtçv� and ÙWò�çv� , and
so ) divides �cÙJç�����VX�cÙWòGç~���O?iÙ VlÙªò , thatis, Ù=V|ÙWò¢ì_@ ( ívîNï#) ). Set 0�§�?iÙ
( ívîGïx) ). If ë m � ² is apathfrom � to ¦ , then 2¸ìT0�§ ( ívîGïx) ).

For (ii), let I m � M bea pathfrom � to ¦ . Thenfrom (i) thereis a positive integer Ù
suchthat UX?�ÙW)"ç¼0 § . By Lemma4.2 thereis a positive integer Ñ * suchthat for all2(e¼Ñ * , � is thesourceof a loop of length 2�) . Set Ñ��c¦¸�O?tÑ * ç�Ù . If æneXÑ��c¦¸� , then
ævV�Ù�e_Ñ * , andsothereis a loop ó m � ® å�p ØO¯ é with source� . HenceI�ó is a pathof
length UEçt��æ(VlÙ5��)�?��cÙJç�æ"VlÙW�{)¹çY0�§l?_æN)¸çY0�§ from � to ¦ .

Notethatif ¦P?_� in theabove lemma,then 0 © ?Z@ . Notealsothat 0 § in Lemma4.3
is calleda residueclassof ¦ with respectto � (cf. [20, Definition 1.7in Part I]).

5. SKEW PRODUCT GRAPHS

In this sectionwe describethe relative skew productgraphconstructionand show
how it canbe usedto describeall connectedcoveringsof a givenconnectedgraph. We
introducean invariant,calledthe local voltagegroup, which enablesus to describethe
connectedcomponentsof ordinary skew productgraphsand exhibit them as ordinary
skew productgraphsin their own right. Finally we specializeto a certainskew product
graphsformedfrom the integerswith a view to applicationsto graph

���
-algebrasin the

next section.
The following definition generalizesthe onesgiven in [8, Section4] and [7, Sec-

tion 2.3.2] for row-finite graphswith finitely many verticesandgroupswhich arefinite.
Let � beadirectedgraph,� acountablegroupwith subgroup� , and ô¹4r�"/�7Ú� afunc-
tion which we think of asa labellingof theedgesin � by elementsof � . Fromthis data
wemayform therelativeskew productgraph �_���s�����6�6� with vertex set �+*#�n���Z�6�6� ,
edgeset �"/F�l��� �O�6� , andtherangeandsourceof thetheedge��oq,3�WõB� givenby

2-��oq,3�WõB��?���2-��ou�C,.�WõB� and 0N��oq,3�WõB��?���0G��o1��,.�5õGô���o1�{� respectively [
If � is the trivial subgroupof � , thenthe above definition reducesto that of the or-

dinary skew productgraph �Ö� � � usedin [13, Definition 2.1] and [7, Section2.1.1]
(asopposedto thoseusedin [9, 6] wherethe labelling givesrise to a coactionof � on��� ���(� ). If � is trivial, thereis a freeaction ö of � on � � � � definedfor õ�,w÷ m � by
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ö];ø}��`�,{õN�x?J��`�,w÷NõB� wherè m ��; for >ä?P@B,�� . If � is a subgroupof � , then � alsoacts
freelyon ��� � � andthequotientgraph���x����� � �6� is isomorphicto ��� � �������6� via
themaps ù `6,�õ-ú¢û7���`�,.�5õN� wherè m �(; for >�?t@B,H� .

For functions ô / ,.ôCül4��"/57ý� , we saythat ô / and ôHü arecohomologousandwriteô / Ò�ô ü if thereis a function ��4��+*v7þ� suchthat ô / ��o1�{�1��0G��o1�{�F?�����2-��o1�{�{ô ü ��o1� for allo m �"/ . Therelation Ò amongstall functionsfrom �"/ to � is anequivalencerelation.Ifô / ,.ô ü 4q� / 7Ú� arecohomologousthen �Ó��ÿ��s� is equivariantlyisomorphicto ����ÿ����
and �º��ÿ��&���Ö�¹��� Ò? �º��ÿ��F���ã�¸��� via the maps ���],{õN�(û7k�c��,�õB�1���G�.� and ��o-,�õB�(û7��oq,{õN����2-��o1�{�.� .

Themap � � 4B� � � ���º�x����7�� definedby � � �c`�,3�WõB�#?�`�, wherè m ��; for >O?@},H� , is a coveringmap. If �8,.�º� � ���Ö�¸�6� areconnectedand � is normal in � , then� � is a regular coveringsincethe imageof � / ��� � � ���A�&�6�C,����],3�WõN�.� under �^� � � � is a
normalsubgroupof � / ���8,{�N� . In fact,we shall show thatevery connectedcoveringof a
givenconnectedgraph � is a relativeskew productgraphformedfrom � (cf. [7, 8]).

