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ABSTRACT. A covering of k-graphs (in the sense of Pask-Quigg-Raeburn) induces
an embedding of universal C*-algebras. We show how to build a (k 4 1)-graph
whose universal algebra encodes this embedding. More generally we show how to
realise a direct limit of k-graph algebras under embeddings induced from coverings
as the universal algebra of a (k + 1)-graph. Our main focus is on computing the
K-theory of the (k+1)-graph algebra from that of the component k-graph algebras.

Examples of our construction include a realisation of the Kirchberg algebra P,,
whose K-theory is opposite to that of O,, and a class of AT-algebras that can
naturally be regarded as higher-rank Bunce-Deddens algebras.

1. INTRODUCTION

A directed graph E consists of a countable collection E° of vertices, a countable
collection E' of edges, and maps 7, s : B! — EY which give the edges their direction;
the edge e points from s(e) to r(e). Following the convention established in [30],
The associated graph algebra C*(F) is the universal C*-algebra generated by partial
isometries {s. : e € E'} together with mutually orthogonal projections {p, : v € E°}
such that py.) = s;s. for all e € E', and p, > zr(e):v sest for all v € EY) with
equality when r~1(v) is finite and nonempty.

Graph algebras, introduced in [14, 23], have been studied intensively in recent
years because much of the structure of C*(FE) can be deduced from elementary
features of E. In particular, graph C*-algebras are an excellent class of models for
Kirchberg algebras, because it is easy to tell from the graph E whether C*(E) will
be simple and purely infinite [22]. Indeed, a Kirchberg algebra can be realised up to
Morita equivalence as a graph C*-algebra if and only if its Ki-group is torsion-free
[39]. It is also true that every AF algebra can be realised up to Morita equivalence
as a graph algebra; the desired graph is a Bratteli diagram for the AF algebra in
question (see [12] or [40]). However, this is the full extent to which graph algebras
model simple classifiable C*-algebras due to the following dichotomy: if E is a
directed graph and C*(FE) is simple, then C*(FE) is either AF or purely infinite [3,
Remark 5.6].

The class of higher-rank graphs, or k-graphs, and their C'*-algebras was originally
developed by the first two authors [20] to provide a graphical framework for the
higher-rank Cuntz-Krieger algebras of Robertson and Steger [34]. A k-graph A is
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a kind of k-dimensional graph, which one can think of as consisting of vertices A°
together with k collections of edges A“', ..., A®* which we think of as lying in k
different dimensions. As an aid to visualisation, we often distinguish the different
types of edges in terms of k different colours.

Higher-rank graphs and their C*-algebras are generalisations of directed graphs
and their algebras. Given a directed graph F, its path category E* is a 1-graph, and
the 1-graph C*-algebra C*(E*) as defined in [20] is canonically isomorphic to the
graph algebra C*(F) as defined in [23]. Furthermore, every 1-graph arises this way,
so the class of graph algebras and the class of 1-graph algebras are one and the same.
For k > 2, there are many k-graph algebras which do not arise as graph algebras. For
example, the original work of Robertson and Steger on higher-rank Cuntz-Krieger
algebras describes numerous 2-graphs A for which C*(A) is a Kirchberg algebra and
K (C*(A)) contains torsion.

Recent work of Pask, Raeburn, Rgrdam and Sims has shown that one can also
realise a substantial class of AT-algebras as 2-graph algebras, and that one can tell
from the 2-graph whether or not the resulting C*-algebra is simple and has real-
rank zero [27]. The basic idea of the construction in [27] is as follows. One takes a
Bratteli diagram in which the edges are coloured red, and replaces each vertex with
a blue simple cycle (there are technical restrictions on the relationship between the
lengths of the blue cycles and the distribution of the red edges joining them, but
this is the gist of the construction). The resulting 2-graph is called a rank-2 Bratteli
diagram. The associated C*-algebra is AT because the C*-algebra of a simple cycle
of length n is isomorphic to M, (C(T)) [1]. The results of [27] show how to read off
from a rank-2 Bratteli diagram the K-theory, simplicity or otherwise, and real-rank
of the resulting AT algebra.

The construction explored in the current paper is motivated by the following
example of a rank-2 Bratteli diagram. For each n € N, let Cs» be the simple directed
cycle graph with 2™ vertices labeled 0, ..., 2" —1 and 2" edges fo, ..., fon_1, Where f;
is directed from the vertex labeled i+1 (mod 2") to the vertex labeled i. We specify a
rank-2 Bratteli diagram A(2°°) as follows. The n'! level of A(2°°) consists of a single
blue copy of Cyn-1 (n =1,2,---). For 0 <14 < 2" —1, there is a single red edge from
the vertex labeled 4 at the (n + 1) level to the vertex labeled i (mod 2") at the n'®
level. The C*-algebra of the resulting 2-graph is Morita equivalent to the Bunce-
Deddens algebra of type 2°°, and this was one of the first examples of a 2-graph
algebra which is simple but neither purely infinite nor AF (see [27, Example 6.7]).

The purpose of this paper is to explore the observation that the growing blue
cycles in A(2%°) can be thought of as a tower of coverings of 1-graphs (roughly
speaking, a covering is a locally bijective surjection — see Definition 2.1), where the
red edges connecting levels indicate the covering maps.

In section 2, we describe how to construct (k + 1)-graphs from covrings. In
its simplest form, our construction takes k-graphs A and I' and a covering map
p:T — A, and produces a (k + 1)-graph AT in which each edge in the (k + 1)
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dimension points from a vertex v of I' to the vertex p(v) of A which it covers'.
Building on this construction, we show how to take an infinite tower of coverings
Pn: MApy1 — Ay, n > 1, and produce an infinite (k + 1)-graph lim(A,, p,) with a
natural inductive structure (Corollary 2.11). T

The next step, achieved in Section 3, is to determine how the universal C*-algebra
of ALT relates to those of A and I'. We show that C*(ALT') is Morita equivalent to
C*(T") and contains an isomorphic copy of C*(A) (Proposition 3.2). We then show
that given a system of coverings p,, : A,y1 — A, the C*-algebra C*(im (A, p,)) is
Morita equivalent to a direct limit of the C*(A,,) (Theorem 3.8). T

In section 4, we use results of [33] to characterise simplicity of C*(im(Ay,,p»)),
and we also give a sufficient condition for this C*-algebra to be purely?lﬁnite. In
section 5, we show how various existing methods of computing the K-theory of the
C*(A,,) can be used to compute the K-theory of C*(lim(A,,p,)). Our results boil
down to checking that each of the existing K-theory gmputations for the C*(A,)
is natural in the appropriate sense. Given that K-theory for higher-rank graphs has
proven quite difficult to compute in general (see [15]), our K-theory computations
are an important outcome of the paper.

We conclude in Section 6 by exploring some detailed examples which exhibit how
the covering-system construction works, and how to apply our K-theory calculations
to the resulting higher-rank graphs. For integers 3 < n < oo, we obtain a 3-
graph algebra realisation of Kirchberg algebra P, whose K-theory is opposite to
that of O, (see section 6.3). We also obtain, using 3-graphs, a class of simple
AT-algebras with real-rank zero which cannot be obtained from the rank-2 Bratteli
diagram construction of [27] (see section 6.4), and which we can describe in a natural
fashion as higher-rank analogues of the Bunce-Deddens algebras. These are, to our
knowledge, the first explicit computations of K-theory for infinite classes of 3-graph
algebras.

2. COVERING SYSTEMS OF k-GRAPHS

For k-graphs we adopt the conventions of [20, 25, 31]; briefly, a k-graph is a
countable small category A equipped with a functor d : A — INF satisfying the
factorisation property: for all A\ € A and m,n € N¥ such that d(\) = m + n there
exist unique u,v € A such that d(u) = m, d(v) = n, and A = pr. When d(\) = n
we say A has degree n. The standard generators of N* are denoted ey, ..., e, and
for n € N¥ and 1 < i < k we write n; for the i*" coordinate of n.

If A is a k-graph, the vertices are the morphisms of degree 0. The factorisation
property implies that these are precisely the identity morphisms, and so can be
identified with the objects. For aw € A, the source s(a) is the domain of a, and the

fIn its full generality, our construction is more complicated (see Proposition 2.14), enabling us
to recover the important example of the irrational rotation algebras discussed in [27]. To keep
technical detail in this introdution to a minimum, we discuss only the basic construction here.
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range () is the codomain of « (strictly speaking, s(a) and r(a) are the identity
morphisms associated to the domain and codomain of «).

For n € N*¥ we write A" for d~*(n). In particular, A° is the vertex set. For
u,v € A and E C A, we write uF := ENr~'(u) and Ev := ENs (v). For
n € N¥, we write

AS" = {x € A:d(\) < n,s(A)A% = () whenever d()\) +e; < n}.

We say that A is connected if the equivalence relation on A° generated by {(v,w) €
A% x A° : wAw # (0} is the whole of A° x A°. A morphism between k-graphs is a
degree-preserving functor.

We say that A is row-finite if vA™ is finite for all v € A° and n € N*. We say that
A is locally convex if whenever 1 <i < j <k,ee€ A%, fe& A% and r(e) = r(f), we
can extend both e and f to paths ee’ and ff’ in A%t¢.

We next introduce the notion of a covering of one k-graph by another. For a more
detailed treatment of coverings of k-graphs, see [25].

Definition 2.1. A covering of a k-graph A is a surjective k-graph morphism p :
I' — A such that for all v € T, p maps I'v 1-1 onto Ap(v) and vI" 1-1 onto p(v)A.
A covering p: I' — A is connected if I'; and hence also A, is connected.

A covering p: ' — A is finite if p~!(v) is finite for all v € A°.

Remarks 2.2. (1) A covering p : I' — A has the unique path lifting property: for
every A € A and v € T'° with p(v) = s(\) there exists a unique 7 such that
p(y) = A and s(v) = v; likewise, if p(v) = r(\) there is a unique ¢ such that
p(¢) = A and r(¢) = v.

(2) If A is connected then surjectivity of p is implied by the other properties.

(3) If there is a fixed integer n such that [p~!(v)| = n for all v € AY p is said to
be an n-fold covering. If I" is connected, then there p is automatically an n-fold
covering for some n.

Notation 2.3. For m € N\ {0}, we write S,, for the group of permutations of
the set {1,...,m}. We denote both composition of permutations in S,,, and the
action of a permutation in S,, on an element of {1,...,m} by juxtaposition; so for
b, € Sy, 0 € Sy, is the permutation ¢ o ¢, and for ¢ € S, and j € {1,...,m},
¢j € {1,...,m} is the image of j under ¢. When convenient, we regard S, as (the
morphisms of) a category with a single object.

Definition 2.4. Fix k,m € N\ {0}, and let A be a k-graph. A cocycle s : A — S,
is a functor A — s(\) from the category A to the category S,,. That is, whenever
a, B € A satisfy s(a) = r(3) we have s(«a)s(f) = s(af).

We are now ready to describe the data needed for our construction.

Definition 2.5. A covering system of k-graphs is a quintuple (A, T", p,m,s) where
A and I" are k-graphs, p: A — T' is a covering, m is a nonzero positive integer, and
s: ' — S, is a cocycle. We say that the covering system is row finite if the covering
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map p is finite and both A and I' are row finite. When m = 1 and s is the identity
cocycle, we drop m and s altogether, and say that (A,T",p) is a covering system of
k-graphs.

Given a covering system (A, ', p, m,s) of k-graphs, we will define a (k + 1)-graph
AT which encodes the covering map. Before the formal statement of this con-
struction, we give an intuitive description of A¥ET. The idea is as follows. The
(k + 1)-graph AYT" contains disjoint copies +(A) and j(I') of the k-graphs A and T.
The image j(v) of a vertex v € I' is connected to the image ¢(p(v)) of the vertex
it covers in A by m parallel edges e(v, 1), ..., e(v,m) of degree ey ;. Factorisations
of paths involving edges e(v,l) of degree ey, are are determined by the unique
path-lifting property and the cocycle s.

It may be helpful on the first reading to consider the case where m =1 so that s
is necessarily trivial.

