STRONG SHIFT EQUIVALENCE OF
C*-CORRESPONDENCES

PAUL S. MUHLY, DAVID PASK, AND MARK TOMFORDE

ABSTRACT. We define a notion of strong shift equivalence for C*-correspondences
and show that strong shift equivalent C*-correspondences have strongly

Morita equivalent Cuntz-Pimsner algebras. Our analysis extends the

fact that strong shift equivalent square matrices with non-negative in-

teger entries give stably isomorphic Cuntz-Krieger algebras.

1. INTRODUCTION

Inspiration for this work comes in large part from the two papers, [23]
by R. Williams and [4] by J. Cuntz and W. Krieger. To understand why,
suppose A and B are two square matrices, possibly of different sizes, whose
entries are non-negative integers. Then A and B are called strong shift
equivalent if there is a finite chain of square matrices with non-negative in-
teger entries, Ai, Ao,...A,, such that Ay = A, A, = B and for each 1,
1 < i < n—1, there is a pair of matrices (R;,S;) with non-negative in-
teger entries such that A; = R;S; and A;y; = S;R;. (An individual pair
(R;, S;) is sometimes called an elementary strong shift equivalence between
A; and Aj;+1.) On the other hand, if A is a square matrix with non-negative
integer entries, then there is a well-known process for building a shift dy-
namical system (X4,04) — a so-called shift of finite type: One regards A
as the incidence matrix of a finite graph, E = (E°, E',r, s), where E° is the
space of vertices, E! is the space of edges, and 7 (resp. s) is the range map
(resp. source map) from E! to E°. The space X4, then, is the two-sided
infinite path space {(e;)icz € (E')? | s(eit1) = 7(e;)}. Evidently, X4 is a
closed subset of the compact space (E£')% that is invariant under the shift
map o, given by o(e;) = (€;4+1). The shift map o is a homeomorphism, of
course, and therefore, so is its restriction to X 4, which is denoted 4. In
[23, Theorems A & F] Williams proved that the shift dynamical systems
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(Xa,04) and (Xp,0p) are conjugate, meaning that there is a homeomor-
phism ¢ from X 4 to Xp such that ¢ oo 4 = op o ¢, if and only if A and B
are strong shift equivalent.

Subsequently, in [4], Cuntz and Krieger attached a C*-algebra, O 4, to ev-
ery square matrix A having non-negative integer entries. Cuntz and Krieger
worked primarily with matrices whose entries have zeros and ones, but in
[4, Remark 2.16] they observe that their construction for zero-one matrices
can be adjusted to cover matrices with non-negative integer entries. In [4,
Theorem 3.8] they show that if (X4,04) and (Xp,0p) are conjugate, then
04 and Op are strongly Morita equivalent in the sense of Rieffel. Coupled
with Williams’s theorem, we conclude that if A and B are two strong shift
equivalent matrices, then the C*-algebras 04 and Op are strongly Morita
equivalent.

Reflecting on the graphs associated with shift dynamical systems and tak-
ing into account developments in the theory of Cuntz-Krieger algebras that
allow one to express an Q4 in terms of a graph (see [20], for example), we
were led to consider the following generalization of strong shift equivalence
and its relation to so-called Cuntz-Pimsner algebras. (Precise definitions
of the terms used and technical hypotheses, which are omitted here, will
be developed thoroughly in the body of the paper.) Suppose A and B are
C*-algebras and that E (resp. F) is a C*-correspondence over A (resp. B)
(so in particular, F and F' are bimodules over A and B, respectively). Then
we shall say that F is (elementary) strong shift equivalent to F' in case there
is a correspondence R from A to B and a correspondence S from B to A
(in particular, R is an A—B-bimodule and S is a B—A-bimodule) such that
EFE>2R®pSand F 2 S®4 R. Given the relation between strong shift
equivalence of matrices and the strong Morita equivalence of the associated
Cuntz-Krieger algebras, we were led to speculate that if ¥ and F are strong
shift equivalent, then the Cuntz-Pimsner algebras O and Op are strongly
Morita equivalent. It turns out that our speculation is correct, at least un-
der appropriate hypotheses, as we shall show in Theorem 3.14. Our result
captures the connection just discussed between strong shift equivalence of
matrices and the strong Morita equivalence of their associated Cuntz-Krieger
algebras, as we shall make clear in Section 5.

In the next section we develop the basic facts about correspondences,
Cuntz-Pimsner algebras, etc. that we need. We note that most places in the
literature, when constructing Cuntz-Pimsner algebras of correspondences,
the blanket assumption is made that the coefficient algebra acts faithfully
on the correspondence. However, in our investigation it is important to
allow non-faithful actions. Fortunately, Katsura recently has developed the
theory of C*-correspondences where the action need not be faithful in [10],
[11], and [12] and he has extended the notion of Cuntz-Pimsner algebra to
this setting. The next section expands upon his work for our purposes.

In Section 3 we prove our main result, Theorem 3.14, just described. In
Sections 4 and 5 we explore the limitations and necessity of some of our
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technical hypotheses. Also, in Section 5 we show how our analysis relates
to graph C*-algebras and shifts of finite type.

Acknowledgment. We are very grateful to Baruch Solel for valuable insights
and conversations that helped with our investigation. We are also grateful
to Berndt Brenken for some very helpful corrections to an initial draft.

2. PRELIMINARIES

2.1. C*-correspondences. We follow the conventions of Lance [15] for our
terminology of Hilbert C*-modules, and we use the notation and conventions
of Katsura in [10], [11], and [12] for C*-correspondences.

Definition 2.1. If A is a C*-algebra, then a right Hilbert A-module is a
Banach space X together with a right action of A on X and an A-valued
inner product (-,-)x satisfying

(i) (& ma)x = (M) xa
(ii1) (£, €)x >0 and [ig]| = [[(&,&)x|I"/?
for all £,n € X and a € A. For a Hilbert A-module X we let £(X) denote
the C*-algebra of adjointable operators on X, and we let K(X) denote the
closed two-sided ideal of compact operators given by

K(X):= spaun{@g?7 &me X}

where 9?7] is defined by @gn(g ) :=&(n,{)a. When no confusion arises we
shall often omit the superscript and write ©¢,, in place of @?n.

Remark 2.2. If X is a right Hilbert A-module and Y is a right Hilbert
B-module, then we may give X @ Y the structure of a right Hilbert A &
B-module by defining (z,y)(a,b) := (za,yb) and ((x1,v1), (x2,¥2))xey =
((z1, z2) x, (Y1, ¥2)v )-

Definition 2.3. If A and B are C*-algebras, then a C*-correspondence from
A to B is a right Hilbert B-module X together with a *-homomorphism
¢x + A — L(X). We consider ¢x as giving a left action of A on X by
setting a - ¢ := ¢x(a)r. When X is a C*-correspondence from A to B we
will sometimes write 4 Xp to keep track of the C*-algebras. If A = B we
refer to X as a C*-correspondence over A.

Definition 2.4. Let X and Y be C*-correspondences from A to B. An
isomorphism from X to Y is a surjective linear map 7 : X — Y with the
property that T'(zb) = T(x)b, (T(x),T(y))y = (x,y)x, and T(¢dx(a)x) =
¢y (a)T(x) for all z,y € X, b € B, and a € A. We say that X and Y are
isomorphic if there exists an isomorphism from X to Y, and in this case we
write X Y.

Evidently, since (T'(z),T(y))y = (x,y)x, an isomorphism is automatically
injective. Thus isomorphisms are bijective.
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Lemma 2.5. Let 4 Xpg and oAYg be C*-correspondences from A to B. Then
T induces a x-isomorphism T, : K(X) — K(Y) by T*(@ify) = @g(x) ()"
Also if a € A and ¢x(a) € K(X), then Ti(¢px(a)) = ¢y (a).