Lemma 5.1. Let � and : beconnectedgraphs,�Õ4B:Ó7�� a coveringmap, £ a span-
ningtreefor � and � m �+* . Thenthere is a spanningforest ¤ ¡£��v4�  m ��pb/1���G��¥ of : such
that ��� ¡£��-��?t£ for all   m ��pb/1���G� .
Proof. For ¦ m ��* let ��§ betheuniquereducedwalk in £ from � to ¦ . For   m �sps/1���G�
let ¡ � § �� ¢� be the uniquelift of � § to a reducedwalk beginning at   m :F* . Put ¡£�*� ?
0N� ¡ � § �� ¢�.� , andlet ¡£¹/� consistof all the edgescomprisingeach¡ � § �c b� as ¦ runsthrough
�+* . By theuniquewalk lifting property ¡£ � is a treesuchthat �6� ¡£ � ��?T£ .

To show that ¤ ¡£ � 4s  m �spb/��c�N�w¥ is a forest,we mustshow that the ¡£ � aredisjoint.
Supposethat ¦ is avertex in ¡£ � � ¡£ � ð , where 6,. �ò m �sps/1���G� . Let y betheuniquereduced
walk in ¡£ � from   to ¦ , and � betheuniquereducedwalk in ¡£ � ð from  ¢ò to ¦ . Then yN��pb/
is a reducedwalk in : from   to  ¢ò , andso �6��yN��ps/��+?_�6��yG�c�6���C�wps/ is a loop in £ with
source� . Hence����yN��?Y�6���H� andthen y]pb/x?_��ps/ by uniquewalk lifting at ¦ . Therefore
we have that  |?�2-��yN�¸?�2-���C�¹?� �ò . A similar argumentshows that ¡£ � and ¡£ � ð cannot
haveanedgein common.

To show that ¤ ¡£���4s  m �sps/1�c�N�w¥ spans: , supposethat ¦ m :F* . Thenthereexists
a uniquereducedwalk � ñ ® §b¯ in £ from � to ���c¦¸� . By the uniquewalk lifting property

thereis a reducedwalk ¡ � pb/ñ ® §b¯ in : suchthat 2q� ¡ � pb/ñ ® §b¯ �&?�¦ and �6� ¡ � pb/ñ ® §b¯ �&?�� pb/ñ ® §b¯ . Since

���c0N� ¡ � ps/ñ ® §b¯ �{��?t� , wemusthave 0N� ¡ ��pb/§ � m ��pb/��c�N� , andso ¦ lies in ¡£ ­H® � �
	 �Í ¯ .
Theorem5.2. Let �8,3: beconnectedgraphs,�~4r:�7Ú� a coveringmap, £ a spanning
treefor � and � m �+* . Let ¦ m :F* besuch that �6��¦¸�¸?�� m �+* . Thenthere existsa
map ô�?Tô ©�� 
 4r� / 7 � / ���8,{�N� such that : Ò? �Ó��ÿ���� � � / ��:#,{¦¹�6� � / ���8,.�G�.� .
Proof. Let ��?Z� � � /r��:#,.¦¸� and ¤�y ; 4�> m ÂB¥WD � /����8,.�G� be a right transversalfor �
in � /����8,{�N� . For > m Â , let ¡y ; bethe lift of y ; in : with 2q�	¡ y ; �&?�¦ , andput ¡ � ; ?�0N�R¡ y ; � .
Then � ps/ �c�N�8?Á¤�¡� ; 4�> m Â}¥ . Let ô5?Aô ©�� 
 4�� / 7 � / ���8,{�N� be definedby ô���o1�v?
�C²w® ¬°¯ o1� pb/­H® ¬°¯ , where �C²w® ¬°¯ and ��­H® ¬°¯ arethe uniquereducedwalks in £ from � to 2-��o1� and
0N��o1� respectively.
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For > m Â , let ¡£ ; bethetree ¡£ � ©�� in : describedin Lemma5.1. Definea map �¼4-:�7
�Ó� ÿ ��� � � /r���8,.�G�.� asfollows: if   m ¡£�*; , thenset ��*-�� ¢�O?����6�� ¢�C,.�~y ; � . If � m :(/ is
suchthat 2-���b� m ¡£ *� and 0N���b� m ¡£ *; , thenwe put � / ���b��?����6���b�C,.�~y ; ô��^�����b�{� pb/ � .

For � m :(/ we have ��*G��2-���b�.��?����6��2-���b�{��,3�~y � � whereas

2-��� / ���b�{��?_2-�^�6���b��,3�~y ; ô����6���b�.� ps/ ��?���2-�^�����b�.��,.��y ; ô����6���b�.� ps/ ��,
so 2-����/r���b�{�ä?T��*-��2-���b�{� providedthat �~y ; ô��^�����b�{��pb/x?i�~y � . To seethis, let

÷n?h¡y ; ¡ � pb/­C®�� ¯ � ps/ ¡ �C²3®�� ¯ ¡ y pb/� ,
where¡ ��­C®�� ¯ is the lift of � ñ ®d­H®�� ¯c¯ with 2-� ¡ ��­H®�� ¯ �&?�¡� ; , and ¡ �C²3®�� ¯ is the lift of � ñ ®R²3®�� ¯c¯ with

2-� ¡ �C­C®�� ¯ ��?X¡� � . So ÷ is a closedwalk in : with 2-��÷���?X¦ . Hence

�6��÷���?iy ; � ps/ñ ®d­H®�� ¯c¯ �6���b� pb/ � ñ ®R²3®�� ¯c¯ y ps/� ?ty ; ôr�^�6���b�{� pb/ y ps/� m �~,
andso �~y ; ô����6���b�{�wps/E?º�~y � asrequired. It is straightforward to show that 0��¹��/n?��*��ä0 , andhence� is a graphmorphism.