For n € N*, we write (n,0,) for the element Zle n;e; € NFFL,

Proposition 2.6. Let (A,I',p,m,s) be a covering system of k-graphs. There is a

unique (k4 1)-graph A¥°T such that:

(1) there are injective functors 1: A — AT and 5: T — AYT such that d(1(a)) =
(d(a),01) and d(y(B)) = (d(B),01) for all« € A and 3 € T;

2) «(A) N (T) =0 and 1o(A) U H(T) = {7 € AL : d(7)ps1 = 0};

3) there is a bijection e : T x {1,...,m} — (ALZD)e+1;

4) s(e(v,1)) = 7(v) and r(e(v,1)) = 1(p(v)) for allv € T° and 1 <1 < m; and

5) e(r(A),1)s(\) =1(p(\))e(s(N),s(N\) ") for all N €T and 1 <1< m.

If the covering system (A, T, p, m,s) is row finite, then A22T is row finite. If T and

AN AN AN N

A are locally convez, then A2ZT is locally convex.

Notation 2.7. If m = 1 so that s is necessarily trivial, we drop all reference to s.
We denote AT by ALT, and write (AZT)e+1 = {e(v) : v € T°}. In this case, the
factorisation property is determined by the unique path-lifting property alone.

The main ingredient in the proof of Proposition 2.6 is the following fact from [16,
Remark 2.3] (see also [31, Section 2]).

Lemma 2.8. Let Ey, ..., E) be 1-graphs with the same vertex set E°. For distinct
i,j €{l,... .k}, let Bij :={(e,f) € B} x Ej : s(e) = r(f)}, and write r((e, f)) =
r(e) and s((e, f)) = s(f). For distinct h,i,j € {1,...,k}, let E;; = {(e, f,g) €
E% X E,Ll X E]l : <€,f) € Ehﬂ‘, (f, g) c Ei,j}-

Suppose we have bijections 8, ; : E; ; — E;; (i # j) such thatrof; ; =r, sob; ; = s
and 0; j00;; =id for distinct ¢, j, and such that

(21) ((91"]' X 1d>(1d X(gh’j)(eh,i X ld) = (ld Xeh’l')<9h7j X 1d>(1d XHM)

as bijections from Ey; ; to Ej,;, for distinct h,i, 7.
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Then there is a unique k-graph A such that A° = E°, A% = E} for 1 <i <k,
and for distinct i,5 € {1,...,k} and (e, f) € E;;, the pair (f',e') € E;; such that
(f',€') =0:;(e, f) satisfies ef = f'e’ as morphisms in A.

Remark 2.9. Every k-graph arises in this way: Given a k-graph A, let E° := A°, and
E! := A% for 1 < i <k, and define r,s : E! — E by restriction of the range and
source maps in A. Define bijections 0; ; : F; ; — E;; via the factorisation property:
0, (e, f) is equal to the unique pair (f',e’) € E,; such that ef = f’¢/ in A. Then
condition (2.1) holds by the associativity of the category A, and the uniqueness
assertion of Lemma 2.8 implies that A is isomorphic to the k-graph obtained from
the E; and the 0, ; using Lemma 2.8.

Notation 2.10. Lemma 2.8 tells us how to describe a k-graph pictorially. As in
31, 27], the skeleton of a k-graph A is the directed graph E, with vertices Ef = A",
edges F} = Ule A%, range and source maps inherited from A, and edges of different
degrees in A distinguished using k different colours in Ey: we colour edges of degree
e1 blue, edges of degree e, red, and so forth. Lemma 2.8 implies that the skeletion
E\ together with the factorisation rules fg = ¢'f’ where f, f' € A% and g,¢' € A%
completely specify A. In practise, we draw E using solid, dashed and dotted edges
to distinguish the different colours, and list the factorisation rules separately.

Proof of Proposition 2.6. The idea is to apply Lemma 2.8 to obtain the (k+1)-graph
AZET. We first define sets E° and E! for 1 <i < k4 1. As a set, E° is a copy of
the disjoint union A LIT?. We denote the copy of A° in E° by {u(v) : v € A°} and
the copy of T in E° by {j(w) : w € I'°} where as yet the 1(v) and j(w) are purely
formal symbols. So

E° = {a(v) v € A} U {y(w) : w € T}.
For 1 <1 <k, we define, in a similar fashion,

Ef={uf): fe A u{ig):geT}

to be a copy of the disjoint union A% LIT%. We define E} ; to be a copy of I'" x
{1,...,n} which is disjoint from E° and each of the other £}, and use formal symbols
{e(v,]) : v € T% 1 <1 < m} to denote its elements. For 1 < i < k, define range
and source maps r, s : B} — E° by r(o(f)) := 1(r(f)), s((F)) == (1), (2(g)) =
J(r(g)) and s(3(g)) := j(s(g)). Define r,s : B, — E° as in Proposition 2.6(4).

For distinct 7,7 € {1,...,k + 1}, define E; ; as in Lemma 2.8. Define bijections
01'7]' : Ei,j — Ejﬂ' as follows:

e For 1 <i,j7 <k and (e, f) € E;;, we must have either e = 2(a) and f = 1(b)
for some composable pair (a,b) € A% X0 A%, or else e = j(a) and f = (b)
for some composable pair (a,b) € I'% xpo I'. If e = 1(a) and f = 2(b), the
factorisation property in A yields a unique pair b’ € A%, o’ € A% such that
ab = b'd’, and we then define 6, j(e, f) = (2(b'),2(a’)); if e = y(a) and f = 5(b),
we define 6; (e, f) similarly using the factorisation property in I'.
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e For 1 <i <k, and (e, f) € Ey41,4, we have f = 3(b) and e = e(r(b), ) for some
beT% and 1 <1< m. Define Oiy1,(e, f) := (1(p(b)), e(s(f),s(f)~1)).

o If (f',€/) = Ory1i(e, f), then € = e(w,l) for some w € T® and [ € {1,...,m
such that p(w) = s(f’), f is the unique lift of f’ such that s(f) = j(w), and
e=-e(r(f),s(f)l). It follows that 0.1 ; is a bijection and we may define ; y; :=
ek_Jrl i
Since A and T' are k-graphs, the maps 6

0, =0, ]1, and we have 0, ;11 = Qk’iu

need to establish equation (2.1).
Equation (2.1) holds when h,7,j < k because A and I' are both k-graphs. Now

suppose that one of h,i,j7 = k + 1. Fix edges f, € E}, f; € E} and f; € E]1 First

suppose that h = k + 1; so fj, = e(r(f;),!) for some [, and f; and f; both belong to

J(T'). Apply the factorisation property for I' to obtain f; and f; such that f; € E},

fi € E]1 and fif] = flfj We then have sz(fl,f]) = ( ],f) If we write p for the

map from {(f) : £ € UL, T} to {u(f) : £ € ULy A%} given by (V) i= 1(p(\)

then the properties of the covering map imply that 0; ;(p(f;), p(f;)) = (B(f}), B(fi)")-

Now

;v 1 < 4,7 < k are bijections with
by definition, so to invoke Lemma 2.8, we just

(05, x 1d)(id X O ;) (i x 1d)(fn, fis f7)
= (6:; < id)(id x5, 3)(B(fi), e(s(f:), s(f:) '), ;)
= (0:; x 1d)(B(fi), B(f;), e(s(f3), 5(f3) " (s(fi) "))
= (B(f}), B(f}), e(s(f;), s(fi )10,

where, in the last equality, s(f;) " (s(f;)™!) = s(fif;)~" by the cocycle property. On
the other hand,

(id xOn,i) (On.; > id)(id x0; 5)(fn, fis f5)
= (ld X@hz)(eh ld)(fh, f],, f/)
N,e(s(f;), ()71, ff)

(2.2)

= (id x6p,;) (p(
= (p(f;),p(f7). ()" (s(f)) 1)
= (B(f}). B, (i) D).

Since fif; = fifj, this establishes (2.1) when h = k + 1 and 1 <4,j < k. Similar
calculations establish (2.1) when i = k + 1 and when j =k + 1.

By Lemma 2.8, there is a unique (k + 1)-graph AT with (AZ’T)® = E°,
(Apﬁ’sf‘)ei = E} for all i and with commuting squares determined by the 6; ;. Since
the 0, ;, 1 <1,j < k agree with the factorisation properties in I' and A, the unique-
ness assertion of Lemma 2.8 applied to paths in E{, ..., E} shows that 2 and j extend
uniquely to injective functors from A and I' to

(Apjr)(Nk:Ol) = {r € A¥T' : d(7)341 = 0}
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which satisfy Proposition 2.6(2). Assertions (3) and (4) of Proposition 2.6 follow
from the definition of E}, , and the last assertion (5) is established by factorising A
into edges from the E}!, 1 <7 < k and then performing calculations like (2.2).

Now suppose that p is finite. Then I' is row-finite if and only if A is, and in this
case, AZET s also clearly row-finite because m < oo. That p is locally bijective
shows that A is locally convex if and only if I" is. Suppose that I' is locally convex.
Fix1<i<j<k+1, aec (ALT)% and b € (AL with r(a) = r(b). If j < k+1
then a and b can be extended to paths of degree e; + ¢; because A and I' are locally
convex. If j =k + 1, then b = e(v,1) for some v € IT? and 1 <1 < m. Let @’ be the
lift of a such that r(a’) = s(v), then ba’ and ae(s(a’),l) extend a and b to paths of

degree e; + e;. It follows that ALT is locally convex. 0]

We now want to paste together a tower of coverings Anpn’ "Any1 In a manner
analogous to the one described above.

Corollary 2.11. Fiz N > 2 in NU{oo}. Let (Ap, Apst, Prs M, 52)2 " be a sequence
of covering systems of k-graphs. Then there is a unique (k + 1) gmph A such that

As =N NG for 1 <i <k, A%+ = N H(AE A ) and such that range,
source and composition are all inherited from the A pn’snAnH

If each (A, Api1, Dn, Mp, 5p,) is Tow-finite then A is row-finite. If each A,, is locally
convez, so is A, and if each A, is connected, so is A.

Proof. For the first part we just apply Lemma 2.8; the hypotheses follow automati-
cally from the observation that if h, 4,7 are distinct elements of {1,... &k + 1} then

each path of degree e, + ¢; 4 ¢; lies in some A A, and these are all (k+ 1)-
graphs by Proposition 2.6.

The arguments for row-finiteness, local convexity and connectedness are the same
as those in Proposition 2.6. 0

Notation 2.12. When N is finite, the (k + 1)-graph A of the previous lemma will

henceforth be denoted A,"+=2" .- ‘pN_ﬁN_lAN. If N is infinite, we instead denote A
by Um(Ay; pn, 5,)-

2.1. Matrices of covering systems. In this subsection, we generalise our con-
struction to allow for different systems for each pair of connected components from
I' and A. The objective is to be able to recover the example of the irrational rota-
tion algebras [27, Example 6.5] We build a (k + 1)-graph from a matrix of coverings
pij 1 I'is — Aj where I'; and A; denote connected components of A and I'. We may
then vary the multiplicities of the edges of degree e;,; depending on which pair of
connected components they join.

Definition 2.13. Fix nonnegative integers cy,cr € N\ {0}. A matriz of covering

systems (Aj, T, mi 4, pij, 8i)i 521 consists of:

(1) k-graphs A and I" which decompose into connected components A = | |

leu -5CA A']
and ' = |—|i:1,.,.,0p Iy



C*-ALGEBRAS ASSOCIATED TO COVERINGS OF k-GRAPHS DRAFT: December 4, 2006 9

a cr X c¢) nonnegative integer matrix (m; ;)% with no zero rows or columns;
2 gative integ tri J)iis) with 1

and
(3) a covering system (A;,I'j, p; j, mi j,5; ;) of k-graphs for each 7, j such that m; ; #

0.

Proposition 2.14. Fiz nonnegative integers cy,cr € N\ {0} and a matriz of cov-
Cl"ch

ering systems (Nj, Ui, mi j,pij, 5i5)i21- Then there is a (k + 1)-graph

(LAy)=(Ur)
where

((LA)E(UT)) ™ = Ly (A" e,
each ((|_|Aj)pf’5(|_|f‘i))el for 1 <1 < k is equal to A® LIT® and the commuting

. . p','75','
squares are inherited from the A; <="T;.

If each (A;, L', pij,mij,8i;) is row finite then (|_|A ) (|_|F ) is row finite. If A
and I are locally convez, then so is (|_|Aj)pf’( |_|FZ)

Proof. We apply Lemma 2.8; since the commuting squares are inherited from the

A p”’ﬁ”f‘l, they satisfy the associativity condition (2.1) because each A; Peatap g
a (k + 1)-graph. O

Corollary 2.15. Fiz N > 2 in N U {cc}. Let (¢,)Y_; € N\ {0} be a sequence of

positive integers. For 1 <n < N, let (A, Aptris DY ”,52]):’;“1’0" be a matriz of

covering systems. Then there is a unique (k + 1)-graph A such that A% = Uivzl A
for1,<i <k, A%+ =N ((Len

n=1 7=1

phs" e €ht1
An,j) — (I_IiZ{1 An+17i)) 1 and range, source

and composition are inherited from the (LS, /\w-)][)f’5 (L M)

If each (A, ;, Anﬂz,p”7 my;,sp;) s row finite, then A is row finite. If each A, is

locally convex, then so is A.