Proof. 1t is straightforward to check that defining 7, : K(X) — K(Y)
by T*(@i’(,y) = @¥(I) 7(y) 8nd extending linearly gives a *-homomorphism.
Since (T~1), is an inverse for this *-homomorphism T}, is a *-isomorphism

between C*-algebras. Furthermore, if ¢ x(a) € K(X), then

- hm Z @xn koYn,k

But then for any y € Y we may let x := T~ !(y) and we have

T.(¢x(a))y = Tu(dx(a)T( hmZ O ) T(@)
Ny
_hmZ@ (o) Ty T (@) = hmZT T ) (T (yn i), T())y
Nn Nn
= ligleT(ﬂcn,k)(ym, T)x = liTIPZT(SEn,Myn,k, z)x)
k= k=
1Nn 1
— T(li7rlrl Z Tk (Yn ke T) X) hm Z @mn . k
k=1
=T(¢x(a)r) = ¢y (a)T(z) = ¢y (a )
so that Ty (¢x(a)) = ¢y (a). O

2.2. Essential C*-correspondences.

Definition 2.6. A C*-correspondence X from A to B is said to be essential
if span{¢x(a)r:a € Aand z € X} = X.

It can be shown that X is essential if and only if whenever {ey} ep is an
approximate unit for A, then limy ¢x(ey)z = x for all z € X.

Definition 2.7. If X is a C*-correspondence from A to B, the essential
subspace of X is defined to be

Xess :=8pan{¢x(a)r:ac Aand x € X}.

Notice that X is closed under addition and right multiplication by ele-
ments of B. Thus X is a right Hilbert B-module with the inner product
that it inherits from X. In addition, if @ € A, then ¢x(a)|x... takes values in
Xess and hence ¢x (a) restricts to an element in £(Xegss). Therefore, defining
dx...(a) == ¢x(a)|x.. makes Xes into a C*-correspondence from A to B.
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2.3. C*-algebras associated with C*-correspondences.

Definition 2.8. If X is a C*-correspondence over A, then a representation of
X into a C*-algebra B is a pair (t,7) consisting of a linear map ¢ : X — B
and a *-homomorphism 7 : A — B satisfying

(i) 2(§)"t(n) = 7({§, m)x)
(i) t(¢x(a)§) = m(a)t(£)
(iii) t(§a) = t(&)7(a)
for all {,m € X and a € A. We often write (¢,7) : (X,A4) — B in this
situation.
Note that Condition (iii) follows from Condition (i) due to the equation

[t(€)(a) - t(€a)l* = [[(t(E)m(a) — t(£a))* (tH(E)m(a) — t(Ea))l| = 0.

If (t,7) : (X,A) — B is a representation of X into a C*-algebra B, we let
C*(t,m) denote the C*-subalgebra of B generated by t(X) U (A).

Definition 2.9. A representation (¢,7) : (X, A) — B is said to be injective
if 7 is injective. Note that in this case t will also be isometric since

IEEIZ = [1EE€) HE = (&, €)x)1 = K&, &) all = lI€]1*.

Definition 2.10 (The Toeplitz Algebra of a C*-correspondence). Given a
C*-correspondence X over a C*-algebra A, there is a C*-algebra 7x and
a representation (tx,7x) : (X, A) — 7x that is universal in the following
sense:
(1) Tx is generated as a C*-algebra by tx(X)UTx(A); and
(2) Given any representation (t,7) : (X, A) — B of X into a C*-algebra
B, there exists a *-homomorphism of p; ) : 7x — B, such that
t= P(t,r) © tx and ™ = P(t,r) oOTx.
The C*-algebra Tx and the representation (fx,7Tx) exist (see [8], for ex-
ample) and are unique up to an obvious notion of isomorphism. We call

Tx the Toeplitz algebra of the C*-correspondence X, and we call (tx,7Tx) a
universal representation of X in Tx.

Definition 2.11. For a representation (¢,7) : (X, A) — B of X into a C*-
algebra B there exists a x-homomorphism 1, : K(X) — B with the property
that

Ue(Ogy) = t(&)E(n)"

See [19, p. 202], [9, Lemma 2.2], and [8, Remark 1.7] for details on the
existence of this s-homomorphism. (We warn the reader that our map 1
is denoted by ™) in much of the literature, and by p®*™ = p¥7) in [g].
We have chosen to use v in order to follow the conventions of Katsura in
[10, 11, 12] and since the map depends only on ¢ and not on =.) It is shown
in [11, Lemma 2.4] that if (¢,7) is an injective representation, then 1 is
injective as well.
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Definition 2.12. For an ideal I in a C*-algebra A we define
It :={acA:ab=0forall be I}.

If X is a C*-correspondence over A, we define an ideal J(X) of A by J(X) :=
¢x (K(X)). We also define an ideal Jx of A by

Jx = J(X)N (ker px)*.

Note that Jx = J(X) when ¢x is injective, and that Jx is the maximal
ideal on which the restriction of ¢ is an injection into IC(X).

Definition 2.13. If X is a C*-correspondence over A, then a representation
(t,7): (X, A) — B of X into a C*-algebra B is said to be coisometric if

Yi(dx(a)) = 7(a) for all a € Jx.

Definition 2.14 (The Cuntz-Pimsner Algebra of a C*-correspondence). Given
a C*-correspondence X over a C*-algebra A, there is a C*-algebra Ox and
a coisometric representation (tx,mx) : (X, A) — Ox that is universal in the
following sense:
(1) Ox is generated as a C*-algebra by tx(X) U mx(A); and
(2) Given any coisometric representation (¢,7) : (X, A) — B of X into
a C*-algebra B, there exists a x-homomorphism of p(; ) : Ox — B,
such that ¢ = py ) otx and ™= py r) o Tx.
The C*-algebra Ox and the representation (tx,7x) exist (see [11, §4]) and
are unique up to an obvious notion of isomorphism. We call Ox the Cuntz-
Pimsner algebra of the C*-correspondence X, and we call (tx,nx) a uni-
versal coisometric representation of X in Ox. We also mention that any
universal coisometric representation (tx,7x) is injective.

2.4. The Gauge Action on Cuntz-Pimsner Algebras.

Definition 2.15. If X is a C*-correspondence over A, we say that a represen-
tation (t,7) : (X, A) — B of X into a C*-algebra B admits a gauge action
if for each z € T there is a *-homomorphism 3, : C*(¢t,7) — C*(¢,7) such
that 8,(t(§)) = 2t(§) for all € € X and §,(w(a)) = w(a) for all a € A.

It is a consequence of this definition that (3, is actually an automorphism
with 3,1 = 3z, and that the map 3 : T — Aut C*(¢,7) given by z — f3, is
strongly continuous.

Definition 2.16. If X is a C*-correspondence over A, and (tx,7x) : (X, A4) —
Ox is the universal coisometric representation of X into Ox, then the uni-
versal property of Ox implies that (tx,7x) admits a gauge action, which
we denote by v : T — Ox. We refer to v as the canonical gauge action on
Ox.

Theorem 2.17 (The Gauge-Invariant Uniqueness Theorem for Cuntz-Pim-
sner Algebras). Let X be a C*-correspondence over a C*-algebra A, and let
(t,m): (X, A) — B be a coisometric representation of X into a C*-algebra
B. If C*(t, ) is the C*-subalgebra of B generated by the images, t(X) and
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m(A), then the induced x-homomorphism pg ) : Ox — C*(t,7) is an iso-
morphism if and only if (t,m) is injective and admits a gauge action.

The Gauge-Invariant Uniqueness Theorem is proven in [11, §6]. It is one
of our most important tools for constructing isomorphisms of Cuntz-Pimsner
algebras.

2.5. Tensor products of C*-correspondences. If 4 Xp is a C*-correspondence
from A to B, and if gY¢ is a C*-correspondence from B to C, then we may
form a correspondence X @Y from A to C, called the internal tensor prod-

uct (sometimes also called the interior tensor product) as follows: We first
regard Y as a left B-module and form the algebraic tensor product X ©Y.