We now show that � is injective. Supposethat for some¡ oq, ¡� m :(/ we have ��/r��¡ o1��?
��/1� ¡�b� , where0N�c¡ ou� m ¡£ ; , 0N� ¡�b� m ¡£ ; ð , 2-��¡ o1� m ¡£ � and 2q� ¡�b� m ¡£ � ð . Then

�^����¡ o1��,3�~y ; ô����6�c¡ ou�.� ps/ ��?��^��� ¡�b��,3�~y ; ð ô��^��� ¡�b�.� pb/ ��,
in which case�6�c¡ o1�¹?_��� ¡�¢� andthen >&?�>Ëò . Let ¡ � bea reducedwalk in ¡£ ; from 2-�c¡ ou� to
2-� ¡�b� . Then �F?X��� ¡ �C� is a closedreducedwalk in £ , which impliesthat 2q�c¡ o1�#?�2-� ¡�b� . So
¡ o�? ¡� by uniquewalk lifting of ����¡ o1�#?Y��� ¡�b� at 2-�c¡ ou� . Theproof that � is injective on :F*
followssimilarly.

Finally we claim that � is surjective. Given ��o-,.�~y � � in ��� � ÿ ���A� � / ���8,.�G�.�{�./ , let
¡ yE?�¡y � ¡ �C²w® ¬°¯ bethelift of y � at ¦ followedby thelift of �H²3® ¬°¯ at ¡� � . Set ¡ o to bethelift of

o in : basedat 0N�R¡ yB� . Then 2-�c¡o1� m ¡£ � andsupposethat 0N��¡ o1� m ¡£ ; . Thensince����¡ o1�x?Po ,
onehas ��/1�c¡o1��?���o-,3�~y ; ô���ou��pb/H� and �~y ; ô���ou��pb/�?i�~y � fllowsby a similar argumentto
theonegivento show that ��*��#2¸?_2��O��/ above. Theproof that �6* is surjective follows
similarly.

Thefunction ô"?�ô ©�� 
 4¢�"/"7 � / ���8,.�G� givenin theproof of Theorem5.2 depends
on the transversal � � � / ��:#,{¦¹� in � / ���8,.�G� , andon the choiceof � and £ . In Remarks
5.9we show that thecohomologyclassof ô is independentof thechoiceof � and £ . By
uniquewalk lifting, a differenttransversalhasnoeffectotherthanto permutethetreesin
thespanningforestof : .

We shallnow fix our attentionon ordinaryskew productgraphs.Let � bea directed
graphand ô~4��"/ª7 � a function where � is a countablegroup. Thenthereis a map
(whichwe shallalsodenoteby ô ) from � / ���(� to � definedby

ô���y / LHLHL y M ��?tô���y / � L�LHL ôr��y M ��,
whereô���oqpb/H��?Tôr��o1�wps/ . It is straightforwardto show that ô is a functorfrom � / ���(� to � .
For � m �+* let

��©N��ôH��?P¤uô���yN�O4ry m � / ����,{�N�w¥ [
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Sinceit is the rangeof a homomorphism,��©G��ô�� is a subgroupof � , calledthe local
voltage groupof ô basedat � (in [7, Section2.5] thesegroupsarereferredto asthelocal
group).Thefollowing factsarenot difficult to establish(see[19, Lemma6.5]):

Lemma 5.3. Let � bea directedgraphand ô¸4-�"/x7Ú� a functionwhere � is a countable
group.

(i) If there is a walk between�],.¦ m � * , then � © ��ôH� and � § ��ô�� are conjugatesub-
groupsof � .

(ii) If ô / ,.ôCü�4-�"/&7Î� are cohomologous,thenfor all � m �+* , ��©G��ô / � and �6©-��ôCü�� are
conjugatesubgroupsof � .
Remark 5.4. Let � beadirectedgraphand ô¹4r�"/x7Ú� afunctionwhere� is acountable
group.If ¡ y isareducedwalk in �5���C� from ���],{õN� to �c �,3÷�� , then ÷E?¼õNô���yN� andy�?Y�}�u�R¡ yN�
is a reducedwalk in � from � to   (cf. [7, Theorem2.1.2]).

Proposition5.5. Let � be a connectedgraph, ô¼4&�"/�7�� a function where � is a
countablegroup.Thenthevertices���],{õN� and �� 6,w÷]� lie in thesameconnectedcomponent
of �Ó� � � if andonly if there is a reducedwalk y in � from � to   such that õ pb/ ÷ lies in
thecoset��©N��ôH��ô���yN� of thelocal voltagegroupof ô basedat � .
Proof. If �c��,�õB� and �� 6,w÷]� lie in the sameconnectedcomponentof �f� � � , thenthere
existsareducedwalk ¡ y in �|���u� from �c��,�õB� to �� 6,w÷]� . By Remark5.4onehas÷n?XõNô���yN� ,
wherey�?Y�}�1�R¡ yN� . Then õ�pb/H÷�?tô���yN� lies in � © ��ôH�{ô���yN� asrequired.