Example 2.16 (The Irrational Rotation algebras). Fix 6 € [0,1]\ Q. Let [ay, as, .. .]
be the simple continued fraction expansion of . For each n, ¢, = 2, let ¢, =
(“1" é), and let m" = (mfj)” 1 be the matrix product ¢r(,i1)- - drm)+1 Where
T(n) :=n(n+1)/2 is the n'® triangular number. Only mj, is equal to zero, so the
matrices m" have no zero rows or columns. Whenever m;'; # 0, let s be a maximal
permutation of the set {1,...,m,}.

Let A, ;, n € N\ {0}, i = 1,2 be mutually disjoint copies consisting of the 1-graph
T1 whose skeleton consists of a single vertex hosting a single directed loop. For each
n, let A, be the 1-graph A, 1 LIA,, 5 so that for each n, (Anj, Any1, Pi, Z],52])27]-:1
is a matrix of covering systems.

Modulo relabling the generators of N2, the 2-graph lim <|_|§*;1 Anj; p%,s%) ob-
tained from this data as in Corollary 2.15 is precisely the rank-2 Bratteli diagram of

27, Example 6.5] whose C*-algebra is Morita equivalent to the irrational rotation
algebra Ag. Figure 1 is an illustration of its skeleton, with parallel edges drawn as
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FIGURE 1. A tower of coverings with multiplicities

a single edge with a label indicating the multiplicity. The factorisation rules are all
of the form fg = o(g)f" where f and f" are the solid loops at either end of an edge
in the diagram, and o is a transitive permutation of the set of edges with the same
range and source as g.

More generally, Section 7 of [27] considers in some detail the structure of the
C*-algebras associated to rank-2 Bratteli diagrams with length-1 cycles. All such
rank-2 Bratteli diagrams can be recovered as above from Corollary 2.15.

3. C*~ALGEBRAS ASSOCIATED TO COVERING SYSTEMS OF k-GRAPHS

In this section, we describe how a covering system (A, T", p,m,s) induces an in-
clusion of C*-algebras C*(A) — M,,(C*(I')) and hence an inclusion of K-groups
K.(C*(A)) — K.(C*(I")). The main result of the section is Theorem 3.8 which
shows how to use these inclusions to compute the K-theory of C*(lim(A,; pn,5n))
from the data in a sequence (A, A1, Pn, Ma, 5,)52, of covering systgns.

The following definition of the Cuntz-Krieger algebra of a row-finite locally convex
k-graph A is taken from [31, Definition 3.3].

Given a row-finite, locally convex k-graph (A, d), a Cuntz-Krieger A-family is a
collection {t, : A € A} of partial isometries satisfying

(CK1) {t, : v € A} is a collection of mutually orthogonal projections;
(CK2) tat, = ty, whenever s(A\) = r(u);

(CK3) 3ty =ty for all A € A; and

(CK4) ty, = > cppsn bt} for all v € A” and n € N¥.

The Cuntz-Krieger algebra C*(A) is the C*-algebra generated by a Cuntz-Krieger
A-family {s) : A € A} which is universal in the sense that for every Cuntz-Krieger
A-family {t, : A € A} there is a unique homomorphism 7, of C*(A) satisfying
mi(sy) =ty for all A € A.

Remarks 3.1. If A has no sources (that is vA™ # () for all v € A° and n € N¥), then
A is automatically locally convex, and the definition of C*(A) given above reduces
to the original definition [20, Definition 1.5].
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By [31, Theorem 3.15] there is a Cuntz-Krieger A-family {¢, : A € A} such that
tyn # 0 for all A € A. The universal property of C*(A) therefore implies that the
generating partial isometries {s) : A € A} C C*(A) are all nonzero.

Let (A,T',p,m,s) be a covering system of k-graphs. The universal property of
C*(AYET) gives rise to an action v of T*' on C*(AST) called the gauge-action (cf.
31, §4.1]) such that 7,(s,) = 2?Ws,, for all z € TF! and A € ALT.

Proposition 3.2. Let (A, T', p,m,s) be row-finite a covering system of locally convex
k-graphs. Let vz and yr denote the gauge actions of T* on C*(\) and C*(T).
(1) The inclusions 1 : A — A2 and 7: T — AZT induce embeddings of C*(A) and
C*(T") in C*(ARET) characterised by
1+(5a) = Sya) and 3.(sg) = 5,3 forae Aand B €T.

(2) The sum 3, oy Su converges strictly to a full projection Q@ € M(C* (AZET)),
and the range of 3, is QC*(ALD)Q.

(3) For 1 < i < m, the sum ) _roSews) converges strictly to a partial isometry
Vi € M(C*(AZT)). The sum D ver(A0
tion P = Y"" ViVi* € M(C’*(A&F)). Moreover, 1, is a nondegenerate homo-
morphism into PC*(A2T)P.

(4) There is an isomorphism ¢ : M,,(C*(T)) — PC*(AYT")P such that

) Su, converges strictly to the full projec-

¢ ij )i 1 ZVJ* ai;)V,
i,7=1
(5) There is an embedding v, s : C*(A) — M, (C*(I")) such that pou,s(x) = 1.(x) for
all v € C*(A). The embedding v, s is equivariant in vy and the action id,, @vyr
of T* on M,,(C*(T")) by coordinate-wise application of r.
(6) If we identify K.(C*(I")) with K.(M,,(C*(I')), then the induced homomorphism
(tp.s)« may be viewed as a map from K. (C*(A)) — K.(C*(I')). When applied to
Kq-classes of vertex projections, this map satisfies

(tpo)=([s0]) = D m-[s.] € Ko(C™(I)).
p(u)=v

The proofs of the last three statements require the following general Lemma. This
is surely well-known but we include it for completeness.

Lemma 3.3. Let A be a C*-algebra, let ¢ € M(A) be a projection, and suppose that
V.U € M(A) satisfy viv; = 6;5q for 1,< 4,5 <n. Thenp =" v isa
projection and pAp = M, (qAq).

Proof. That viv; = 9, ;p implies that the v; are partial isometries with mutually
orthogonal range projections v;vf. Hence p is a projection in M(A). Define a map
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¢ from pAp to M, (qAq) as follows: for a € pAp and 1 <i4,j <n, let a;; := vavj,
and define ¢(a) to be the matrix ¢(a) = (a; ;)7

It is straightforward to check using the properties of the v; that ¢ is a C*-
homomorphism. It is an isomorphism because the homomorphism ¢ : M, (¢Aq) —
pAp defined by

w((a@j);fj:l) = Z Ui(lij'l); < QAq
ij=1
is an inverse for ¢. O
Proof of Proposition 3.2. (1) The collection {s,\) : A € A} forms a Cuntz-Krieger
A-family in C*(A2ET), and so by the universal property of C*(A) induces a ho-
momorphism 2, : C*(A) — C*(A¥T). For z € T*, write (z,1) for the element
(#1,...,25,1) € TF1 Let 4 denote the gauge action of T on C*(A¥2I"). Then
the action 2z + .1y of TF on C*(A¥°T) satisfies

u((1a):(a)) = Yz (1(a)
for all @ € C*(A) and z € T*. Since 1.(s,) = 8,y # 0 it follows from the gauge-
invariant uniqueness theorem [20, Theorem 2.1] that 2, is injective. A similar argu-
ment applies to 7.
(2) As the projections s,, v € j(I'°) are mutually orthogonal, a standard argu-
ment shows that the sum ) ,(roy Su converges to a projection () in the mulitplier

algebra (see [30, Lemma 2.1]). The range of j. is equal to QC* (AZET)Q because
J(TO)(AZED)H(I%) = 5(T). To see that @ is full, it suffices to show that every genera-

tor of C*(A¥2T") belongs to the ideal 1(Q) generated by Q. So let o € A¥°I". Either
s(a) € 3(T?) or s(a) € 2(A°). If s(a) € »(T'?), then s, = 5,@Q € I(Q). On the other
hand, if s(a) € 1(A%), the Cuntz-Krieger relation ensures that

Sa = Zp(w):s(a) 2211 Sase(wai)QS:(w,i)’

which also belongs to 1(Q).
(3) Since the partial isometries s.(, ;) have mutually orthogonal range projections
an argument similar that of [30, Lemma 2.1] shows that Y 1o Sew,) converges

strictly to some V; € M(C*(AYT)). A simple calculation shows that V;V; = 6;,Q
for all 4, 7. Hence each V; is a partial isometry, and P is full because @) is full. The
homomorphism ¢, is nondegenerate because the net

(Z* ( ZveF Sy

converges strictly to P € M(C*(A%T)).

(4) This follows directly from Part (3) and Lemma 3.3.

(5) We define ¢, := ¢! o1,. For the gauge-equivariance, recall that 7, (respec-
tively 7.) are equivariant in 7|qps 1y and ya (respectively 4r). By definition, ¢ is
equivariant in (id ®v) and 7k 1) © 3«. The equivariance of ¢, s follows.

) ) FCAD finite
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(6) By (CK4), for v € A” we have s,,) = Zfev(A”ir)

is equal to ZfEU(Ap,BF)ekH [ss%]. We can write v(AZED)er+1 as the disjoint union

evsr SfSF, 50 the Ko-class [s,(,)]

v(ATD) 0 = | | {e(u,i) 1 1<i<m}.
p(u)=v
Since each s:(w)se(u,i) = S,(u), the result follows. O

Notation 3.4. As in Notation 2.7, when m = 1 so that s is trivial, we continue
to drop references to s at the level of C*-algebras. So Proposition 3.2(5) gives
an inclusion ¢, : C*(A) — C*(I') and the induced inclusion of K-groups obtained
from Proposition 3.2(6) is denoted (¢,). : K. (C*(A)) — K,.(C*(I")). This inclusion

satisfies
(tp)e([s0]) = D [sul.

p(u)=v
When no confusion is likely to occur, we will suppress the inclusion maps 1, 7,
2, and 7, and regard A and T' as subsets of A" and C*(A) and C*(I') as C*-
subalgebras of C*(AZ°T).

Remark 3.5. (1) The isomorphism ¢ of Proposition 3.2(4) extends to an isomor-
phism ¢ : M,,1(C*(I")) — C*(AZET) which takes the block diagonal matrix
(%”;::: 0”;“) to g.(a). To see this, let V..., V, be as in proposition 2.6(3), let
Vine1 = @, and apply Lemma 3.3.

(2) If m = 1 then ¢ is an isomorphism of C*(T") onto PC*(ALT)P, and ¢, : C*(A) —
C*(I") satisfies

tp(s2) = Z;;(i):A Sx-

Fix N > 2in N. Let (A, Ayy1, Do, Ma, 5n)0— be a sequence of row-finite covering
systems of locally convex k-graphs. Recall that in Corollary 2.11 we obtained from
such data a (k+1)-graph A" .. PN 22V " Ay which for convenience we will denote
Ay (the subscript is unnecessary here, but will be needed in Proposition 3.7). We

now examine the structure of C*(Ay) using Proposition 3.2.

Proposition 3.6. Continue with the notation established in the previous para-
graph.  For each v € A%, write AY*'v = {a(v,i) : 1 < i < M} where M =
mimsg:---MN—_1.
(1) For 1 < n < N, the sum ZUGA% s, converges strictly to a full projection P, €
M(C*(Ax)).
(2) For 1 <i < M, the sum ZUGA% Sa(vi) converges strictly to a partial isometry
Vi € M(C*(Ay)) such that V*V; = Py.
(3) We have Zﬁl ViVi* = Py, and there is an isomorphism
¢ : MM<C*(AN)) — PlC*(AN)Pl

such that qﬁ((ai,j)%:l) = ZM Via; V'

,j=1
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Proof. Calculations like those in parts (2) and (3) of Proposition 3.2 show that the
sums defining the P, and the V; converge in the multiplier algebra of C*(Ay) and
that each P, is full.

Since distinct paths in A%e’““

have orthogonal range projections and since paths
in A%e’““ with distinct sources have orthogonal source projections, (CK3) shows
that each V;*V; = Py, and (CK4) shows that .20 V;V;* = P,.