We then let N be the subspace generated by

{zbOoy—20¢y(b)y:z € X,y€Y, and b € B}

and form the balanced tensor product X ©pY := (X @Y)/N. f x © y is
an elementary tensor in X ©Y, we let x ©®p y denote its equivalence class in
XopY. We give X ©Y aright C action by defining (xr ®py)c:= x©pyc, a
left A action by defining ¢x v (a)(x ©py) = ¢x(a)r ©py, and a C-valued
inner product by defining

(r1 OB Y1, T2 OB Y2) x05y = (Y1, oy ((x1, 22) x)y2) v

These formulae are well-defined and continuous on all of X ®g Y and make
X ®p Y into a pre-C*-correspondence from A to C. (In particular, the
subspace {z € X OpY : (2,2)x0,v = 0} is equal to N [15, p.40] so that
the inner product on X ®p Y is nondegenerate.) We then define X @p Y
to be the completion of X ®p Y with respect to the norm coming from
the above inner product, and we let z ® y denote the equivalence class of
r®y € X©®Y. We mention that X ®pY =span{z®y:x € X and y € Y'}.
If Te £(X) and S € L(Y) with ¢y (b)S(y) = S(¢y(b)y) for all b € B and
y € Y, then one can show that there exists an operator T®45 € L(X®4Y)
with (T ®4 S)(z®y) =T(x) ® S(y).

Note that if 7" € (X ®p Y), then the linearity of the inner product,
and the fact that span{r ® y : © € X andy € Y} is dense in X ®p Y
allows us to write 1" as the limit of finite sums of elements @fgﬁgw; that
is, the subscripts in the generalized rank one operators may be chosen to be
elementary tensors.

If X is a C*-correspondence over A, then we may form the tensor product
of X with itself. For n > 1 we let X®" denote the tensor product X ®4
...®4 X of n copies of X. We then have that

X" =span{€1 ®...® & : &1, ..., & € X}

If (t,7) : (X, A) — B is arepresentation of X into a C*-algebra B, then it is
straightforward to show that there exists a linear map t" : X®” — B defined
by t"(&1 @ ... ® &) = t(&1) ... t(&,), and that (¢",7) : (X®", A) — Bis a
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representation of X®” into B. In particular, there exists a *-homomorphism
¢t" : ’C(X@n) — B with

Y (OF) =t (€)t" ()" for £, € X"

For n = 0 we define X®° = A, and we take t° := 7. It can also be shown
(see [11, Proposition 2.7]) that

C*(t,m) = span{t"(&)t"(n)* : £ € X®",np € X®™, and n,m € N}.

The following proposition was proven in [7, Lemma 4.5] and will be useful
for us in our analysis.

Proposition 2.18. Let X be a C*-correspondence over A and suppose that
the left action ¢x : A — L(X) is injective. Also let n > 1. If S € L(X®™)
and S ® Id € K(X®MHD)) then S € KK(X®™) and Ymi1(S @4 Id) = 1 (S).

3. ELEMENTARY STRONG SHIFT EQUIVALENCE OF REGULAR
C*-CORRESPONDENCES

Definition 3.1. We say that a C*-correspondence 4 X g from A to B is regular
if the left action ¢x : A — L£(X) is injective and im ¢x C K(X). Note that
if X is regular, then Jx = J(X) = A.

Definition 3.2. Let sF4 be a C*-correspondence over A and let gFp be
a C*-correspondence over B. We say that E is elementary strong shift
equivalent to F if there exists a C*-correspondence 4Rp from A to B and
a C*-correspondence gS4 from B to A such that

F2R®pS and F=25S®4R.

We shall spend the remainder of this section proving that if £ and F
are essential, regular C*-correspondences that are elementary strong shift
equivalent, then Op is Morita equivalent to Op.

Definition 3.3. Let 4Rp be a C*-correspondence from A to B and let gSa
be a C*-correspondence from B to A. The bipartite inflation of S by R is a
C*-correspondence X over A @ B defined in the following way: We let

X=S®R

be a right Hilbert A & B-module as in Remark 2.2, and we make X into a
C*-correspondence X over A @ B by defining

¢X(a7 b)(S, T) = (¢S(b)55 QZ)R(CL)T).
Note that the order of S and R are relevant, and in particular, the bipartite

inflation of S by R is not equal to the bipartite inflation of R by S.

Throughout this section fix C*-algebras A and B, and fix a C*-correspondence
ARp from A to B and a C*-correspondence gSy4 from B to A. We shall set

(3.1) E=R®pS and F=S®sR
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so that E, which is a C*-correspondence over A, is elementary strong shift
equivalent to F', which is a C*-correspondence over B. We shall also let X =
S @ R denote the bipartite inflation of S by R, which is a C*-correspondence
over A ® B.

Proposition 3.4. With the notation above, we have X®? =2 E @ F as C*-
correspondences. Furthermore, there exists an isomorphism T : X®? —
E & F with the property that T((s,7) ® (s',7")) = (r®s,s@1').

Proof. We begin by defining a balanced bilinear map Tp: X ¢ X — E® F
by To((s,r),(s',r")) = (r® s ,s ®r'). Then Ty induces a linear map T :
X Oagp X — E@® F, and for any pair of elementary tensors (s1,71) ©®Aq¢B
(sh,71), (s2,72) ®aap (sh,75) € X ®aep X we have

(T((s1,71) ®aeB (51,71)), T((s2,72) @awp (53,75))) Eaor
(11 @ sy,51®711), (12 ® 85,52 @ 15)) paor

(r1® 81,12 @ sh)p, (s1 @1, 52 @T9) )
(s1,or({r1,72) R)S5)s, (1], D5 ({51, 52)5)75) R)
(s1,71); (DR((r1,72) R) S5, D5 ({51, 52)5)72)) X
(s1,71)s dx ({51, 52) 5, (r1,72) R) (85, 75)) x
=((s1,71) Qaes (51,71); (52,72) Oaap (53, 73)) x2-

Because the inner product is bilinear, this shows that (T'(z), T(y))per =
(r,y)xe2 for all z,y € X ®agp X. Thus T is bounded and extends to
amap T : X% — E @ F, which preserves inner products. Furthermore,
it is straightforward to check that T'(¢xe2(a,b)z) = ¢rer(a,b)T(z) for all
(a,b) € A® B and z € X®2 Finally, since T preserves inner products
we have that T is injective, and since span{r ® s’ : » € Rand s’ € S} =
R®pS =F andspan{s®r’:s€ Sand ' € R} = S®4 R = F we see that
T is surjective. Thus 7T is an isomorphism of C*-correspondences. [l

{
(
(
{
{

Lemma 3.5. If ¢rgys and ¢sg,r are injective, then ¢x is injective.

Proof. Since ¢g(a) = ¢pr(a)®]1d for all a € A, we see that if ¢pr(a) = 0, then
®rozs(a) = 0 and the injectivity of ¢rg,s implies that @ = 0. Thus ¢g
is injective. Similarly, the injectivity of ¢gg ,r implies that ¢g is injective.
Because X = S® R and ¢x(a,b) = ¢pg(b) @ ¢r(a) for all (a,b) € A® B, we
have that ¢x is injective. ([

Lemma 3.6. If a € Jrgys and ¢rgys(a) = limy, ZN" eftwss ,

Tn, k®sn kT n, k®s
Np o X®2
then ¢xe2(a,0) = limn 3407 O 1 es, 00,007 )&(s!, .0)°

Proof. Since E = R®p S and ¢pear = ¢p ® é¢p, we see that ¢pgr(a,0) =
lim,, >0 @E@F , - Using the isomorphism, ((r ® §'), (s ®

Tn k®sn k> ) (T;,k®sn7k70)
) (s,7) @ (s',7") from E @ F to X®? established in Proposition 3.4, we
may then apply Lemma 2.5 to obtain the result. (|
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Lemma 3.7. Suppose ¢rgps and ¢sg, r are injective. Let (tx,mx) :
(X, A® B) — Ox be a universal coisometric representation of X into Ox.
Then there exists a coisometric representation (t,7) : (R ®p S, A) — Ox
with
t(r®s)=1tx(0,r)tx(s,0) and m(a) = wx(a,0)

forallr®@se€ R®p S and for all a € A.