Conversely, let y be a reducedwalk in � from � to   suchthat õ�pb/H÷ m � © ��ôH�{ô���yN� .
Hencethereis � m � /r���8,.�G� suchthat õ]ps/C÷�? ô����C��ô���yN��?=ô�����yN� . Let ¡) be the unique
lift of )�?Ö��y in �f� � � startingat �c��,�õB� . Then ¡) is a reducedwalk in �ã� � � with
2-� ¡)G�(?K�c��,�õB� and 0G� ¡)N�(?Ö��0N����yN��,{õGôr����yN�{�"?ã�c �,3÷�� , so that ���],{õN� and �� 6,w÷]� arein the
sameconnectedcomponent.

Corollary 5.6. Let � be a connectedgraph and ô�4��"/W7ý� a functionwhere � is a
countablegroup. Then �º� � � consistsof \ �P4���©G��ôH�H\ mutuallyisomorphicconnected
components,where � © ��ôH� is the local voltage groupof ô basedat � m ��* . In particular,�����6� is connectedif andonly if � © ��ôH��?i� for some� m �+* .
Proof. By Proposition5.5 the numberof connectedcomponentsof �A� � � is equalto\ �|4r��©G��ôH�H\ , thenumberof cosetsof ��©G��ôH� in � . Sincethenaturalaction ö of � on �Z� � �
is transitive on �spb/� �c�N��?�¤-���],{õN�¸4Gõ m ��¥ for all � m �+* and � is connected,it follows
thattheconnectedcomponentsof ��� � � aremutuallyisomorphic.

Thereappearsto beanerroron [7, p.88]whereit is shown thattheconnectedcompo-
nentsof �Ó� � � aremutually isomorphicby thetransitivity of thenaturalactionof � on��� � � — which is certainlynot thecasein general.

Definition 5.7. Let � bea directedgraph,ô¸4-�"/�7Ú� a functionwhere � is a countable
group. Fix £ a spanningtreeof � andvertex � m �+* . Thendefinethe £ -voltage based
at � to bethefunction ô ©�� 
 4r� / 7Ú� givenby

ôC©�� 
���o1�O4�?iô����H²3® ¬°¯ o1� ps/­H® ¬°¯ ��?tô����H²3® ¬°¯ �{ô���o1�{ô�����­H® ¬°¯ � pb/ ,(1)

wherefor ¦ m �+* , ��§ is theuniquereducedwalk in £ from � to ¦ .
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Thefunction ôC©�� 
�4N�"/¸7À� is thesameastheoneusedin theproof of Theorem5.2.
Thefollowing resultis not difficult to establish

Proposition5.8. Let � be a directedgraph with spanningtree £ and ô54��"/n7³� be
a function where � is a countablegroup. Thenfor � m �+* , one has ôC©�� 
 ÒÎô , and
furthermore ��©G��ôH��?T�6©N��ôC©�� 
�� .
Remarks5.9. Proposition5.8 shows that if we useanotherbasevertex to computethe£ -voltagesor if we usea differentspanningtree,thenwe get a cohomologousfunction
from � / to � . Moreover, if £ is a spanningtreefor � , thenthelocal voltagegroupof ô
at � is generatedby ¤�ô ©�� 
 ��o1�O4ro m �"/��ä£¹/�¥ (cf. [7, Theorem2.5.3]).

Proposition5.10. Let � bea connecteddirectedgraphwithspanningtree£ , � m �+* andô¹4r�"/x7�� a functionwhere � is a countablegroup.Theneach connectedcomponentof�����6� is isomorphicto ����ÿ Ê�� � � © ��ô�� .
Proof. For ¦ m �+* let � § betheuniquereducedwalk in £ from � to ¦ . Sinceeachof the
connectedcomponentsof �����¢� areisomorphicby Corollary5.6,weshalldealwith the
connectedcomponent: which containsthevertex ���],����}� . Define �h4-�Ó��ÿ Ê�� � � © ��ôH�ä7�����6� by

� * �c��,.ôr��yN�{�O?��c��,.ôr��yN��ô���� © �{� and � / ��o-,.ô���yN�{��?���o-,.ô���yN��ô����C²3® ¬°¯ �{��,
wherey m � / ���8,.�G� . We checkthat � is agraphmorphism:

� * ��0G��o-,.ô���yG�.�ä?i� * �c0N��ou�{ô���yN�{ô����C²w® ¬°¯ ou� pb/­C® ¬�¯ �.��?���0N��o1��,3ô���yN��ôr���C²3® ¬°¯ o1�.�
?t0N��o-,.ô���yN��ô����C²3® ¬°¯ ��?X0N��� / ��o-,3ô���yN�{�C,

and

� * ��2-��o-,.ôr��yN�{�.��?���2q��o1��,.ôr��yN�{�C²w® ¬°¯ ��?_2-��o-,.ôr��yN�{�C²w® ¬°¯ ��?i2q��� / ��oq,3ô���yN�.� [
Toseethat � is injective,supposethat ��/1��oq,3ô���yN�.�r?n��/r����,3ô����H�{� . Then ��o-,.ôr��yN��ô����C²3® ¬�¯ �{�?�����,3ô����C�{ô����H²3®�� ¯ �{� in whichcaseo¹?_� andthen ôr��yN��?tôr���C� . To show that ��* is injective

is similar. It only remainsto show that the imageof � is : . Supposethat �c �,�õB� m : * .
Thenthereis a reducedwalk ¡ � from �c��,H� � � suchthat ��?_� � � ¡ �C� is a reducedwalk in �
from � to   with õv?iô����C� . Since �C��ps/� is a closedreducedwalk in � which beginsat � it
follows that ô����C��pb/� � m ��©N��ôH� andthen �c �,.ô����C��pb/� � is a vertex in �Ó� ÿ Ê�� � ��©G��ôH� suchthat
��*q�� 6,3ô����H��pb/� �{��? �c �,.ô����C�{��? �c �,�õB� . A similar proof shows that ��/ is surjective, which
completesour proof.

Remark 5.11. Let � beadirectedgraphand ô¸4q�"/x7Ú� afunction. If �T� � � is cofinal,
then � is cofinal.However, theconverseis not true.

Weshallbeinterestedin thecasewheneachedgein � is labelledby theinteger � . The
skew productgraph��� �s! thenhasno loops(see[13, Proposition2.6]). Thenext result
canbededucedfrom thedefinitionsandtheresultsfrom section4.

Proposition5.12. Let � bestronglyconnectedandlet ô¹4r��/x7 ! givenby ô���o1��?�� for
all o m �"/ . If � hasperiod ) , then ��©G��ôH� Ò? ) ! for all � m �+* .

If ��* is finite thenwe cansaya little more.
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Proposition5.13. Let � be a strongly connectedgraph of period ) with finitely many
vertices. Let ôW4��"/�7 ! be givenby ô���ou��?ã� for all o m �"/ . Theneach connected
componentof �Ó� ��! is cofinal.

Proof. Supposethat ¡` is an infinite path in oneconnectedcomponentof �ã� �ä! , and���],.ÙW� is a vertex in the samecomponent.Since � * is finite, thereis   m � * andan
increasingsequenceU / e�U ü eÓU��5e [H[�[ of integerssuchthat �c �,{U ; � is the rangeof
someedgein ¡` . Let I bea shortestpathfrom �v?Y�}�1�c��,{Ù5� to ¦_?i2-���}�1��¡`b�{� in � . Then\ IO\-?X0 § , theresidueclassof ¦ in � with respectto � (seeLemma4.3). Let ¡I bethelift
of I in � ��� ! with source���],.ÙW� . Thenby Remark5.4, 0G��¡I��+?f�c¦�,.ÙºçX0 § � . Since��¦�,{U��#4^?_2q��¡`�� and �c¦�,.ÙYçv0 § � belongto thesameconnectedcomponent,by Proposition
5.5we musthave

UªV¼��ÙÓçY0 § ��?tæ ò )(2)

for some æNò m ! . Since ��¦�,{U�� connectsto �� 6,.U ; � , it alsofollows from Lemma4.3 (ii)
thatfor all >�e_� onehas

U ; ?TU�çhæ ; )¹çh2 �(3)

for someæ ; eJ� , where 2 � is the residueclassof   in � with respectto ¦ . By Lemma
4.3 (ii) thereis a positive integer Ñ��c b� suchthat for all æÕeZÑY�� ¢� thereexistsa pathof
length æN)Fç¼2 � from ¦ to   . Sincethe æ ; ’s becomearbitrarily largewe mayassumethatæNòGç¼æ ; eXÑ��c b� for sufficiently large > , andsoby Lemma4.3(ii) thereexistspaths× ; in� from ¦ to   of length ��æNòNçXæ ; ��)+çX2 � . Let ¡× ; bethelift of × ; in �J��� � with source��¦�,{ÙJç�0 § � . Thenby Remark5.4

0N� ¡× ; ��?��c �,{Ù�çY0 § çi��æ ò çhæ ; �{)¹çh2 � �?��c �,{Ù�çY0 § çi�cUªV¼��ÙÓçY0 § �{��çhæ ; )Fç�2 � � by ( è )
?��c �,{U�ç�æ ; )¸ç�2 � ��?��c �,{U ; � by ( ! ).

Hence¡I ¡× ; is apathin theconnectedcomponentof �Z��� ! containing�c��,{Ù5� and �c¦(,{U�� ,
beginningat �c��,{Ù5� , andendingat �c �,{U ; � for sufficiently large > . Since ¡` passesthrough�� 6,.U ; � for all > , it followsthatthiscomponentis cofinalby definition.

6. THE AF CORE

Let � bea directedgraph,and ¤u2 ¬ ,�� © ¥ a Cuntz-Krieger � -family generating
��� ���(� .