One checks as in Proposition 3.2(1) that the inclusions 4, : A, — Ay induce
inclusions (2,)« : C*(A,,) — P,C*(AN)P,, and in particular that (uy). : C*(Ay) —
PnC*(An)Py is an isomorphism. The final statement follows from Lemma 3.3. [

We now describe the inclusions of the corners determined by P, as N increases.
To do this, we first need some notation. Given a C*-algebra A, and positive integers
m,n, we denote by T, ®1ida : M, (M, (A)) — Myn(A) the canonical isomorphism

which takes the matrix a = ((ai7j7j/,i/)2j/:1>7.n. , to the matrix 7(a) satisfying

0,0 =
(@) jin(i—1),j4n@—1) = Gijjre  for 1 <ii <m,1<j,5 <n.

Similarly, given C*-algebras A and B, a positive integer m, and a C*-homomorphism
Y A — B, we write id,, ® for the C*-homomorphism satisfying

(idm @) ((@i5)7521) = (W(aig))r,-

Finally, given a matrix algebra M,,(A) over a C*-algebra A, and given 1 <i,i' <m
and a € A, we write 0, ya for the matrix

(0 ) a ifj=iandj =7
i3’ A)g.5 = .
B 0 otherwise.

Proposition 3.7. Fiz N > 2 in N. Let (Ay, Apy1, Do, M, 50)Y_, be a sequence of
row-finite covering systems of locally convexr k-graphs. We view the (k + 1)-graph
Ay = Alplésl . -pN_ﬁN_lAN as a subcategory of Aniq := A -pNéSNANH and
likewise regard C*(Ay) as a C*-subalgebra of C*(Any1). In particular, we view
Py =3 ey Sv as a projection in both M(C*(Ay)) and C*((An1)).

Let ¢ and ¢ny1 be the isomorphisms obtained from Proposition 3.6 for the first
N levels and for the whole tower respectively. Let M := mymsy ... my_1. Then the
following diagram commutes

c

PC*(AN)P; ¢ PiC*(Ans1) P

PN ON+1

(T‘-M,mN ® idC* AN+1 ) o (ldM XL N75N)
My (C*(Ax) ) ’ Myt (C*(Axs1))
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Proof. As in Proposmon 3.6, write AY* = {a(v,i) : v € AY,i e {1,---, M}}.
Fori=1,...,M,let V; := ZUGA% Sa(ug)- For j=1,... . mpy, let

M
Z Z Sa(pN(w),z) Se(wm])
wehl,,, i=1
For (Z,]) € {1, cey M} X {1, c ,mN}, let Uj+mN(z‘—1) = ZUGA?\;+1 Sa(pn(w),i)e(w,)-
In what follows, we suppress canonical inclusion maps, and regard C*(Ay) as a
subalgebra of C*(Ay), and both C*(Ay) and C*(Ay41) as subalgebras of C*(An41).
The corner P,C*(An)P; is equal to the closed span of elements of the form V;aV}f
where a € C*(Ay) and i,7" € {1,..., M}, and P,C*(An41)P; is equal to the closed
span of elements of the form U;bU}; where b € C*(An41), [,I' € {1,..., Mmy}.
We have ng((ai,i/)%,:l) = Z%/:l Via; #V;; by definition. The isomorphism ¢y
of Mumy (C*(Any1)) with P C* (AN+1)P1 described in Proposition 3.6 satisfies
Mm
¢N+1( ll’ 1 Uiy l’Ul') - (blvl’)l,zfzjlv'
The Cuntz-Krieger relations show that V;V;W;W5 = Ujymy-1)Us -1y =
W;WiViVir for 1 <4,¢" < M, 1 <j,j" <my, and this decomposition of the matrix
units U;U}; implements 7z, . Hence ¢ni1 0 (Tagmy @ ides(ay,,)) satisfies

ON+1© (WM,mN ® idC*(AN-‘rl)) <<(bivﬂ' 7’ l’>mN— )%’—1)

(3.1) =l

= Zz i'= 12] j'=1 JJFmN(Z 1)b'»]’»]’/ i/U;’erN(i’fl)'
The Cuntz-Krieger relations also show that V; = > 7™ W;W;V; for all i, and
hence V;aV;; = Z Ujrmy -y W} aW; U]er 1) for all a« € P,C* (AN)P1 One now
checks that for A € Ay, we have
WisAW; = 32, V)= Setr(v) ) Selr(N.sn (V)7 SN

and hence that VsV = Z EPN(/\, A Usw0yjtmni-1)S3Us o oqy- Recall that
O;i5x € Mpy(C*(An)) denotes the matrix

sy ifj=iandj =7
(0i,057),50 = {

0 otherwise.
Then Vs,V = ¢n (91-,@-/3,\) by definition of ¢y, so

On(Oiirsn) = E szv(/\’ Usy(W)j+mn(i-1 5XU+mN(Z’—1)

Since (idy ®tpy,sy)(0ii052) = 050 D, (v)=x Sy, we may therefore apply (3.1) to
see that

SN (0iir5)) = On41 © (Tarmy @ 1des(ay,y)) © (idar Bty ey ) (Biirsy).-

Since elements of the form 6; ;s generate My (C*(Ay)) this proves the result. O
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Theorem 3.8. Let (A, Api1, Pry M, 50)02, be a sequence of row-finite coverings

of locally convex k-graphs. For each n, let A = AP identify A,
with the corresponding subset of lim(An;pn,sn), and likewise identify C*(A,) with
the corresponding C*-subalgebra of C*(im(A,; pn, 5,)). Then

(3.2) O (@(An;pna5n>> = Uzozl C*(Ay).

Let P, = ZveA? Sy, and for each n, let M, := mimg---m,_1. Then Py is a full
projection in each M(C*(A,)), and we have

(3.3) PrC*(Hm(Ay; p, 50)) Pr 22 lim (Mg, (C* (M), ida, ®tp,6,) -
In particular,
K (C*(lm(Ani posa))) = K(PC* (Hm(Ay: pos ) P)
= lim (K (C7(An)), (tpns)+)-

Proof. For the duration of the proof, let A := lim(An; py,5,). We have C*(A) =
Span{s,s; : u,v € A}, so for the first statement, we need only show that

span{s,s; : p,v € A} C U~ C*(Ay).

To see this we simply note that for any finite F' C A, the integer N := max{n €
N :s(F)NAY # 0} satisfies F C Ay.

Since Py is full in each C*(A,,) by Proposition 3.2(3), it is full in C*(A) by (3.2).
Equation 3.3 follows from Proposition 3.7. The final statement then follows from
continuity of the K-functor. O

Remark 3.9. Note that if we let v denote the restriction of the gauge action to
PlC*(lim(An;pn,sn))Pl then 7(i,.. 1,-) is trivial for all z € T. Indeed, if s,s} is a
nonzero element PlC*(hm(An,pn,ﬁn))Pl, then d(p)p41 = d(¥)n41. So the gauge
action may be regarded as an action by T* rather than T*+!.

We can extend this result to the situation of matrices of covering systems as
discussed in Section 2.1 as follows.

Proposition 3.10. Resume the notation of Corollary 2.15. Each C*(A,,) is canon-
ically isomorphic to @~ C*(An;). There are inclusions (). @ K.(C*(A,)) —
K.(C*(Any1)) such that the partial inclusion of the j* summand in K,(C*(A,)) into
the i™™ summand in K, (C*(Ant1)) is equal to 0 if m}; = 0, and is equal to (tpp ;o5 )
otherwise. The sum ZveA? S, converges strictly to a full projection P, € /\/l(C;k (A))
Furthermore,

K.(PC*(A)Py) = lim (EBK (C"(An)): (¢ )>
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Proof. For each A € A, = | [}2, Ay, j, define a partial isometry ¢y € @7, C*(An ;)
by ty == (0,...,0,84,0,...,0) (the nonzero term is in the j* coordinate when
A € A, ;). These nonzero partial isometries form a Cuntz-Krieger A,,-family con-
sisting of nonzero partial isometries. The universal property of C*(A,,) gives a ho-
momorphism 77" : C*(A,) — @, C*(A,,;) which intertwines the direct sum of the
gauge actions on the C*(A,, ;) and the gauge action on C*(A,,). The gauge-invariant
uniqueness theorem [20, Theorem 3.4], and the observation that each generator of
each summand in 7", C*(A, ;) belongs to the image of 7} therefore shows that 7}’
is an isomorphism.

The individual covering systems (A, j, Apy1,, ™, m", ") induce inclusions bl
C*(Anj) = My (C*(Ap41,4)) as in Proposition 3.2(5). We therefore obtain inclu-
sions (4pp e )+ Ku(C*(Anyj)) — Ki(C"(Ant1y)). The statement about the par-
tial inclusions of K-groups then follows from the properties of the isomorphism
K.(P, Ai) = P, K.(A;) for C*-algebras A;.

The final statement can then be deduced from arguments similar to those of
Theorem 3.8. 0J

4. SIMPLICITY AND PURE INFINITENESS

Theorem 3.1 of [33] gives a necessary and sufficient condition for simplicity of the
C*-algebra of a row-finite k-graph with no sources. Specifically, C*(A) is simple if
and only if A is cofinal and every vertex of A receives an aperiodic infinite path
(see below for the definitions of cofinality and aperiodicity). In this section we
present some means of deciding whether lim(A,; p,, 6,) is cofinal (Lemma 4.7), and
whether an infinite path in lim(A,; p,, §,) is aperiodic (Lemma 4.3). We also present
a condition under which C%m(An; Dns 5n)) is purely infinite (Proposition 4.8).

We begin by recalling the notation and definitions required to make sense of the
hypotheses of [33, Theorem 3.1]. For more detail, see Section 2 of [31].

Notation 4.1. We write . for the k-graph such that Qf := {(m,n) € N* x N* :
n —m = ¢} for each ¢ € N¥, with r(m,n) = (m,m) and s(m,n) = (n,n). We
identify QY = {(m,m) : m € N¥} with N*. An infinite path in a k-graph Z is a
graph morphism z : Q; — =, and we denote the image z(0) of the vertex 0 € QY by
r(z). We write = for the collection of all infinite paths in =, and for v € Z° we
denote by v= the collection {z € = : r(z) = v}. For x € 2 and ¢ € N¥, there
is a unique infinite path ¢?(x) € = such that o%(z)(m,n) = x(m+ g,n + ¢) for all
m <n € NF,

Definition 4.2. We say that a row-finite k-graph = with no sources is aperiodic if
for each vertex v € Z° there is an infinite path x € = with r(x) = v such that
o(z) # o9 (x) for all ¢ # ¢ € N*. We say that Z is cofinal if for each v € Z° and
r € E* there exists m € N* such that vZx(m) # .



18 ALEX KUMJIAN, DAVID PASK, AND AIDAN SIMS

Fix k > 0. For n € N¥ let (n,0;) := Zle ne; € N1 and for m € N, let
(0, m) := mey11 € NFFL We write (N*,0,) for {(n,0;) : n € N*} and (0, N) for
{(0x,m) : m € N}.

Given a (k: + 1)-graph Z, we write 20N for {¢ € = : d(&) € (0, N)}, and we
write 2N for {f € Z:d(&) € (N*,0,)}. When convenient, we regard Z(N) as a
1-graph and = (N".01) a5 a k-graph, ignoring the distinctions between N and (0, N)
and between N* and (N, 01)

If y is an infinite path in =, we write «,, for the infinite path in = Z(06N) defined by
ozy(p, q) == y((Og, p), (0, q)) for p < ¢ € N, and we write z, for the infinite path in

=Y defined by ,(p,q) = y((p,01), (¢, 01)) where p < g € N*.

Proposition 4.3. Let (A, Api1, Pn, Mn, 5,)52, be a sequence of row-finite cover-
ing systems of k-graphs with no sources. For a,b € N**' an infinite path y €
(@(An;pn,ﬁn)) satisfies o%(y) = o®(y) if and only if Tye(y) = Tob(y) AN Qga(y) =
Oégb(y).