Proof. Begin by defining 7 : A — Ox by 7(a) := 7x(a,0). Since (r,s)
(0,7) ® (s,0) is a balanced bilinear map from R @ S to X®?, it induces a

linear map 7 : RO S — X®2. If rOp s and ' ©p s’ are elementary tensors
in R®p S, then

(T(rops), T(r' ops))xe

(0,7) ® (5,0),(0,7") @ (5, 0)) xo
(5,0),éx (((0,7), (0,7"))x)(s",0)) x
<S’ ¢R(< >R)8/7 0)

= ((T ® s, r’ ® 5/>R®Sa O)
By the bilinearity of the inner product, it follows that (T'(2),T(w))xe2 =
((z,w)Ress,0) for all z,w € RGOp S. Thus |T(2)] = (T(2), T(2)) xe2|'/? =
1((2, 2) R 55 )]/ = |2| s0 T is isometric and extends to amap T : R®pS —
X®2 Ifwelett:=1t5o0T, then t : Rep S — Ox and t(r ® s) =

tx(o, T)tX(S, 0)
We shall now show that (¢,7) is a representation of R ®p S into Ox. If
a€ Aandr®sandr ® s are elementary tensors in R ®p S, then

tir@s)t(r @ s") =tx(s,0)tx(0,7)*tx (0,7 )tx(s",0)
= tx(s,0)"mx (((0,7), (0,7"))x)tx(s", 0)
= tx(5,0)"mx ((0, (r,7") r))tx (s, 0)
= mx((s,9s((r,7")r)s')5,0)
=71({r®s,r ®s)roys)-

{
{
(

and

HPreps(a)(r @ s)) = tx(0,¢r(a)r)ix(s,0) = tx(dx(a,0)(0,7))tx(s,0)
=7x(a,0)tx(0,r)tx(s,0) = w(a)t(r ® s).
Because of linearity and the fact that elementary tensors span a dense subset
of X®2, the above two equations show that Condition (i) and Condition (ii)

of Deﬁn1t10n 2.8 hold and (¢, ) is a representation of R ®p S.
To see that (t,m) is coisometric, let a € Jpg,s and write ¢prgys(a) =

. N, R®BS
hmn Zk:l @rn,k®8n,k»7"; k;®s’/n & Then

X®2
(32) ¢X®2 (a 0 - llm Z @ O I'n,k ®(sn,k70)’(0»7';1’]@)@(5;1’]670)
k=1
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by Lemma 3.6. Hence
Vi(drsps(a))

Nn

= 117?1 Z t(rn,k & Sn,k)t(riz,k ® S;L,k)*
k=1
Np,

— li}letX(O, P )t (Snk 0) (Ex (0,7, 1)t x (S0 1, 0))*
k=1
Ny,

= liglnzt%((((), Page) ® ($n,6,0))t% (0,77, 1) ® (57, 55 0))"
k=1

X®2
=Vt yo (hmzem P k)@ (5,,0),(0, rnk>®<sg,k,0>>

—wtxz (¢xw2(a,0))
:thZ (QSX (a’ 0) ® Id)

From Lemma 3.5 it follows that ¢y is injective. Also, ¢x(a,0) ® Id =
dxe2(a,0) € K(X) from (3.2). Thus the above equation and Proposi-

tion 2.18 show that ¥t(¢reys(a)) = Y, (dx(a,0) @ 1d) = ¥, (dx(a,0)) =
wx(a,0) = w(a) and (¢, 7) is coisometric. O

Lemma 3.8. Suppose ¢re,s and ¢sg,r are injective. If (t,7) : (R Qp
S, A) — Ox is the coisometric representation defined in Lemma 3.7, then
(t,m) admits a gauge action.

Proof. Let (tx,mx) : (X, A) — Ox be a universal coisometric representation
of X into Ox. For z € T define (t,,m,) : (X,A) — Ox by 7, = 7mx and
to(s,r) :=tx(sz,r) for (s,7) € X =S @ R. Then ¢, is a linear map, and we
see that (t,,7,) is a representation since:

t.(s,r)t. (s, r") = tx(sz,r)*tx(s'z,r) = mx(((sz,7), (s2,7")) x)

)
=7x((sz,82)s, (r,”Yr) = 7x((s,8")s, (r,7")R)

=mx(((s,7), (s, 7)) x) = m=({(s,7), (s, ")) x)

and

tz(¢x(a,b)(s,7)) = t:(95(b)s, dr(a)r) = tx(ds(b)sz, or(a)r)
=tx(px(a,b)(sz,1)) =mx(a,b)tx(sz,r) =m.(a,b)t,(s,1).

We shall also show that (¢, ) is coisometric. If (a,b) € Jx, then

x(a,b) —hmg ®snwnk (s, o )"
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Since X = S @ R and ¢x(a,b) = ¢5(b) @ ¢r(a) it follows that ¢g(b) =

lim,, >0 CR , and gr(a) = lim, Y Of - Thus
Y. (0x(a,b))
= Y. (¢x(a,0)) + ¢r. (¢x(0,0))
NTL N’IL
. X . X
= . (m Y OF, ) om ) Telmd 07 o o o)
k=1 k=1
Ny Np,
= lim D (0, )t2(0, 7 )" + lim > tSnk, 0)t2(s, 1, 0)*
k=1 k=1
Ny Np,
— ligLnZtX(O,rn,k)tX(O,r;7k)* + liinZtX(sn,k,O)Z(tX(s;l’k,O)Z)*
k=1 k=1
Np, Ny,
= lim > tx(0, ) tx (0,77, )% + lim > tx(sny 0)tx (57, 4, 0)
k=1 k=1

N, Np,

o . X . X

= iy <h7£“ DOm0 HHDD @(sn,k,o»(s;,k,o))
k=1 k=1

= iy (¢x(a,0) + ¢x(0,0))
= Y1y (dx(a,b))

= mwx(a,b)

= m.(a,b).

Since (t,,7,) is a coisometric representation, it induces a *-homomorphism
Bz = Pt,m)  Ox — Ox with B, otx =1, and B, omx = 7.

If (t,7) : (R®p S,A) — Ox is the coisometric representation defined
in Lemma 3.7, then for any elementary tensor » ® s in R ®p S we have
B(tlr @ 5)) = Bultx (0, 7)tx(5,0)) = L2(0,7)t2(5,0) = £x(0,7)tx(52,0) =
2tx(0,7)tx(s,0) = zt(r ® s). Since the elementary tensors span a dense
subset of R ®@p S it follows that 5,(t(£)) = t(§) for all £ € R®p S. In
addition, (,(m(a)) = B.(7x(a,0)) = 7m,(a,0) = wx(a,0) = w(a) for all
a € A. Thus (t,7) admits a gauge action. O

Lemma 3.9. Suppose ¢rg,s and ¢sg,r are injective. Let (tx,mx) :
(X,A® B) — Ox be a universal coisometric representation of X into Ox.
Then there exists a coisometric representation (t',7'): (S ®4 R,B) — Ox
with

t'(s@r)=tx(s,0)tx(0,7) and 7'(b) = 7wx(0,b)
for alls®@r € S®4 R and for all b € B. Furthermore, (t',7') admits a
gauge action.

Proof. Let X = S@ R be the bipartite inflation of S by R, and let (tx,7x) :
(X,A @& B) — Ox be a universal coisometric representation of X into Ox.
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Alsolet Y = R® S be the bipartite inflation of R by S so that, in particular,
Y is a right Hilbert B & A-module as in Remark 2.2, and Y made into a C*
correspondence over B @ A by defining

¢y (b,a)(r,s) := (Pr(a)r; ds(b)s).