Thereis a stronglycontinuousaction ' of % on
��� ���(� calledthegauge actionwhich is

characterizedby

'#"�2 ¬ ?%$G2 ¬ , and '#".� © ?Y� © ,
where $ m % . Thefixedpoint algebra

��� ���(� $ of thegaugeactionis AF andis normally
referredto astheAF core(see[16, Section2.2] and[3, Section2]). We wish to establish
conditionswhich guaranteethat

��� ���(� $ is simple.To do this we shallusethefollowing
Morita equivalencewhichwasestablishedin [13, Proposition2.8].

Lemma 6.1. Let � be a row-finite directedgraph with no sinksand sources,and ô�4�"/x7 ! begivenby ô���o1��?�� for all o m �"/ . Then
��� ���(� $ is stronglyMorita equivalent

to
��� ���Ó� �6! � .
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Thecasewhentherearefinitely many verticesis straightforward.

Theorem6.2. Let � bea row-finitedirectedgraphwith nosinksor sourcesand � * finite.
Then
��� ���(� $ is simpleif andonly if � is stronglyconnectedwith period � .

Proof. Let � be strongly connectedwith period one, and ôT4+�"/¼7 ! be given byô���o1�#?Ó� for all o m � / . By Proposition5.13theskew productgraph �=��� ! is cofinal.
Since �=� ��! hasno loopsand � is row-finite, by Theorem3.1

��� ���=� ��! � is simple,
andthensois

��� ���(� $ by Lemma6.1.
Now supposethat

��� ���(� $ is simple.Thenby Lemma6.1
��� ���Y� �1! � is simple.From

Theorem3.1 �J� ��! is cofinal,andso � is cofinalby Remark5.11. We claim that � is
stronglyconnected.Let  6,.� m �+* . Thensince�+* is finite and � hasnosources,thereis a
loop I m � � andapath × m � � with 2-��I���?_2-�c×6� and 0G��×6�ä?T� . Let `ª?iI6I LHLHL m �"g .
Thensince � is cofinal thereis a path ë m � � with 2-�cë���?�  and 0N�cë��¸?�2-��I�� . Hence
thereis a path ëb× m � � from   to � , which establishesourclaim. FromProposition5.12
andCorollary5.6it follows that � hasperiod � .
Remark 6.3. Theorem6.2is not trueif �+* is infinite. Thegraph � shown below
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� è ! ( )
is clearlystronglyconnectedwith period � . However for thefunction ô�4N�"/F7 ! given
by ô���ou��?�� for all o m �"/ , theskew productgraph ��� ��! is not cofinal.

If � hassinksor a vertex of infinite valency, thenwe will make useof the following
result:

Lemma 6.4. Let � bea directedgraph,andsupposethat ��DP�+* is a nonemptysatu-
ratedhereditarysubsetof � * such that �ÎÄ?i� * , then

� � ���(� $ is not simple.

Proof. Let � be a nontrivial saturatedhereditarysubsetof �+* and ÂCÃ be thegaugein-
variantidealof

��� ���(� generatedby ¤.�]©ª4¢� m �|¥ . Let *�4 ��� ���(�F7 ��� ���(� $ be the
conditionalexpectationassociatedto thegaugeaction.Then * is faithful on positiveele-
ments(cf. [3, Section1]). Since � is a propersubsetof �+* , and * anexpectationwhich
is faithful onpositiveelements,it followsthat *¹��ÂCÃ+� is aproperidealof

��� ���"� $ andthe
resultfollows.

Let usfirst dealwith thecasewhentherearesinks.

Proposition6.5. Let � bea row-finitedirectedgraphwhich hasat leastonesink. Then��� ���(� $ is simpleif andonly if � consistsof a singlevertex.

Proof. If � consistsof a singlevertex, thensincethereareno edgesonehas
��� ���(�+?��� ���(� $ ?,+ , which is simple. Supposethat � hassinks � / Ä?���ü . Then ¿¹�°¤�� / ¥1� is a

propersaturatedhereditarysubsetof ��* , andsogivesriseto aproperidealin
��� ���(� $ by

Lemma6.4. Supposenow that � is theonly sink andlet - bethesubalgebraof
��� ���"� $

generatedby elementsof theform 2�.B2 �/ , where ë�,�0 m � M for someUYe�� aresuchthat0N�cë��ä?T0N�10}� . It is straightforwardto show that - is aclosedè -sidedidealin
��� ���"� . If �



SOME INTRINSIC PROPERTIES OF SIMPLE GRAPH ��� -ALGEBRAS 13

hasedges,then - is nontrivial and -_Ä? ��� ���(� since��©~Äm - . Hence
��� ���(� $ is simple

only if therearenoedgesand �+*¸?�¤��]¥ .
Thecasewhenthereis a vertex of infinite valency is quitesimilar.

Proposition6.6. Let � be a directedgraph with at leastonevertex of infinite valency.
Then
��� ���(� $ is not simple.

Proof. Suppose� m �+* hasinfinite valency. Let - be the
���

-subalgebraof
��� ���"� $

generatedby elementsof theform 2 . 2 �/ , where ë�,�0 m � M for someUYe�� aresuchthat0N�cë���? 0G�20B� . It is straightforward to show that - is a closed è -sidedideal in
��� ���"� $ .