Proof. The “only if” implication is trivial. For the “if” implication, note that the
factorisation property implies that an infinite path z of hm(An; Pn, S$n) 1S uniquely
determined by x, and the paths a,, 0(z), N € NF¥. So it suffices to show that
each @, (.0, is uniquely determined by z.(0,n) and a,. Fix n € N* and let
A= 12.(0,n) = 2(0,(n,0)). Fix i € N. We will show that o, .0, (0,1) is uniquely
determined by «.(0,7) and A\. Let v = r(z), and let N € N be the element such
that v € AY. For 1 <1 <1, let wy = a,(i) € Ay, and let 1 < j; < mpy—1 be the
integer such that o, (I—1,1) = e(w;, ji). We have py(w1) = v, and pn—1(w;) = w1
for 2 <1 <. For each [, let A\; be the unique lift of A such that r(\;)) = w;. By
definition of the (k + 1)-graph @(An;pn,sn), the path

)\6(8()\1),5()\1)_1j1)6(8(/\2),E(Az)_ljz) . G(S(Ai),ﬁ()\i)_lji) = OéZ(O, Z))\Z

is the unique minimal common extension of A and a,(0,4) in lim(A,; p,,s,). Hence

o0 (0,7) = e(s5(M1),5(M) " )e(s(Na), 5(Aa) "1 2) - e(s(Ni), s(Ai) i)
which is uniquely determined by A and (0, 7). O

Corollary 4.4. Let (Ay, Api1, Dn, Mn, 5,)02, be a sequence of row-finite covering
systems of k-graphs with no sources. Suppose that A,, is aperiodic for some n. Then
50 is im(Ay; pn, $n)-

Proof. Since each vertex in A, receives an aperiodic path in A,, Proposition 4.3,
guarantees that each vertex in A,, receives an aperiodic path in lim(A,; p,, $,). Since
the p, are coverings, it follows that every vertex of im(A,,; p,, 577 receives an infinite
path of the form Ay or of the form o”(y) where y is an aperiodic path with range in
A,,. If y is aperiodic, then Ay is aperiodic for any A and 0“(y) is aperiodic for any
a and the result follows. O
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Lemma 4.5. Let (A, Ayi1, Do, M, $,)22, be a sequence of row-finite covering sys-
tems of k-graphs with no sources. Fiz y € (@(An;pn,sn))w, with y(0) € A,, and
a,b € N*1. Let a and b denote the elements of N¥ determined by the first k co-
ordinates of a and b. For each m > n, let v, and i,, be the unique pair such that
ay(m,m +1) = e(vp,im). For each m > n, let p,, and v, be the unique lifts of
2,(0,a) and x,(0,b) such that r(ftm) = 7(Vm) = Um. Then Qga(y) = Qub(y) if and
only if the following three conditions hold:

(1) aks1 = by

(2) $(pm) = $(Vm) for allm > n; and

(3) S (tm)im = Sm (Vi )im for all m > n.

)

Proof. We have aya(y)(m, m=+1) = e(S(tm+apsy)s Sm(Bmtagyr )im-+ay,, ) for all m, and
likewise for b and v. 0J

Remark 4.6. Lemma 5.4 of [27] implies that an infinite path in a rank-2 Brat-
teli diagram A is aperiodic if and only if the factorisation permutations of its red
coordinate-paths are of unbounded order. Lemma 4.5 is the analogue of this re-
sult for general systems of coverings. To see the analogy, note that in a rank-2
Bratteli diagram, every z, is of the form AAA... for some blue cycle A, so that
condition (3) fails for all a # b precisely when the order of the permutation s, ()
grows arbitrarily large with m.

Lemma 4.7. Let (A, Api1, Pry Min, 5n)00, be a sequence of row-finite coverings of k-
graphs with no sources. If infinitely many of the A,, are cofinal, then @(An;pn,sn)
1s also cofinal.

Proof. Fix a vertex v and an infinite path z € (im(A,;pp,5,))>°. Let ny,ny € N
be the elements such that v € A) and r(z) 67912. Choose N > mnj,ns such
that Ay is cofinal. Fix w € A% such that p, o p,i1 0 -+ o py_1(w) = v; so
v(@(An;pn,sn))w # 0. We have x,0,.v-ny(,) € AF, and since Ay is cofinal, it
follows that wANT 0.~y (,)(q) # O for some p € N*. Since (0 N-n2) () (@) =
2(q, N — ny), this completes the proof. O

As in [38], we say that a path A in a k-graph A is a cycle with an entrance if
s(A\) = r(\), and there exists p € r(A)A with d(p) < d(N\) and (0, d(n)) # p.

Proposition 4.8. Let (A, Api1, Pn, Mn, 5,)52, be a sequence of row-finite cover-
ings of k-graphs with no sources. There exists n such that A, contains a cycle
with an entrance if and only if Ay contains a cycle with an entrance. Moreover, if
C*(im(Ap; pn, 8,)) s simple and Ay contains a cycle with an entrance, then C*(A)
18 p%ly infinite.

Proof. That the presence of a cycle with an entrance in A; is equivalent to the
presence of a cycle with an entrance in every A, is a consequence of the properties
of covering maps. Now the result follows from [38, Proposition 8.8] O
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5. K-THEORY

In this section, we consider the K-theory of C*(A%T). Specifically, we show how
the inclusion of K,(C*(A)) into K,.(C*(I')) obtained from Proposition 3.2 behaves
with respect to existing calculations of K-theory for various classes of higher-rank
graph C*-algebras. We will use these results later to compute the K-theory of
C* (im(Ay; pp, 8n)) for a number of examples of covering towers.

Throughout this section, given a k-graph A, we view the ring ZA° as the collection
of finitely supported functions f : A — Z. For v € A°, we denote the point-mass
at v by d,. Given a finite covering p : I' — A of row-finite k-graphs, we define

P ZA® — ZT° by p*(d,) = 3 )=y wi equivalently, p*(f)(v) = f(p(w)).

5.1. Coverings of 1-graphs and the Pimsner-Voiculescu exact sequence. It
is shown in [26, 32] how to compute the K-theory of a graph C*-algebra using the
Pimsner-Voiculescu exact sequence. In this subsection, we show how this calculation
interacts with the inclusion of C*-algebras arising from a covering of 1-graphs.

The K-theory computations for arbitrary graph C*-algebras [13, 2] are somewhat
more complicated than for the C*-algebras of row-finite graphs with no sources.
Moreover, every graph C*-algebra is Morita equivalent to the C*-algebra of a row-
finite graph with no sources [13]. We therefore restrict out attention here to the
simpler setting.

Theorem 5.1. Let (E*, F*,p,m,s) be a row-finite covering system of 1-graphs with
no sources. Let A, B be the vertex connectivity matrices of the underlying graphs E
and F' respectively. Then the diagram

0 —= K (C*(E*)—=ZE0 —2 — g p0—— Ko(C*(E*)) —=— 0
(51) J (Lp,s)* ‘ m-p* \ m-p* [ (LP,S)*

0 —= K, (C*(F*))—= Z.F® ——2 — 7 p0— K,(C*(F*)) —= 0

commutes and the rows are exact.

The proof of this theorem occupies the remainder of Section 5.1. We fix, for the
duration, a finite covering p : F* — E* of row-finite 1-graphs with no sources, a
multiplicity m and a cocycle s : F* — S,,,.

It is relatively straightforward to prove that the right-hand two squares of (5.1)
commute and that the rows are exact.

Lemma 5.2. Resume the notation of Theorem 5.1. We have (1—B')p* = p*(1—A"),
the right-hand two squares of (5.1) commute, and the rows are eract.

Proof. for the first statement, consider a generator d, € ZE°. We have

("o (1= AN)(6) =p (0o — D> ) = D 6u— D > Oup)-
p(u)=v

ecvE!l ecvE! p(f)=e
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On the other hand,

(1=BYop) () =(1=B) > b= (6= D dun).

p(u)=v p(u)=v feurt

Since p is a covering the double-sums occurring in these two equations each contain
exactly one term for each edge f € F' such that p(r(f)) = v, and it follows that
the two are equal.

Multiplying by m throughout the above calculation shows that the middle square
of (5.1) commutes.

The identification of Ko(C*(E*)) with coker(1 — A") takes the class of the projec-
tion s, € C*(E*) to the class of the corresponding generator 6, € ZE° (see [30]).
That the right-hand square commutes then follows from Proposition 3.2(6).

Exactness of the rows is precisely the computation of K-theory for 1-graph C*-
algebras [9, 26, 32]. O

It remains to prove that the left-hand square of (5.1) commutes. The strategy
is to assemble the eight-term commuting diagrams which describe the K-theory of
each of C*(E*) and C*(F™*) (see equation (5.3) below) into a sixteen-term diagram,
one face of which is the left-hand square of (5.1). We then focus on the cube in the
sixteen-term diagram which contains left-hand square of (5.1) as one of its faces,
and show that the remaining five faces of this cube commute. A diagram-chase
then establishes that the sixth face commutes as well. The majority of the work
involved goes into defining the connecting maps needed to write down the sixteen-
term diagram in the first place. The proof that the various squares in it commute
is then relatively straightforward.

To begin, we recall how one shows that the rows of (5.1) are exact. Let E* x4 Z
be the skew-product of E* by the length functor d (see [20, Section 5]). Let v be
the gauge action of T on C*(E) satisfying v.(s.) = zs. for e € E' and z € T.
Let (i1,ic+(g+)) be the universal covariant representation of (C*(£*),T,v) in the
crossed product C*(E) x,, T. By [32, Lemma 3.1], there is an isomorphism

(52) ¢E : C*<E*XdZ) — C*(E*)X,YT satisfying 1/}E<5()\,n)) = iT(Z>niC*(E*)(SA).

The C*-algebra C*(E* x4 Z) is AF with Ko-group lim(ZE°, A*) (see [26, 32]). By
[19, Corollary 2.5], C*(E) x., T = C*(E* x4 Z). This isomorphism induces a map
¢p : ZE® — Ko(C*(E*) x,, T)) satisfying ¢p(d,) = [ir(1)ics(p+)(s0)].

One applies the dual Pimsner-Voiculescu sequence [5, Section 10.6] to the crossed
product algebra C*(E*) x., T to show that the top row of (5.1) is exact (the bottom
row is the same after replacing F with F').

From the point of view of coverings, the skew-product graph E* x4 Z and its
C*-algebra are more natural to work with than the crossed product C*(E*) x., T.
Before proving that the final square of (5.1) commutes, we therefore detail first
how coverings p : F* — E* interact with the isomorphisms ¢g : C*(E* x4 Z) —
C*(E*) x, T.
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Lemma 5.3. With the above notation, let E* X47Z and F* X472 be the skew-product
graphs by the length functors d, and let Vg and g be the isomorphisms described
in (5.2). Let vg and yp denote the gauge actions of T on C*(E*) and C*(F™).

(1) the formulae p(A,n) := (p(\),n) and 5(A\,n) := s(\) determine a covering p :
F*x4Z — E* XqZ and a cocycle s : F* X472 — S,,.
(2) the inclusion 1,q : C*(E*) — M, (C*(F*)) is equivariant in vg and id,, @7r,
and induces an inclusion v, : C*(E*) X, T — M, (C*(F*)) Xiq,, evp I-
(3) The following diagram commutes.
C*(E* x4 7Z) M, (C*(F* x4 7))
¢E¢ idm ®'¢}F¢

C*(E*) Xy, T—22M,,(C*(F*)) Xia,, &y T

5,5

Proof. (1) It is straightforward to check that p is a covering. To see that § is a
cocycle, note that (u,m) and (v,n) are composable in the skew-product precisely
when g and v are composable, and n = m — d(v). So for i € {1,...,m} we may
calculate

s(p,m)(5(v,m —d(v))i) = s(p)(s(v)i) = s(uv)i = §(uv,m — d(v))i.

(2) That ¢, is equivariant in vg and id,, ®7yp follows from Proposition 2.6(4).
That it induces the desired inclusion ¢, ¢ of crossed-products follows from the uni-
versal properties of the crossed-product algebras.

(3) That the diagram commutes follows from a simple calculation using the defi-
nitions of the maps involved. O

Proof of Theorem 5.1. Lemma 5.2 establishes everything except that the left-hand
square in the diagram (5.1) commutes. To establish this last claim, recall that the
rows of the following commutative diagram are exact and the left- and right-most
vertical maps are isomorphisms (see [30, Lemma 7.15], [26]).