We may define a representation (ty,my) : (Y,B @ A) — Ox by letting
ty(r,s) :=tx(s,r) for (r,s) € Y, and my (b, a) := wx(a,b) for (b,a) € B&® A.

It is straightforward to verify that (ty, 7y ) is a coisometric representation
of Y into Ox. Furthermore, it is also straightforward to show that (ty, 7y )
is universal. (In particular, this implies that Oy = Ox.)

We may now apply Lemma 3.7 (after interchanging the roles of R and
S and the roles of A and B in the statement of the lemma) to conclude
that there exists a coisometric representation (¢',7') : (S ®4 R, B) — Ox
with t/(s ® r) = ty (0, s)ty (r,0) and 7'(b) = 7y (b,0). But then t/(s @ r) =
tx(s,0)tx(0,7) and 7'(b) = 7x(0,b). Furthermore, Lemma 3.8 shows that
(t',7') admits a gauge action. O

Lemma 3.10. Let E be a C*-correspondence over A. Suppose R is a C*-
correspondence from A to B, and S is a C*-correspondence from B to A
with the property that E = R®p S. Then

Eess = Ress B Sess-

Proof. Since (r, s) — r®s is a balanced bilinear mapping from Regs B Sess to
R®p S, it induces a linear map T : Ress ©p Sess — R®p S with T'(rops) =
r ® s. Furthermore, because
(T(r©p s),T(r' ©ps))rogs = (r @ s,7" @ ') reps = (s, 0r((r,7")r)s") s
= <87 ¢Ress(<r7 T/>Ress)8/>sess = <T ®B 87 T/ ®B SI>Ress®BSess
we see that T extends to an isometric map T : Ress @B Sess — R ® S. Fur-

thermore, if 7 € Regs and s € Segs, then by the Hewitt-Cohen factorization
Theorem [22, Proposition 2.33] we may write r = ¢r(a)r’. Thus

T(r®s)=¢r(a)r @s=¢pgys(a)(r' @s) € (RRp S)ess

and hence imT C (R ® S)ess-
For the reverse inclusion, choose any such elementary tensor ¢r(a)r ® s,
and let {e)}rea be an approximate unit for B. Then limy re) = r and

or(a)r @ s = li}\n or(a)rey ®@ s = li/{n or(a)r @ ¢s(er)s
= limT(¢r(a)r ® ds(ex)s) = T(lim ¢r(a)r ® ¢s(ex)s)
so that ¢r(a) ® s is in the image of T', and because the span of elementary
tensors of the form ¢r(a)r ® s is dense in (R ®p S)ess We have that im T =

(R®p S)ess. Thus T is an isomorphism from Ress @ p Sess onto (R ® S)ess,
and since £ = R®p S we have Fegs = Rogs @B Sess - O
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Corollary 3.11. Let E be a C*-correspondence over A, let F' be a C*-
correspondence over B, and suppose that E and F are elementary strong
shift equivalent. If E2 and F are essential, then there exists an essential C* -
correspondence R’ from A to B and an essential C*-correspondence S’ from

B to A for which
E=2R @9 and F~2S8®4R.

Proof. Since E and F' are elementary strong shift equivalent there exist R
and S with E =2 Rp S and F= S®4 R. Because E = Fegs = Ress @B Sess
and F = Fugq = Segs @4 Ress, we may take R = Regs and S/ = Segs. O

Lemma 3.12. Suppose R and S are essential, and let X be the bipartite
inflation of S by R. If (tx,mx) : (X, A®&B) — Ox is a universal coisometric
representation of X into Ox, then there exist projections Pr and Pr in the
multiplier algebra M(Ox) such that

( ) PE tx(s T’) —tx(s 0)

( ) tx(s T) PE —tx(o 7’)

(3) PE ﬂx(a b) = Wx(a 0)

(4) Pr tx(s,r) =1tx(0,r),

(5) tx(s, 7") Pr =tx(s,0), and

(6) PF 7TX a, b) —7T)((O b)
for all (s,r) € X and (a,b) € A® B.

Proof. Let {ex}xen be an approximate unit for B. Since S is essential,
limy ¢s(ey)s = s for all a € A. For any element

(3.3) tx(s1,71) - tx(Sp,yrn)tx(sh,rt ) tx(s), )"

we have that
li)r\nWX(O, ex)tx(s1,71) - tx(sn, ra)tx(sh,rt ) . tx(sh, 7))
= li)r\ntX(¢g(e,\)sl,O)tX(SQ,rg) cotx (s, rn)tx (shr ) tx (sh, )

= tx(s1,0)tx(s2,72) ... tx(sp,rn)tx (s, vt ) tx(s), )"

so this limit exists. Because any element of Ox can be approximated by a fi-
nite sum of elements of the form shown in (3.3), we see that limy 7x (0, ey))z
exists for all x € Ox. Let us view Ox as a C*-correspondence over it-
self (see [22, Example 2.10]). If we define Prp : Ox — Ox by Pg(x) :=
limy 7x (0, ex)x then we see that for any =,y € Ox we have

y*Pg(z) = liin y'rx(0,e))x = li)r\n(ﬂX(O, ex)y) ' = Pp(y)*x

and hence Pg is an adjointable operator on Ox. Therefore Pr defines
(left multiplication by) an element in the multiplier algebra M(Ox) [22
Theorem 2.47]. It is easy to check that P]% = P = Pg so that Pg is a
projection. Furthermore, Pg has properties (1), (2), and (3) in the statement
of the lemma.
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If we let {f)}xea be an approximate unit for A, then a similar argument
can be used to show Pp(x) := limy wx (f),0)x defines a projection in M(Ox)
with properties (4), (5), and (6). O

Lemma 3.13. If £ and F are regular, then R and S are reqular and X is
reqular.

Proof. Since E = R®p S, we see that if ¢r(a) = 0, then

¢p(a)(r ®s) = ¢r(a)(r) ®s =0

for all r € R and s € S. Hence ¢g(a) = 0 and by the injectivity of ¢p
we have that a = 0. Thus ¢ is injective. In addition, for any a € A we
see that ¢p(a) € K(E). Since ¢p(a) = ¢r(a) ® Id and ¢ is injective,
Proposition 2.18 implies that ¢r(a) € K(R). Thus R is regular. Because
F =5®4 R, a similar argument shows that S is regular.

Furthermore, since X = S & R and ¢x(a,b) = ¢s(b) & ¢r(a) it is
straightforward to show that ¢x is injective, and ¢x(a,b) € K(X) for all
(a,b) € A® B. Thus X is regular. O

Theorem 3.14. Let E be an essential, reqular C*-correspondence over a
C*-algebra A, and let F' be an essential, reqular C*-correspondence over a
C*-algebra B. If E is elementary strong shift equivalent to F, then Op is
Morita equivalent to Op.

In particular, if we write E =2 R®p S and F'= S ®4 R, with both R and
S essential, then O and O are isomorphic to complementary full corners
of Ox, where X is the bipartite inflation of S by R.

Proof. Since FE and F' are essential and elementary strong shift equivalent,
we may use Corollary 3.11 to write £ 2 R®p S and FF =2 S®4 R with R
and S essential. Let X be the bipartite dilation of S by R as defined in
Definition 3.3, and let (tx,7x) : (X,A @ B) — Ox be a universal coiso-
metric representation of X into Ox. Also let (t,7) : (R®p S,A) — Ox
and (t',7") : (S ®4 R,B) — Ox be the coisometric representations de-
fined in Definition 3.7 and Definition 3.9, respectively. By Lemma 3.8 and
Lemma 3.9, the representations (¢,7) and (¢, 7’) admit gauge actions. Fur-
thermore, m and 7’ are both injective since wx is injective. Hence by the
Gauge-Invariant Uniqueness Theorem these representations induce injective
*-homomorphisms into Ox and we have O = C*(t,7) and Op = C*(t', 7).