Now -ÖÄ? ��� ���(� $ since � © Äm - , and - is nonzerosince � hasedges,so the result
follows.

Now supposethat �+* is infinite and � hasno sinks. If � is eitherstronglyconnected
or hasno loops,thenwe claim that for each� m � * thereis an infinite path `6���G� , with
source� suchthatfor all U thereis nopathof lengthlessthan U from � to 0N��`6�c�N��M�� . Every
vertex on sucha pathis visitedin theshortestdistancefrom � . An infinite pathwith this
propertyis saidto be � -depth-first, sinceit is a pathin thedepth-firstspanningtreeof �
(see[5, Section3.3]).

For � m �+* , let
ê ��@-�¹?A¤��]¥ andfor UTe=� let

ê �cU�� denotethoseverticesto which� connectsby a path whoselength is lessthan U . Since �+* is infinite with no sinks
and � is stronglyconnectedor hasno loops it follows that

ê ��U�� is nonemptyandthe
containment

ê �cUlVi�u�vD ê �cU�� is strict for UPeA� . The set
ê �cU���� ê ��UÕVZ��� denotes

thoseverticeswhich canbereachedfrom � with shortestpathof length U . We saythata
path I m � M �c�N�&4�?�¤uI m � M 4N2-��I��O?i�]¥ is � -deepif it usesdifferentvertices,thatis if0N��I ; � m ê �c>��s� ê �c>�VX�u� for �¹S¼>�S¼U . Let � M3 �c�N� denotethecollectionof � -deeppaths
in � M �c�N� .
Lemma 6.7. Let � be a directedgraph with �+* infinite and no sinks. If � is strongly
connectedor hasno loops,thenfor � m � * theset � M3 ���G� is non-emptyfor all U�eZ� .
Proof. Theresultfollows immediatelyfrom thefactthat 054�� M3 �c�N�
6F? ê �cU��6� ê �cUWVX���
which is non-emptyfor all U�eZ� .
Theorem6.8. Let � bea row-finitedirectedgraphwith �+* infinite andno sinks.If � is
stronglyconnectedor hasno loops,thenfor each � m � * there is a � -depth-firstpath.

Proof. For integers Ù87iUhe_@ , let � M9� Ø3 ���G� denotethoseI ò m � M3 �c�N� which appearas
thefirst partof someI m � Ø3 ���G� . Clearly � M9� Ø3 �c�N�¹Ä?;: for all Ù<7XU|e¼@ since � Ø3 ���G�
is non-emptyandfor any I�?ZI ò I ò ò m � Ø3 ���G� with I ò m � M �c�N� we have I ò m � M9� Ø3 �c�N� .
Moreover, this argumentalsoshows that � M#� Ø3 ���G�>=�� M9� ñ3 �c�N� for all integers�?7PÙ@7Uleh@ . Let

� M9� g3 �c�N��? AØCB�M �
M#� Ø3 ���G� [

Then � M9� g3 ���G��Ä?D: , sinceit is the intersectionof a decreasingsequenceof finite non-
emptysets.Now we maydefinethe infinite pathwe seek:Since �"/ � g3 �c�N�vÄ?E: , thereis
`��c�N� / m ��/ suchthat thereare I�M m � M for U¼e�� with `6�c�N� / I�M m ��/ � M Q�/3 �c�N� . Since
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� is row-finite, thereis `6�c�N��ü m �"/ suchthat thereare infinitely many such I6M withI�Mv?t`6���G�{ü�I�ò�ò , whereI�ò ò m � M pb/ . In particular̀6���G� / `��c�N��ü m � ü�� g3 �c�N� , sincefor UF7¼è
thereare I m � ü�� M3 �c�N� with I_?J`6�c�N� / `6���G� ü I6ò ò for some I6ò�ò m � M p ü . In this way we
maydefine `6���G�F?º�c`��c�N� ; � m � g with 2-�c`6���G� / �¹?�� and 0N�c`��c�N� ; � m ê �c>���� ê ��>�Vt���
for all >äe_� .
Corollary 6.9. Let � bea row-finitedirectedgraphwith � * infiniteandnosinks.If � is
stronglyconnectedor hasno loops,then

��� ���"� $ is notsimple.

Proof. Let ô�4s�"/87 ! be givenby ôr��o1�+?A� for all o m �"/ andfor � m �+* , let `6�c�N�
bea � -depth-firstpath.Let ` ò m ���J� ��! � g bethelift of `6�c�N� with source��V+�q,{�N� , and
supposethat I6ò is suchthat 2-��I�ò��+?ã��@},{�N� and 0N��I6òc�+?Ó0N��`]ò ; �F?Ö�c>�Vi�r,{0N��`6�c�N� ; �.� for
some> . HenceIÕ?Y� � ��I�ò�� is a pathof length >6Vh� from � to 0N�c`6���G� ; � , whichmeansthat0N�c`��c�N� ; � m ê �c>�VT��� , which contradictionsthedefinitionof `��c�N� . Hence�=��� ! is not
cofinal,so

��� ��� ��� ! � is not simpleby Theorem3.1,andhence
��� ���"� $ is not simple

by Lemma6.1

Theorem6.10. Let � bea directedgraph. Then
��� ���(� $ is simpleif andonly if either� hasa cofinalstronglyconnectedsubgraphof period � which hasfinitelymanyvertices,

or � consistsof a singlevertex.