1-At

0—=ker(1 — A") ZE° ZE° coker(1 — A") =0
(5.3) 1 o~ L o5 o5 =
a1
0= K1 (C*(E")=Ko(C*(E*) X~ T)&KO(C*(E*) X~y T))=Ko(C*(E*))—0
A similar commutative diagram holds for F™*, and using the standard isomorphism
of K.(M,,(C*(F*))) with K.(C*(F*)), we may assemble these two diagrams can into
a single three-dimensional diagram by connecting each term in the diagram for E*
to the corresponding term in the diagram for F™* using the appropriate maps induced
from (p,s). The map connecting the Ky-groups of the skew-product graph algebras
is induced from the connecting map in the bottom row of the commuting diagram
in Lemma 5.3(3) by applying the K-functor and using the canonical isomorphisms
K.(M,,(C*(F*) x,, T)) = K,(C*(F*) x,, T) and
M, (C*(F*) x4, T) =2 M,,(C*(F")) Xid,, 7r T-
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Let 7 denote the unlabelled inclusion of K;(C*(F™)) in Ko(C*(F* x4 Z)) in the
bottom row of the diagram of the form (5.3) for F*. Notice that injectivity of the
map m-p* : ZE? — ZF° together with the first statement of Lemma 5.2 ensures that
m - p* restricts to a map from ker(1— A") to ker(1— B"); abusing notation, we denote
this map m - p* too. With this notation the diagram (5.4) below is the the left-hand
cube of the three-dimensional diagram described in the previous paragraph.

ker(1 — A') « ZE"
m-p* m-p*
o ¢E
ker(1 — B') « 7,0
(5.4)
= PE
Ky (C(EY)) Ko(C*(E") x4 T)
(tp,s)= (tp,s )+
K (CF(F7)) ———— Ko (C*(F*] x, T)

We have shown the whole cube because we prove that the left-hand face — which
is none other than the left-hand square of (5.1) — commutes by showing that the
other five faces commute.

To see why this suffices, suppose that the other five faces do indeed commute.
Since 7 is an injection by the exactness of the rows of (5.3), we just need to show
that the two maps from ker(1 — A*) into Ko(C*(F*) %, T)) obtained from the maps
in the left-hand face of the cube followed by 7 agree. A diagram chase shows that
this is the case.

It therefore remains only to show that the top, bottom, front, back and right-hand
faces of (5.4) commute. The top square commutes by definition. The bottom square
commutes by the naturality of the dual Pimsner-Voiculescu exact sequence (see the
argument at the beginning of [32, Section 3]). The back and front faces commute
because (5.3) commutes.

To see that the right-hand face commutes, let £z be the map from ZE° to
Ko(C*(E* xq Z)) which takes ¢, to the Ky-class of the vertex projection s, ),
and likewise for F'. Consider the maps g, ¢ defined in (5.2) and the following
paragraph. It is clear that ¢p = (¢g). 0 eg and similarly for F. So it suffices to
show that the following diagram commutes.

ZE° ZF°
l (¢5,5) F‘
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If one applies the K-functor to all terms and maps in the diagram of Lemma 5.3(3),
and then applies the natural isomorphism

KoM (C(E) X T)) = K (CT(ET) X5, T)

to the terms on the right, one obtains precisely the bottom rectangle of (5.5). The
bottom rectangle of (5.5) therefore commutes by naturality of the K-functor to-
gether with Lemma 5.3(3).

To see that the top rectangle of (5.5) commutes, recall that ep takes the image
of the point-mass 4, in the direct limit @(ZEO, A") to the class of the projection
S(w,0)- The image of s(,) under the homomorphism ;5 is the diagonal matrix in
M, (C*(F™ x4 Z)) whose diagonal entries are all equal to > ), S0 Under the
standard isomorphism of Ko(M,,(C*(F*x4Z))) with Ko(C*(F*x4Z)), we therefore
obtain the following equality in Ko(C*(F* x4 Z)):

tpa(sw0)] = Y m-[swo)=m- ( > [S(w,o>])-

p(w)=v p(w)=v

Using once again the characterisation of the maps ¢g and cp, we see that this is
precisely the statement that the bottom rectangle of (5.5) commutes. U

5.2. Coverings of higher-rank graphs and Kasparov’s spectral sequence
theorem. We turn to the case where k£ > 1. We invoke the K-theory computations
of [15] which are based on Kasparov’s spectral sequence theorem for the computation
of the K-theory of crossed products by groups for which the Baum-Connes conjecture
holds (see [18, Theorem 6.10], [15, Lemma 2] and [34]). We are grateful to Gennadi
Kasparov for pointing out that the spectral sequence is natural.

The standard notation for spectral sequences is that a spectral sequence (E",d")
has terms Ej  and differentials d" : Ej . — Ej . .., where r > 0 and p,q € Z.
This however is problematic in the current situation because p clashes with our
notation for a covering map. To avoid this, we replace the indexing variables p, ¢ in
the spectral sequence with a,b. That is, our spectral sequences have terms £, and
differentials d" : £, — E; ., where r >0 and a,b € Z.

Since each higher rank graph C*-algebra C*(A) is Morita equivalent to a crossed
product by Z* [21, Theorem 5.6], Kasparov’s result applies to give a spectral se-
quence which converges to K,(C*(A)) with E? terms given by the homology of
Z* with appropriately chosen coefficients. In [15] Evans computes these homology
groups using a resolution related to the Koszul complex. It follows that the above
spectral sequence may be extended so that the terms of the resolution become the
terms E, , for b even.

The main result of this subsection is to show that given a finite covering p : I' — A
of row-finite k-graphs with no sources, a multiplicity m and a cocycle s : ' — .S,,,
there is a natural morphism of spectral sequences defined on E' terms using m - p* :
ZA° — ZT° which is compatible (see [41, p.126]) with (,)« the induced map on
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K-theory. This result is specialized to the case k = 2 with a view to applications in
section 6.

The following is an immediate Corollary of [18, Theorem 6.10] (see [15, Lemma
2] and [34]). For more detail on spectral sequences used in this context, see [34, 15].

Proposition 5.4. Let F be a C*-algebra and let o : ZF — AutF be an action of
ZF on F. Then there is a spectral sequence (E",d") with differentials d" : B, —
E!_ .\ yir_q which converges to K.(F xq ZF) with E2, = H.(Z*, Ky(F)). Moreover,
the spectral sequence is natural with respect to equivariant maps of C*-algebras.

Proof. As noted in the proof of [15, Lemma 2] this follows immediately from [18,
Theorem 6.10] since Z* is amenable and the Baum-Connes conjecture is known to
hold for amenable groups [17, Theorem 1.1], so the  part of K, (F X, Z*) exhausts.
The naturality of the spectral sequence with respect to equivariant maps follows from
the construction in the proof of [18, Theorem 6.10], since every step is functorial. [

Naturality means that given Z* actions a; on F;, a ZF-equivariant map ¢ : F; —
F5 induces a morphism of spectral sequences and this morphism is compatible with

9/0\* : K*(}—l Xay Zk) - K*(~’T2 Xay Zk)

where § : F| Xqo, ZF — Fy X4, Z* is the natural map.

Evans applies this when F = F, is the crossed product C*(A) x., T* of C*(A)
by the gauge action, and « is the dual action 4 of Z*. Hence, by Takai duality we
have K,(C*(A)) = K.(Fa X4 Z*). In this case we have more specific results (see
[15, Lemma 2])

7 {Ha(Zk, Ko(Fy)) if0<a<kandbis even,

“b =0 otherwise.
In [15, Proposition 1]), Evans shows that these homology groups may be computed
as the homology of the complex D* = \*Z* ® ZA°. That is, D* = \"Z* @ ZA°
for 0 < a < k and D{l\ = 0fora > k. For 1 < j <k let M; denote the vertex
connectivity matrix of the coordinate graph (A% A% r. s). For 1 < a < k define the
differential 9, : DX — D | by

Oales, N~ Nei, D ey) = Z(_l)j+1€i1 ANeos NG N Ng, @ (1 — M]’?)ev

j=1

where €, ..., €, constitute the canonical basis for Z*, 1 < i, < --- < i, < k and
v € A Tt is straightforward to verify that D? is a complex. The first part of the
following theorem is a restatement of [15, Theorem 1]).

Theorem 5.5. Fix k > 1. Let A be a row-finite k-graph with no sources. With
notation as above there is a spectral sequence (E",d") with differentials d" : Eqy,—

E!_ .\ yir_y which converges to K.(C*(A)) = K.(Fa xo ZF) with
E;’b = D) = /\aZk ® ZA°,
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if 0 < a<kandb is even, and 0 otherwise. The differential d* : E; — B! 1y 08
gien by 0, if b is even.

Let (A,T,p,m,s) be a row-finite covering system of k-graphs with no sources.
There is a morphism f of spectral sequences compatible with (1)« : K(C*(A)) —
K.(C*(T)) such that f': D} — DI is given by id ®(m - p*).

Proof. Evans computes the homology groups using a Koszul complex (see [41, §4.5]).
Set G = ZF = (s1,...5:), R = ZG and let I be the ideal in R generated by
{1-5;1:1<a<k} Lete,... e constitute the canonical basis for RF. For
each a, define 8, : A*R¥ — A*'RF as follows: for ¢;, A--- A€, € N“RF (where
1<ip <+ <ig <k), define
Ouler, No-Aei) = (1P (1 —s; ey, Ao A&, A A,
j=1
where the symbol “7” denotes deletion of an element (note that 9;(e;) =1 — s; ).

Then R/I = Z and the following sequence of R-modules is exact (see [41, Corol-
lary 4.5.5])

O—>/\kRk—>--~—>/\1Rk—>/\0Rk—>ZHO
where Note that A°R* = R and A\“R" is a free R-module with basis
{en Ao Neiy 1 1< iy < <ig <k}

Hence, A\"R* yields a projective resolution of Z. Thus, by [7, §I1I.1] we have
H.(G, Ko(Fr)) /\ R* @¢ Ko(Fa)).

We follow Evans here but have adopted slightly different notation to make nat-
urality more apparent (see [15, Definition 5] and following). Under the isomor-
phism A“RF @¢ Ko(Fp) = N“ZF @ Ko(Fa) (as abelian groups), the boundary map
O 2 N°ZF @ Ko(Fp) — N 'ZF @ Ko(F,) is given by
Duleiy Ao Ne, @) =D (=) ey Ao AG A Aeg, @ (1= s))x
j=1

where 1 <1y < -+ <i, <k and z € Ky(Fy).

Let D2 be given as above. There is a natural map &* : Cy(A%) — F, which
induces a map & : ZA° — Ky(Fy). Moreover (see [15, Proposition 1]) the natural
map

id @ /\*Zk ® ZA° — /\*Z"’ ® Ko(Fa)
is a map of complexes which induces an isomorphism on homology and hence

H.(G, Ko(Fa)) = Ho(\ 2 @ ZA°).
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Therefore, setting

“ZF R ZAY if 0 <a <k andbis even,
Ey,=
ab 0 otherwise

and defining d" : E;, — E}_,, to be 9, if b is even (and 0 otherwise), yields

2. o H,(G,Ko(Fp)) if0<a<Fkandbis even,
“*7 0 otherwise.

It follows by [15, Lemma 2] that the spectral sequence converges to K.(C*(A)) =
K.(Fp xo ZF) as required.

For the second part of the theorem, fix (A,I',p,m,s). The embedding ¢, :
C*(A) — M,,(C*(I')) induces an embedding ¢, : Fo — M,,(Fr). Functoriality
yields a map of complexes

id@(ie). 0 \ 2" ® Ko(Fa) — N\ ZF © Ko(Fr).

Since group homology is a covariant functor of its coefficient module we obtain the
functorial maps for each n =0,1,... k

H,((ps)s) + Ho(Z*, Ko(F2)) — Ho(Z", Ko(Fr))-
Then arguing as in Lemma 5.2 with p* : ZA? — ZI'° defined as above we see that
(1= (M) (m - p*) = (m-p*)(1 = (M}))
forall j =1,...,k. It follows that the natural map
ide(m-p): \ ZF©ZA° — \'ZF @ Zr°

is a map of complexes.

Arguing as in the proof of Theorem 5.1, we see that (i, 4).0e® = el o(m-p*), so the
map on homology induced by id ®(m - p*) coincides with the functorial map above
(under the identifications of the homology groups induced by id ®e? and id ®el).
This combined with the naturality of Proposition 5.4 yields a morphism f of spectral
sequences compatible with the map

(Z;\?ﬁ)* : K*(~¢A Xa Zk) — K*<fA Xa Zk)

such that f' : D} — DI is given by id®(m - p*). Under the identifications
K. (C*(A)) = K.(Fa %o ZF) and K, (C*(T)) = K. (Fr Xo ZF), we have (1,,), =
(Lp.s)s- O

The following corollary is an immediate consequence of the above theorem re-
stricted to the case k = 2; for the first assertion see [15, Proposition 2] and its proof
(see also [34]).