Let Pr and Pp be the projections in M(Ox) defined in Lemma 3.12. We
will prove that PEOx Pr = C*(t, 7). To begin, note that

t(r®s)=1tx(0,7)tx(s,0) = Pptx(0,7)tx(s,0)Pr € PrOxPg

and since the elementary tensors span a dense subset of R®p.S we have that
imt C PpOx Pg. Similarly, 7(a) = 7x(a,0) = Pgn(a,0)Pg € PrOxPg so
that im7m C PrOx Pg. Thus C*(t,ﬂ') C PgOxPg.

To see the reverse inclusion, note that

Ox =span{tx(s1,71) - - tx (Sn, Tn)tx (85, Th)* - - tx (s1,71)" : myn > 0}.
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Thus to prove that PpOx Pg C C*(t, ) it suffices to show that
PEtx(Sl, 7“1) tx(sn, Tn)tx( S rin) ... tX(s&, Tll)*PE € C*(t, 71').

To do this, we first notice the following equation holds:

Pptx(s1,71)tx(s2,72) ... tx(Sn, " n)
= tX(O r1)tx(s2,72) ... tx(Sp,Tn)
tx(0,71)Prtx(s2,72)...tx(Sn, )
tx(0,71)tx(s2,0)...tx(Sn,7Tn)
tx(0,7m1)

yT'1 tx (327 ) tX(Snarn)

o tx(o,rl)tx(SQ,O)...tx(O,T‘n_1)tx(Sn,0)PE if n is even
n tx(o, Tl)tx(SQ, 0) e tx(sn_l,O)tx(O,T’n)PF if n is odd.

and then we consider three cases.

CASE 1: n and m are both even
In this case
Pptx(s1,71) - tx (Sn, T )tx (s, 70 ) o tx (), 7)) Pg
= tx(0,71)tx(s2,0)...tx(0,7p—1)tx(8n,0)PePgtx(s,,,0) tx (0,7, 1)*
S tx(sh,0) tx(0,77)"
=tx(0,71)tx(82,0)...tx(0,7—1)tx(Sn,0)
(tx(0,7))tx(55,0) ... tx (0,7, _)tx(sh,,0))*
=t(r1 ®89)...tH(rn—1 @ s,)(t(ry @ sh) ... t(r, 4 @s,.))*
which is in C*(¢, ).

CASE 2: One of m and n is even and the other is odd.
First suppose that n is odd and m is even. Then since Pr and Pr are
orthogonal, we have that

PEtx(Sl,Tl) tx(sn,Tn)tx< m?r;n) .. .tx(Sll,?“ll)*PE
= tx(O,T‘l)tx(Sg,O) .. .tx(sn_l)tx(o,Tn)PFPEtx<S;n,O) tx(O, ;n 1)*
..tx(SIQ,O)*tx(O,Tll)*
=0

which is in C*(¢, 7). The situation when n is even and m is odd is similar.
CASE 3: n and m are both odd

Let {ex}rea be an approximate unit for A @ B. Then since F and F are
regular, it follows from Lemma 3.13 that X is regular. Hence we may write
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dx(ex) = lim; 07 ©X and
XAEA T 2ak=1 () L d ) (0 ud )
Nj
(ex) = iy (Px(en)) =i tx () o Th ) Ex (U s U )
TX €N tx X (€ex lm X S],kﬂrj,k’ X U],k"u],k .
7=t
Then

Prtx(s1,71) - tx(Sn,mn)tx (s, ) tx(s), ) Pg

= limPEtx(Sl,’f'l)...tX(Sn,’l“n) (e,\)tX( m,’l“;n) --'tX(sllvrll)*PE

N
= hinhmZPEtX 51,71) - tX(Snﬂ“n)tX(S?,k,Tj}-:k)
7=1

tX(v])»:k, u;‘,k)*tx(s;m ) tx (s, ) Pe

which is in C*(¢, ) since it is a limit of sums of terms of the form described
in Case 1.

Thus we have shown that C*(t,7) = PpOx Pg. A similar argument shows
that C*(t', ') = PrOx Pp. Thus Op and Op are isomorphic to the corners
determined by Pgr and Pr, respectively.

To see that C*(t,7) = PrOxPg is full, suppose that Z is an ideal of
Ox containing C*(t,m). Then Z contains 7(a) = 7x(a,0) for all a € A.
If {fa}rea is an approximate unit for A, then for any s € S we have
that limy(s,0)(ex,0) = (s,0) so that tx(s,0) = limytx(s,0)wx(ex,0) =
limy tx(s,0)m(ey) is in Z. Furthermore, if b € B, then since S is regular by
Lemma 3.13, we may write ¢g(b) = lim,, ZN” G)S o - Because X = SOR

Snkank

as a right Hilbert A @& B-module, we see that ¢x(0,b) = ¢s(b) @0 =

Nn X
llmn Z @ Sn k,O),(an k:o)

m(0,b) = ¢x(0,b) = limy S0 tx (spk; 0)tx (8], ;. 0)*, and thus m(0,b) is in
7. Hence for any (a,b) € A® B we have that 7rX(a b) = mx(a,0)+7x(0,b)
is in Z. But this implies that Z is all of Ox. Thus C*(t,7) = PpOx Pg is
full. A similar argument shows that C*(¢',n') = PrOx Pp is full.

Finally, it follows from the relations in Lemma 3.12 that P + Pr = 1 in
M(Ox). Thus the corners determined by Pp and Pp are complementary.
Since O and Op are isomorphic to complementary full corners of Ox, it
follows that O and Op are Morita equivalent. O

In addition, since X is regular we may write

4. NON-ESSENTIAL C*-CORRESPONDENCES

In Theorem 3.14 we required that the C*-correspondences E and F' be
essential. It is unclear to the authors whether elementary strong shift equiv-
alence of (not necessarily essential) regular C*-correspondences E and F' will
always imply Morita equivalence of Op and Op. However, in this section
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we are able to prove that we may replace essentiality by the condition that
the C*-correspondence is over a unital C*-algebra.

Proposition 4.1. Let X be a C*-correspondence over a C*-algebra A. If
A is unital, then Jx = Jx,,.-

Proof. Recall that ¢x_ (a) = ¢x(a)|x,., for all a € A. If a € A, then for

each x € X we see that ¢x(a)(z) = dx(a)ox(1)z = dx..(a)(dx(1)x). It
follows that ker px = ker ¢ x_..

Additionally, if a € J(X), then ¢x(a) = lim, 30", © xn/mynk
2 € Xegs we may use the Hewitt-Cohen factorization Theorem [22, Proposi-
tion 2.33] to write z = ¢x (b)w for b € A and w € X. We then have

¢x(a)z = ¢X(1)¢X(a)¢x(b)w
hm Z an e (@x (D)w)

For any

Nn

1) hyrln Z xn,k<yn,k‘7 ¢X (b)w>X
k=1

Nn

= li;glz Ox (1) g (Ynk, dx (17)dx (b)w) x
=1

Nn

= hj?"lz dx ()21 (D x (1)Ynk, dx (b)w) x

Xess
- hm Z © Dy, k0 x (1)Yn,k ()

so that ¢x,._(a) = lim, YN @Xeb(sl)xn,kﬁx(l)yn,k € K(Xess) and J(X) C

J(Xess). In addition, we see that if a € J( Xess), then

dx...(a) = hm Z @Xess

nk’ynk

and since ¢x(a )ac = gbxcss(a)(gbx(l)x) it is straightforward to show that
ox(a) = hmnz e o € K(X). Thus J(Xes) = J(X). It follows
that Jx., = Jx. O

Proposition 4.2. Let X be a C*-correspondence over a C*-algebra A. If
A is unital, then Ox,,, is isomorphic to a full corner of Ox. Consequently
Ox 1s Morita equivalent to Ox,,.