Proof. If � hasavertex infinitevalency, then
��� ���(� $ isnotsimplebyProposition6.6.So

wemaysupposethat � is row-finite. If � is notcofinalthen,by theproofof Theorem3.1,
thereis anontrivial saturatedhereditarysubsetof ��* whichgivesriseto anontrivial ideal
in
��� ���"� $ by Lemma6.4. Sowe may supposethat � is cofinal. If � doesnot satisfy

condition(K), thenthereis a cofinal subgraph½ which consistsof a loop with no exits.
Let ô546�"/n7 ! be given by ô���o1�"?K� for all o m �"/ . Then �A� ��! is cofinal if and
only if ½ hasonevertex. Henceby Lemma6.1,

��� ���(� $ is simpleif andonly if � has
a cofinalstronglyconnectedsubgraphof period � which consistsof a singlevertex (and
edge).Sowe maysupposethat � alsosatisfiescondition(K). Thereforewe mayassume
that � satisfiesconditions(i)–(iii) of Theorem3.1,andso

��� ���(� is simple.
If � hasa sink, thenby Proposition6.5

��� ���(� $ is simple if andonly if � consists
of a singlevertex. So we supposethat � hasno sinks. By Theorem3.2 either � has
no loops,or thereis a stronglyconnectedcofinalsubgraph:A<�� . Supposethat � has
no loops. Then ��* cannotbe finite (asthat would meantherehadto be a sink cf. [12,
Section2]). If �+* is infinite, then

��� ���(� $ is not simpleby Corollary 6.9. Suppose�
hasa stronglyconnectedcofinalsubgraph: . Thenby Corollary3.3 thereis a projection¨ mHG � ��� ���(�.� suchthat

��� ��:�� Ò? ¨ ��� ���(�{¨ . Sincethis isomorphismis essentially
theidentity map,it commuteswith theusualgaugeactionson

��� ���(� and
��� ��:�� , which

areboth denotedby ' . The projection ¨ is the limit of a sumof projectionsin
��� ���(�

whichareinvariantunderthegaugeaction.Hencë mIG � ��� ���(�{� $ , andthen
��� ��:�� $ Ò?¨ ��� ���(� $ ¨ . Since : is cofinal in � , it follows that ¨ ��� ���(� $ ¨ is full, andso
��� ���"� $

is stronglyMorita equivalentto
��� ��:�� $ . Theresultnow follows from Theorem6.2 and

Theorem6.9.

If we discountthe trivial casewhenthegraphonly consistsof a singlevertex, Theo-
rem6.10saysthefollowing: Up to Morita equivalence,theonly graphs� for which the
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AF coreof
��� ���(� is simplearethosewhich have finitely many verticesandarestrongly

connectedwith periodone.For stronglyconnectedgraphswe prove thefollowing struc-
tureresultsfor theAF core.

Theorem6.11. Let � be a strongly connectedrow-finite graph with period ) . Then� � ���(� $ is a direct sumof ) mutually isomorphicAF algebras. If in addition � * is fi-
nite, thentheseAF algebrasaresimple.

Proof. Let � bestronglyconnected,row-finite with period ) , and ô�4}�"/+7 ! begiven
by ô���o1�#?�� for all o m ��/ . By Corollary5.6 �J��� ! consistsof ) mutually isomorphic
components.Sinceeachcomponentis asubgraphof agraphwhichhasno loops,thefirst
partfollowsfrom Lemma6.1and[12, Theorem2.4]. If �+* is finite, theneachcomponent
is cofinalby Proposition5.13,andthelaststatementfollows from Theorem3.1.

Theorem6.12. Let � be a strongly connectedrow-finitegraph with finitely manyver-
tices. Then

� � ���(� is stablyisomorphicto a crossedproductof a simpleAF algebra by
an actionof ! .

Proof. Let � be a stronglyconnectedgraphwith period ) , £ be a spanningtreefor � ,� m ��* and ô(4B�"/F7 ! begivenby ô���ou�x?�� for all o m �"/ . By Proposition5.10each
componentof �X� ÿq! is isomorphicto �t� ÿ Ê�� � �6©G��ôH� . Since� is stronglyconnectedwith
period ) , by Proposition5.12we have �6©N��ôH�x?P) ! Ò? ! . Let ö denotethefree ! -action
on ��� ÿ Ê�� � ) ! whichhasquotient � . Thenby [13, Corollary3.9] onehas� � ����� ÿ ÊJ� � ) ! ��� K ! Ò? � � ���"�MLONP4�Þ ü � ! �
6 [

Since �K��ÿ Ê�� � ) ! is isomorphicto a subgraphof �K��� ! it hasno loops, and so��� ���J��ÿ ÊJ� � ) ! � is AF by [12, Theorem2.4]. If �+* is finite, then �J��ÿ ÊJ� � ) ! is cofinal
by Proposition5.13. It then follows that

��� ���ã��ÿ Ê�� � ) ! � is simpleby Theorem3.1,
which completestheproof.
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