Given a 2-graph A, recall that M; and M, denote the vertex connectivity matrices
of the coordinate graphs (A%, A°, 7 s) and (A% A r, s).
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Corollary 5.6. Suppose that (A,T',p,m,s) is a row-finite covering system of 2-
graphs with no sources. With the notation of Theorem 5.5, the complex D» =
NZ? @ ZA® may be written as follows:

(5.6) 0—ZA & ZA @ ZAY & ZA0 0

M1
1= M

where 0y = (1 — M}, 1 — M) and 0, = ( ) . We have Eib = B35, and

Ko(C*(A)) = coker 0; & ker 0,

(5.7) K (C*(N)) 2 ker 0,/ Im 0y = H,(ZF, Ko(Fy)).

Moreover, the following diagram commutes

A A
0 «—— ZA° <a—1 ZA° @ ZA° L ZAN — 0

(5.8) l lm‘p* lm,p@m,p* lm‘p* l

0 «—— Z1° L Z1° @ Z1° & Z1° —— 0
and by naturality induces (1)« @ K (C*(A)) — K. (C*(I)).

The inclusion of coker 0; into Ko(C*(A)) obtained from (5.7) takes the equivalence
class (in the quotient group coker 9; = ZA°/Im(d;)) of the generator d, of ZA° to
the Ky-class of the vertex projection [s,] in C*(A). The proof of this fact can be
obtained from the proof of [15, Proposition 6]. We thank Gwion Evans for pointing
this out to us.

5.3. Product coverings and the Kiinneth formula. In this section we consider
covering systems (A,,p,) in which each k-graph A, is a cartesian product of two
lower-dimensional graphs, and the covering maps p,, respect the product decompo-
sition.

Recall from [20, Proposition 1.8] that given a k-graph (A, d) and a k’-graph (A, d'),
the cartesian-product category A x A’ becomes a (k + k')-graph when endowed with
the degree functor d x d' : (A, N) — (d(N)1, ..., d(N)g, d(N )1, ..., d(N)w).

Proposition 5.7. Fiz k, k' € N\ {0}. Let (A,T,p,m,s) and (N, T, p/,m’,s") be
row-finite covering systems of k- and k'-graphs with no sources. Then

pxp :I'xIV — Ax A

is a finite covering of row-finite (k+k')-graphs with no sources. Let f: {1,...,m} X
{1....,m'} — {1,...,mm’} denote the bijection f(j,7') := j + (' — 1)m. There
is a cocycle s x §' : T x I" — S, determined by ((s x §')(o, ")) f(4,5) =
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f(s(a)j,s(a’)j’). Moreover, the following diagram commutes.

E

C*(A x A) C*(A) @ C*(A)

J/Lpo’,EXEI lbp,g®Lp/’5/

Mt (CHIT X T)) —— M, (C*(T)) @ My (C*(I))

Suppose that at least one of K.(C*(A)), K.(C*(A")) and at least one of K.(C*(I")),
K.(C*(I)) are torsion-free. Then the following diagram commutes and the horizon-
tal connecting maps are zero-graded isomorphisms:

KO (M) ® KL (CH(N)) —Z KL(C*(A x )
[erer-etyan- | o)
K(C'(T) @ KL (CHIY) —S K(C*(T x TY))
IfT° and T"° (and hence also A° and A'°) are finite then the C*-algebras are unital,
and the horizontal isomorphisms take [1] ® [1] to [1].

Proof. 1t is straightforward to check that p x p’ is a covering using the properties
of the covering maps p and p’ and the definition of the cartesian-product graph. A
simple calculation shows that s x s’ defines a cocycle.

Theorem 5.5 of [20] shows that C*(A), C*(A), C*(I') and C*(I") are nuclear, and
so there is just one tensor-product C*-algebra C*(A) ® C*(A’). Corollary 3.5(iv)
of [20] shows that the map s ,) — s\ ® s, is an isomorphism of C*(A x A’) onto
C*(A) ® C*(A), and similarly for C*(I") and C*(I"). It is easy to check using the
formulae for the maps ¢y, q, t)y s, and Ly sxs and using the chain of isomorphisms

M (C*(T X T7)) 2 My (C) @ C*(T x TV)
~ M, (C)® C*(T') ® M,,(C) ® C*(I)
M, (CH(I) @ My (C*(1))

12

that the first diagram commutes.
In the presence of the additional hypothesis concerning torsion-free K-groups, the
Kiinneth Theorem of [37] (see also Theorem 23.1.3 of [5]) implies: that

K.(C*(A)) @ K.(C*(N)) 2 K. (C*(A) @ C*(A))

and similarly for I',I"”; that these isomorphisms are natural and are zero-graded;
and that these isomorphisms take [1] ® [1] to [1]. The result therefore follows from
the naturality of the K-functor. O

Note that in general when no assumption is made about torsion, the Kiinneth
Theorem of [37] gives a short exact sequence which is still natural. The analogue of
Proposition 5.7 still holds and gives a (fairly complicated) commuting diagram in
which the rows are short exact sequences.
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6. EXAMPLES

In this section we discuss a number of examples. A recurring theme will be
supernatural numbers and the associated dimension groups, so we pause here to
establish some notation.

We will think of a supernatural number as an infinite product o = [[2, o, where
each v, is an integer greater than 1. Any two such expressions in which the same
prime factors occur with the same cardinality correspond to the same supernatural
number. Given supernatural numbers «, 3, we will abuse notation and write a3 for
the supernatural number HZO=1 anfn. We write oy, for the product H?Zl «; of the
first n terms in a.

For z,...,2z, € C, we write Z[z,...,z,| for the ring obtained by adjoining
21, .., 2, to the integers Z C C; typically, we will regard Z[z, ..., 2,] as a group
under addition. Abusing notation, for a supernatural number «, we write Z [ﬂ for
the dimension group

o 1
7

consisting of all fractions ’5’ in Q such that p, ¢ € Z, and ¢ is a divisor of some «/[1, n].

6.1. Rank-2 Bratteli diagrams. A rank-2 Bratteli diagram is a 2-graph in which
the blue edges form a Bratteli diagram and the red edges determine simple cycles
so that every vertex lies on precisely one red cycle, and all vertices on a given red
cycle are at the same level in the blue graph.

The C*-algebras of these 2-graphs were studied in [27] and provided the initial
motivation for the covering construction. A rank-2 Bratteli diagram A can be built
using Proposition 2.14 and Corollary 2.15 precisely when the length of each cycle
at level n of A is divisible by the lengths of all the cycles at level n — 1 to which
it connects. In particular, the 2-graphs whose C*-algebras are Morita equivalent to
the Bunce-Deddens algebras [27, Example 6.7] and the irrational rotation algebras
[27, Example 6.5] arise in this fashion.

6.2. Coverings of dihedral graphs D,,. For n € N\ {0}, let D,, be the directed
graph with n vertices {vo, ..., v,_1} and edges {z;,y; : 0 < i < n—1} where r(z;) =
v; and s(x;) = vip1 and r(y;) = s(x;), s(y;) = r(x;) (throughout this section, addition
in the subscripts is understood to be evaluated modulo n). More descriptively, D,, is
a ring of n vertices, each of which connects to both of its neighbours (see Figure 2).
Let D} be the path-category of D,,, regarded as a 1-graph. Note that for n € N,
the graph D, is the Cayley graph for the dihedral group with 2n elements.

Ezxample 6.1. For n,m > 1 there are m-fold covering maps py . : D}, — D as
follows: for 0 <7 < nm — 1 let ¢/ = ¢ mod n and define

Prmn (Vi) = Vs Dpmn(@i) =2y and  ppn(yi) == i
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U3

Vo

FiGUuRrE 2. The 1-graph D,

Hence for each n, m > 1, we obtain a row-finite covering system (D, D} Dpmn) =
(D, Dr,., Pnmn, 1,1d) of 1-graphs with no sources (see Notation 2.7).

Fix an infinite supernatural number a = [[;2, oy. For n € N\ {0}, let A, =
[[iL, . Consider the sequence of covering systems (Dg 4 , D 4, ., P6-An 6 Ansr)neet
as in Notation 2.7.

We obtain from this and Corollary 2.11 a 2-graph D := @(Dg.Anap6~AyL,6~An+1)-

Proposition 6.2. Consider the situation of Example 6.1. Let Z[L] denote the sub-
group of Q consisting of fractions whose denominator is a finite product of terms in
the sequence a. We have Ko(C*(D)) = Z[1] ® Z[1] and K,(C*(D)) = Z & Z. Let
P o= ZveDg Sy. Then [Py] is the 0 element of Ko(P,C*(D)Py). Moreover, C*(D)
1s simple and purely infinite.

Before proving the proposition, we first give a general description of the K-theory
of C*(D5).

Lemma 6.3. (1) Ko(C*(D})) is generated by [s.,] and [s.,], and for each i, we have
50 = —[5u,02] n Ko(CH(D2)).

(2) K7 (CH(Dy)) =A{(ar,...,an) € L™ : G40 = ;1 — a; for all i}.

(3) the following table describes the K -theory of each C*(D5).

nmod 6| Ko(C*(Dy)) | Ki(C*(Dy))
0 Z? Z?
1 0 0
2 7./37 0
3 | Z2/2Z37/2Z 0
4 7./37 0
5 0 0
Proof. (1) The K, group is generated by the classes [s,,], ..., [sy,_,] subject to the

relations [s,,] = [Sy,,,] + [Sv,_,]. This relation forces [s,,,,] = [Su,,] — [Sy,], from
which we conclude first that K, is generated by [s,,] and [s,,] and second that

[Svi+3] = [Sv¢+2] - [SU¢+1] = ([8%4-1] - [Svi]) - [Svi+1] = _[Svi]'
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(2) Let A, denote the vertex connectivity matrix of D,; so A,(i,j) = 1 when
i =j=£1 (mod n) and zero otherwise. As in Theorem 5.1, we have K;(C*(D})) =
ker(1 — AL). For m € Z", ((1 — Af)m); = —m;_1 + m; — m;,1 by definition of A,,
and this establishes (2).

(3) If E is a finite 1-graph with no sinks or sources, then C*(F) is isomorphic to
the Cuntz-Krieger algebra of the adjacency matrix Ag of E [23]. In particular, in
this situation, K;(C*(FE)) is torsion-free and has the same rank as Ky(C*(F)) [10].
Hence it suffices to verify that the first column of the table is correct. To calculate
what K actually is, we check by hand that the casesn = 1,2, ...6 are as claimed. If
n > 6, then applying the relations we find that [s,,,,] = [s,,] for all ¢ which accounts
for all remaining cases. O

Proof of Proposition 6.2. Lemma 6.3(1) shows that Ko(C*(Dj 4, ) is generated by
[sun] and [s,n] where the v}' are the vertices of Dg , . We have

(tgn)elisug) = s s oo 4 lsn ] = agls,]) fori=1,2,

An i+6(an—1)-An

so Ko(tp,) : Z* — Z? is multiplication by a,.
Fix m € N\ {0}. By Lemma 6.3(2), K,(C*(D¢,,)) is identified with the set of

sequences (ay, . .., agn) Which satisfy a;1o2 = a;11 — a; for all i where the addition in
the subscript is performed modulo 6m. By Lemma 6.3(2), this forces a;, 2 = a;11 —a;
for all 7. Consequently, the map a = (ay, ..., agn) — (a1, az2) yields an isomorphism

Cm : K1 (C*(Dg,,,)) — Z% Whenm = A, D;‘nﬁDan is the inclusion at the n'® level
of our sequence of coverings where p is the a,-fold covering. As (4, m 0 K1(tp) = (i,
it follows that under the identifications of K(C*(D{,,)) and K;(C*(D3,,,)) with Z?
described above, the map K(t,) is the identity map on Z2.

By Theorem 5.1 the K-groups of C*(D) are as claimed. To compute the class of
the identity, let P, € C*(D) be the sum of the six vertex projections in the bottom
level. The final statement of Lemma 6.3(1) shows that the classes of the vertex
projections in Ko(C*(Dg)) cancel, so that the class of the identity in Ko(C*(D{)) is
the zero element. It follows that the class of the identity P, in Ko(P,C*(D)FP,) is
also the zero element.