Proof. Let i : Xess < X be the inclusion map. Let (tx,mx) — Ox be the
universal coisometric representation of X into Ox. We define a represen-
tation (t,7) : (Xess, A) — Ox by setting t := tx oi and 7 := 7x. It is
straightforward to verify that (¢,7) is a representation.
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To see that (¢, ) is coisometric, let @ € Jx,... Then by Proposition 4.1 we

have that a € Jx. If we write ¢x(a) = lim,, Ziv" @£k7ynk7

as in Proposition 4.1 shows that ¢x, . (a) = lim, Zg" @;(;S(Sl)x s (D
Thus ’

then arguing

Ny,
Pt(Pxe (@) = 1171302 tHdx (1)an k) t(¢x (1)yn,k)"
k=1

Np,
= h,Ian Tx (Dt x (Tnk)tx (Ynk) X (1)
k=1 ..
=7x(1) (li}antX(fUmk)tX(yn,k)*) mx (1)
k=1
= 7x ()thry (¢x(a))mx (1)
=7x(Drx(a)mx(1)
=7x(a)
= m(a)

o (t,m) is coisometric.

It follows that (¢,7) induces a *-homomorphism p¢ . : Ox,. — Ox.
Since m = 7x is injective, and since (¢,7) admits a gauge action (simply
use the canonical gauge action of Ox) it follows from the Gauge-Invariant
Uniqueness Theorem that p; ) is injective and Ox,, = C*(t, 7).

To see that C*(¢, 7) is a corner of Ox determined by the projection wx (1),
simply note that

mx(1) (tX(xl) ot (@) tx ()t (1) ) (1)
=tx(ox (V1) ... tx(dx(Dzn)tx (ox (Dym)" - tx(dx(1)y1)*
=tdx(D)z1) ... t(dx()zn)t(dx (Dym)” - . - t(ox(1)y1)*.

Since the elements tx(x1)...tx(zn)tx (Ym)* .. tX(yl) span a dense subset
of Ox we see that mx(1)Oxmx (1) C C*(t, 7).

Furthermore, if t(z1)...t(zn)t(ym)* ... t(y1)* € C*(t,m), then because
dx(1)z = x for z € Xegs we have that

t(z1) .. (@) t(ym)" . t(y1)"
=ax(Dtx(z1) ... tx(@n)tx(ym)™ .. . tx(y1) 7x(1)
which isin 7x (1)Ox7mx(1). Since the elements t(x1) ... t(xn)t(ym)* .. . t(y1)*
span a dense subset of C*(¢t,7) we have that C*(t,7) C 7x(1)Ox7mx(1).
Thus 7x(1)Ox7x (1) = C*(t, 7).
Finally, to see that this corner is full, note that 7x(1)Ox7x (1) contains
m(A) and hence any ideal containing 7x (1)Ox7x (1) must be all of Ox. O

Theorem 4.3. Let E be a reqular C*-correspondence over a C*-algebra A,
and let F' be an regular C*-correspondence over a C*-algebra B. Suppose
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that either E is essential or A is unital. Also suppose that either F is
essential or B is unital. If E is elementary strong shift equivalent to F,
then Og is Morita equivalent to Op.

Proof. Since FE and F are elementary strong shift equivalent we may write
F2R®q45and FF =2 S®g R By Lemma 3.10 we have that Fegs =
Regs A Segs and Fiogs = Sess ®B Ress. Since E and F' are regular, it follows
from Proposition 4.1 that Fes and Fies are regular. Therefore Theorem 3.14
implies that Of__ is Morita equivalent to Of,___. Because E is either essential
or unital, we have that either Op = Opg,__, or Of is Morita equivalent to
OE... by Proposition 4.2. Similarly, since F' is either essential or unital,
we have that either O = Opf,__, or Of is Morita equivalent to Of,_ by
Proposition 4.2. Thus Of is Morita equivalent to Op.

5. GRAPH C*-ALGEBRAS: EXAMPLES AND COUNTEREXAMPLES

We use the conventions established in [14, 13, 3, 6, 21, 2] for graph C*-
algebras. We also refer the reader to [20] for a more comprehensive treatment
of graph C*-algebra theory — although we warn the reader that the direction
of the arrows in [20] is “opposite” of what is used in [14, 13, 3, 6, 21, 2] and
of what is used here.

If £ = (E°, E',r s) is a graph, then the graph C*-algebra C*(E) is
the universal C*-algebra generated by a collection of mutually orthogonal
projections {p, : v € EY} together with a collection of partial isometries
{s¢ : e € E'} with mutually orthogonal range projections that satisfy

(1) i8¢ = pr(e) forall e € B
(2) sest < py(e) forall e € B
(3) Pv = 2 {es(e)v} Sese forallv e EY with 0 < [s71(v)| < <.

Alternatively, given a graph E = (E°, E!, r, s) one may define a C*-correspondence
X(E) over A := Co(E") by letting

X(E):={z:E' - C: the function v~ Y |a(f)]*is in Co(E°) }.
{reEtr(f)=v}
and giving X (F) the operations
(- a)(f) = =(fa(r(f)) for f e B

(z,y)x(p)(v) == z(fy(f) forve E°
{feE r(f)=v}
(a-2)(f) :=als(f)z(f) for f e B
We call X(E) the graph C*-correspondence associated to E, and it is a
fact that Ox gy = C*(E) [8, Proposition 4.4]. Thus the graph C*-algebra
may be thought of as the Cuntz-Pimsner algebra associated to the graph C*-

correspondence. We refer the reader to [18, §3] for a more detailed discussion
and analysis of graph C*-correspondences.
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5.1. Examples. We shall show how graph C*-algebras give examples illus-
trating Theorem 3.14.

Definition 5.1. If E = (E°, E',r, s) is a graph, then the verter matriz of E
is the F? x E° matrix Ap with entries

Ap(v,w) = #{e € E': s(e) = v and r(e) = w}.

Let E and F be row-finite graphs with no sinks. If the matrices Ag and
Ap are elementary strong shift equivalent, then there are matrices R and S
with non-negative entries for which A = RS and Ar = SR. It follows that
R must be a E° x FO matrix, and S must be a F° x E® matrix. In this case
we may create a bipartite graph Gr g as follows: We let G% g = EUFO
and for v € E% and w € F° we draw R(v,w) edges from v to w, and
S(w,v) edges from w to v. (So, in particular, the vertex matrix of Gg g is
AGps = (g Ig) and Gp g is bipartite.) It has been shown independently by
Bates [1, Theorem 5.2] and by Drinen and Sieben [5, Proposition 7.2] that
C*(E) and C*(F') are isomorphic to complementary full corners of C*(Gg,s),
and thus Morita equivalent.

Ezxample 5.2. Let E and F' be the following graphs.

E an—bmch F dCx%yngg
Then we see that Ap = (§1) and Ap = <§ é (%)) are elementary strong
shift equivalent by taking R = (3 39) and S = (é (%)) The bipartite graph
GR,s is then equal to
[0
v P S
\
GRr,s w g Yy
€
\\
z

Also, C*(F) and C*(F') are isomorphic to complementary full corners of
C*(GRr,g). In fact, if {se¢,py} is a generating Cuntz-Krieger E-family for
C*(FE) and if {S., P,} is a generating Cuntz-Krieger G-family for C*(Gr g),
then the *-homomorphism that identifies C*(E) with a full corner of C*(Gr,s)
maps
pv = Py, puwir Py, Sq Sﬂsaa Sp — 5'785; and  s.— SCSe
Also, if {te, qv} is a generating Cuntz-Krieger F-family for C*(F’), then the
s-homomorphism that identifies C*(F') with a full corner of C*(Gp g) maps
Gz — Py, QyHPyy q- — P,
tar SaSg, ter> SaSy, tpr>95S:, and ty— SSc.
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Definition 5.3. For a rectangular I x J matrix R with non-negative entries
we create a bipartite graph Gr by defining G% := I U J and for i € I and
j € J we draw R(i, j) edges from i to j.

For this graph we may construct a C*-correspondence Xp from A :=
Co(I) to B := Cy(J) by setting
Xpg:={z: Gk — C: the function v Z lz(f)]? is in Co(J) }.

{feG R (f)=v}

and giving Xpg the operations

(z-b)(f) :==z(N)b(r(f)) for f € Gy

(2, y) x5 () = z(f)y(f) forjeJ
{feGhr(H)=7}
(a-2)(f) = a(s(f))z(f) for f € GE.

Ezample 5.4. If R and S are the matrices in Example 5.2, then G and Gg
are the following graphs:

V— T V&—T
GR w\y GS wiy
\Z ]

This relates to Theorem 3.14 in the following way. Since F and F are
row-finite with no sinks, it follows that X (E) and X (F') are regular [18,
Remark 3.3]. In addition, graph C*-correspondences are always essential
18, 53]

The fact that Ap = RS and Ap = SR implies that X (F) = X(GRr) ®p
X(Gg)and X (F) =2 X(Gs)®4X(GRr). Hence the graph C*-correspondences
X(E) and X (F) are elementary strong shift equivalent. The bipartite infla-
tion of X (Gg) by X(GR) is equal to X(Gp,s). Thus Theorem 3.14 implies
that Ox gy = C*(E) and Ox(p) = C*(F) are isomorphic to complementary
full corners of Ox (g, 5) = C*(GR,s). In this way we recover [1, Theorem 5.2
and [5, Proposition 7.2] as special cases of Theorem 3.14.

5.2. Counterexamples. We shall use graph C*-algebras to provide coun-
terexamples to generalizations of the statement of Theorem 3.14.

We have already mentioned in §4 that the authors are unsure whether
Theorem 3.14 remains true if E and F' are not essential. On the other hand,
the condition that E and F' are regular is necessary. When we impose the
condition that a C*-correspondence be regular, we require the left action to
be injective as well as act by compact operators. We shall show that both
of these conditions are necessary in Theorem 3.14.
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If we let E4 and Es be the following graphs

Eq V—— W —— T Es Yy——z

00 . .
then Ap, = ((1) 0 ) and Ap, = (J}) are elementary strong shift equivalent
1

0
1
0
by taking R = (§ g) and S = (9§7). Reasoning as in §5.1 shows that the
graph C*-correspondences X (E;) and X (Fs) are elementary strong shift
equivalent. Furthermore, X (F;) and X (F3) are essential (as are all graph
C*-correspondences). In addition, since E; and Ej are row-finite, their left
actions act as compact operators, and we have J(X(E;)) = Co(EY) and
J(X(E2)) = Co(EY). However, since each of E; and E» has sinks, the
left actions of the associated graph C*-correspondences are not injective.
Thus neither X (FE7) nor X (FEz) is regular. In addition, Oxg,) = C*(E1)
is not Morita equivalent to Ox (g,) = C*(E2) because C*(E1) contains two
proper ideals and C*(Ejy) is simple. This shows that we cannot remove the
regularity condition in Theorem 3.14.

Moreover, there is an example, described in [1, Example 5.4], which shows
that there exist non-row-finite graphs F; and Fo with no sinks that have
graph C*-correspondences that are elementary strong shift equivalent but
have C*-algebras that are not Morita equivalent. Thus one needs the left
action to be both injective and act as compact operators.

Finally, we mention some natural questions that arise when one consid-
ers elementary strong shift equivalence of C*-correspondences. We have
seen that elementary strong shift equivalence of C*-correspondences implies
Morita equivalence of the associated Cuntz-Pimsner algebras. It is natural
to ask whether this equivalence holds at higher levels — in particular, at
the level of Toeplitz algebras, or at the level of C*-correspondences. Thus
there are three natural questions one can ask.

Let E and F' be essential, regular C*-correspondences.

QUESTION 1: If E and F' are elementary strong shift equivalent, then is it
necessarily the case that E and F' are Morita equivalent (as defined in [17])?

QUESTION 2: If E and F are elementary strong shift equivalent, then is
it necessarily the case that the Toeplitz algebras 7z and 7 are Morita
equivalent?

QUESTION 3: If E and F' are elementary strong shift equivalent, then is it
necessarily the case that the Cuntz-Pimsner algebras O and O are Morita
equivalent?

We have seen that Theorem 3.14 provides an affirmative answer to Ques-
tion 3. In addition, the questions asked above are successively weaker in the
following sense: If F and F are Morita Equivalent as C*-correspondences,
then it follows that 7z and 7r are Morita Equivalent. Furthermore, since
the Cuntz-Pimsner algebra is a quotient of the Toeplitz algebra by a certain
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ideal, we see that if the Morita equivalence between O and Op takes the
appropriate ideal to the appropriate ideal, then O and Op.

When the authors began this project, they intended to prove a theorem
that would provide an affirmative answer to Question 1, and then obtain
affirmative answers to Question 2 and Question 3 as corollaries by using
the arguments of the previous paragraph. However, upon deeper investiga-
tion it appears that Question 2 and Question 3 have negative answers. In
particular, the Morita equivalence can only be guaranteed to hold at the
level of Cuntz-Pimsner algebras, and not at the level of Toeplitz algebras or
C*-correspondences.

To see this, let £ and F' be the following graphs.

() Q) () ()

E V— W F r—Y z

U O 8§ @

1
0
shift equivalent by taking R = (2} 9) and S = (é ?) Reasoning as in §5.1
shows that the graph C*-correspondences X (E) and X (F') are elementary
strong shift equivalent. Also, X (FE) and X (F') are essential, and since E and
F' are row-finite with no sinks, it follows that X (F) and X (F') are regular.
As discussed in [18, §3] and [18, Theorem 3.7] the Toeplitz algebra of
X (F) is the C*-algebra of the graph formed by outsplitting E at all of its
vertices. Similarly for F'. Thus if we let E and F be the following graphs

O O O 0O

E Cv*mud F T —7Y zD
N / ‘iﬁ
L) ; L)\ \\)l
v w CL'/ y/ Z,

then Tx(p) = C*(E) and Txp) = C* (ﬁ) However, since the proper satu-

rated, hereditary subsets of F are
0 {w'} {w,w'} {v'} v, w'} v, w,w'}

and because E satisfies Condition (K) we see that C*(E) has exactly 6
proper ideals. In addition, since the saturated, hereditary subsets of F' are

0 W e} e} @) )
{x/7y/7zl} {$/7 y? Z? z/} {x/7 y? y,7 Z’ Z/}
and because F satisfies Condition (K) we see that C*(F) has exactly 10
proper ideals. Thus Tx gy = C*(E) and Tx(py = C*(F) are not Morita
equivalent, and this provides a negative answer to Question 2. Moreover,
it provides a negative answer to Question 1, since Morita equivalence of
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C*-correspondences implies Morita equivalence of the associated Toeplitz
algebras.

Remark 5.5. We conclude with a thought which motivated us at the outset,
but which we could not verify. Suppose that F is an essential, regular C*-
correspondence over a C*-algebra A. Then for every n € N, the map T —
T®Idg that embeds £(E®") in L(E®™+1) carries K(E®") into K(E®"+1),
Let A denote the inductive limit ligllC(E(@") and let £ := F®4%2. Then & is

an invertible correspondence over 2l in the sense that £ is an imprimitivity
bimodule (from 2 to ) and, as is shown in [19, Theorem 2.5], the Cuntz-
Pimsner algebra Og is isomorphic to Og. Suppose too that F' is an essential,
regular C*-correspondence over the C*-algebra B and let 8 and F be the
analogous inductive limit and invertible correspondence. One of our initial
approaches to proving Theorem 3.14 was to try to prove that if £ and F
are strong shift equivalent then £ and F are Morita equivalent in the sense
of [17]. While the implication still seems plausible, we are unable to decide
whether it is true or false. It seems like the “right” conjecture to make
in view of Williams’s theorems. In fact, one is enticed to speculate on its
converse, too: If £ and F are Morita equivalent in the sense of [17], then are
E and F strong shift equivalent? An “if and only if” theorem would indeed
be a perfect analogue of Williams’s theorems.
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