Each D} is aperiodic and cofinal (see Definition 4.2), so we may conclude from
Corollary 4.4 and Lemma 4.7 that D is aperiodic and cofinal. Hence Proposition 4.8
of [20] implies that C*(D) is simple. The path x;y; is a cycle with an entrance
(namely yo) in Dj. Proposition 4.8 now shows that C*(D) is purely infinite. O

6.3. Direct limits of O, ® C(T).

Ezxample 6.4. Fix n > 3, and let B, be the bouquet of n loops. For m > 1, let
C,, denote the cycle with m vertices, and let A,, be the cartesian-product 2-graph
A, = C’(*n_l)m x By obtained from the path categories of C,—_1y» and B,.

For each m, Let p,, denote the obvious (n — 1)-fold covering of Cluqym by
O*

(n—1ym+15 and let p’ be the identity covering of B,, by B,.
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Proposition 6.5. Consider the situation of Example 6.4. Let v be a verter of A;.
Then s,C*(Um(A,,, pm X P'))sy is isomorphic to the Kirchberg algebra P, (see [6])
whose K -theory is opposite to that of O,,.

Proof. Since C*(B,,) is generated by n isometries whose range projections sum to
the identity, C*(B,) is canonically isomorphic to O,, [8]. Hence

(M) = C*(Clpy) @O,
by [20, Corollary 3.5(iv)]. As in [1, Lemma 2.4], C*(C}; ) = M(,—1ym (C(T)) for

n—1)m
all m, and in particular, K.(C*(C(,_yn)) = (2, Z). Since)K*(On) = (Z,-1,0) [10],
the Kiinneth theorem implies that K.(C*(A,)) = (Zp—1,Zy—1).

A special case of [27, Equation (4.7)] implies that the covering map p,, induces
multiplication by n—1 from Ko(C*(C{,_;ym)) to Ko(C*(Cf;,_ym+1)), and the identity
homomorphism from K (C*(Cf,_1ym)) to K1(C*(Cf,_1)m+1)). Clearly p’ induces the
identity map on K,.(O,,).

Theorem 3.8 and Proposition 5.7 combine to show that

K(C*(A)) 2 Ba(Zoor, Zs), (% (0 — 1), ).

Since multiplication by n — 1 is the 0 homomorphism from Z,,_; to Z,_1, it follows
that K.(C*(A)) = (0,Zy,_1).

Lemma 4.7 proves that A is cofinal. For an infinite path ¥y € A, Lemma 4.5
combined with the observation that the cycles in the C(*n—l)m grow with m shows that

if 0%(y) = 0®(y), then a and b differ only in their first coordinates. It follows from
Proposition 4.3 that the aperiodicity of A is implied by the well-known aperiodicity of
B,,. Hence C*(A) is simple by [20, Proposition 4.8]. Moreover, since every vertex of A
hosts a cycle with an entrance, C*(A) is also purely infinite (see [20, Proposition 4.9],
[38, Proposition 8.8]). The result therefore follows from the celebrated Kirchberg-
Phillips classification theorem [28]. O

6.4. Higher-rank Bunce-Deddens algebras from coverings of quotients of
As. In this subsection we describe a class of simple AT algebras with real-rank
0 which arise from sequences of covering systems of 2-graphs and which cannot in
general be obtained from the construction of [27] (see Example 6.6 and Theorem 6.7).
We indicate in Remark 6.12 why we think of these algebras as higher-rank analogues
of the Bunce-Deddens algebras.

For k > 1, let A, be the k-graph with vertices Z*, morphisms {(m,n) € Z* x Z* :
m < n} where r(m,n) = m, s(m,n) = n and d(m,n) = n —m. There is a free
action of Z* on A}, given by translation; that is m-(p, ¢) = (p+m, g+m) for m € Z*
and (p,q) € Ay.

Given a finite-index subgroup H of Z*, we denote by Ay/H the quotient of Ay
by the the action of H. That is, for ¢ € N* (A,/H)! = {[g,9+ q] : g € Z*};
in particular, (Ay/H)? = {[g,9] : g € Z?}, and we henceforth identify (Ay/H)°
with Z¥/H via the map [g,g] — [g] where [g] denotes the class ¢ + H of g in
Z*/H. The range and source maps in Ay/H are then given by r([g,g + q]) = [9]
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and s([g,g+q]) = [g+4q]. If H C H is a finite-index subgroup of H, then it also
has finite index in Z*, and there is a natural surjection p : Z¥/H' — Z*/H which
induces a finite covering map, also denoted p of A,/H by Ay/H'.

Most of the remainder of this section is concerned with the following example of
a sequence of covering systems.

Example 6.6. Let Hy D Hy D H3z D ... be a chain of finite-index subgroups of
Z?. TYor each n, let p, : Ay/H,y1 — Ay/H, be the canonical covering induced
by the quotient maps described above, and let s, : As/H, ;1 — S; be the trivial
cocycle. This data specifies a sequence (Ay/H,,, Ao/ Hyi1,pn)0, of row-finite cov-
ering systems of 2-graphs with no sources. Applying Corollary 2.11, we obtain a
3-graph lvir_n(Ag/Hn;pn)). As always, P; denotes ZUE(AQ/Hl)O sy € C*(Ay/Hy) C
C* (lm(A/ Hyi pn)):

Theorem 6.7. Consider the situation of Fxample 6.6.
(1) We have
Ko(PLC* (tn( Ao/, p)) Pr) = im(Z, x[H, : Hosa]) © .
and this isomorphism takes [Py] to (g,0) where g is the image of [Z* : Hy] in the
direct limit im(Z, x [H, : Hny1])-
(2) For each n, [Hy, : Hyy1] - Hy, is a subgroup of H, 11, and [H, : H, 1] - idz2 yields
a homomorphism my, g, : H, — Hy,11. Moreover,

Kl(Plc*<h£1(A2/Hn;pn))Pl) = li_H}(Hm mHn,Hn+1)~
(3) C*(lim(As/Hy; pn)) is simple if and only if (.~ H, = {0}, and is an AT algebra

with real-rank 0 when it is simple.

The proof of this result will occupy the bulk of this section. Before presenting it,
we first state a Corollary and use it to formulate some concrete examples.

Corollary 6.8. Consider the situation of Example 6.6. There exists a sequence
(R, h5)°o, C Z2 such that: (1) h} and hY generate H,, for all n; and (2) the matriz
M, = Zgi Zgj) satisfying it = mi hi + mishy and Rt = my 1 hy + myohy
has positive determinant for all n. Moreover, if MS* denotes the classical adjoint
( e 7"”’2) of M,, for each n, and if we regard these matrices as homomorphisms

—m21 ™mi1

of Z2, then
(61) Ky (PO (Do) Ho ) P2) & lin (22, M),

Proof. That we can choose the h]' so that the matrices M,, all have positive deter-
minant follows from an inductive argument based on the observation that replacing
Rt with —h™ will reverse the sign of det(M,,).

For each n, let v, be the isomorphism of Z? onto H,, satisfying ¢, (e;) = h?, and
let muy, m,,, : Hn — Hpy1 be the homomorphism described in Theorem 6.7(2). We
claim that v, o M,, = my, m,., © ¥n.
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To see this, observe that mpg, g, ., is multiplication by the determinant of M,,.

Hence, as rational transformations, ml_{i Hyir © M = M. Thus the desired equal-

ity ¢ni1 0 M, = mp, m,,, © s is equivalent to ¥,41 = M, ' o1, which follows from
the definitions of the maps involved. This establishes the claim.

The claim guarantees that lim(H,,mmg, m,,,) = lIm(Z* M;?*), and (6.1) then
follows from Theorem 6.7(2). O

Ezamples 6.9. (1) Let a = ajag ... and § = 310, ... be infinite supernatural num-
bers. For n € N, let ¢,, be the homomorphism of Z? determined by the diagonal
matrix M, := (0‘0" f?n) . In the associated covering system, A, is the cartesian
product of cycles of lengths a; ---«a,, and Gy --- 3,.

For each n, let

1, = (T1y 002 x (1= )2 C 22
We deduce from Theorem 6.7 that
KJ(PC* (m(Ao/ Hyipa))P) = (2] 5] @2, Z[2] @ 2[3]),

that the position of the unit in K, corresponds to the element (a4, 0), and that
P, C*(lim(As/H,; pn)) Py is a simple AT algebra of real-rank 0.

We claim that this is an example of an AT algebra which cannot be realised
using a rank-2 Bratteli diagram as in [27]. To see this, suppose otherwise. Then
[27, Theorem 6.1] implies that there exists an injective homomorphism ¢ : Z [é] D
Z[%] — Z[O}—ﬂ} @ Z such that each element of coker(¢) has finite order. Hence
there exists (z,y) € Z[1] @ Z[%] such that ¢(z,y) = (z,m) with m # 0. Since
Z[i & Z[%} is generated by elements of the form (x,0) and (0,y), we may in
fact assume without loss of generality that there is an element x € Z[ﬂ such
that ¢(z,0) = (z,m). Since « is infinite, there exist n > m and 2’ € Z[1] such
that n - 2’ = x, and this forces n - ¢(2/,0) = (z,m) which is impossible by our
choice of n.

The K-theory calculations for this example can also be verified using the
Kiinneth formula by combining Theorem 3.8 with Proposition 5.7.

(2) Let ¢ be the homomorphism of Z? determined by the integer matrix M := (¢ %).
Suppose that M is diagonalisable as a real 2 x 2 matrix, and that its eigenvalues
are greater than 1 in modulus. Let D := ad — bc be the determinant of M.
For n > 1, let H, := M"Z? and A, := Ay/H,. Our assumption regarding the
eigenvalues of M ensures that (), H,, = {0}, so Theorem 6.7 and Corollary 6.8
imply that C*(@(Ag/ﬂn;pn)) is a simple AT algebra of real rank zero with

KL (PC* (A / Hyspa)) Pr) 2 (Z[5] @ 2, Tim (22, (4 7)) ).

In particular, let M = (¢ ~?) with a* +b* > 1. We may identify Z* with
the group of Gaussian integers Z[i| by (m,n) — m + in, and then the group

homomorphism of Z? obtained from multiplication by M coincides with the
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group homomorphism of Z[i] obtained from multiplication by a + ib. Likewise
M* implements multiplication by the conjugate a — ib. With D := a? + b* and

1 atib
(1= =5 = az547> We have

K. (PiC*(lm(Ao/ Hyi pu)) P) (z[%] oz, i, %]).

by Theorem 6.7.

(3) More generally, a sequence of Gaussian integers (; := a; + b;i with |¢;| > 1
for all j gives rise to a natural notion of a Gaussian supernatural number ( =
[[;2, ¢;- Generalising the construction of the latter part of example (2) above,

let H, == ([]}_, (j)Z[i] for each n, and identify Z[i] with Z? as a group to obtain
a decreasing chain of subgroups of H,, of Z? with trivial intersection.
Let o be the supernatural number o = []°2, |(;|*. Then

K. (PO (im( Ao/ Hy; p) Pr) (z[i] &7, Z[i, %}).
by Theorem 6.7 and Corollary 6.8.

We now turn to the proof of Theorem 6.7; in particular, we adopt the notation
and conventions of Example 6.6. Our first step is to describe explicitly the K-theory
of C*(Aqg/H,) for a fixed n € N\ {0}. We do this using the results of Section 5.2.

For q € Z* we write ¢, and ¢_ for the positive and negative parts of ¢. That is to
say that ¢ and ¢_ are the unique elements of N*¥ whose coordinate-wise minimum
g+ N q_ is equal to 0, and which satisfy ¢ = ¢, — q_.

For q € Z*, a cycle of degree q in a k-graph A is a pair (u,v) where y € A% and
v € A% such that 7(u) = r(v) and s(u) = s(v). When ¢ € N¥, ¢ = ¢, and ¢_ =0,
so v is a vertex, and u is a cycle in the usual sense: a path whose range and source
coincide.

Let H C Z? be a finite-index subgroup of Z2. Let G = Z?/H. We view the ring
ZG as the collection of functions f : G — Z. For X C G we denote the indicator
function of the set X by 1x. We denote the point-mass at g € G' by d,.

Let A := Ay/H. Let E be the skeleton of A. That is £ is the directed graph with
the same vertices as A, and edges A“ U A2, with range and source inherited from
A. The degree map from A restricts to a map from E' to {ej,es}. As in [31, 27] we
describe edges in E as blue when they are of degree e; in A, and as red when they
are of degree e;. We often blur the distinction between concatenation of edges in E
and the corresponding factorisation of a path in A.

Recall that we are identifying A° with G = Z?/H. Hence, given a path a =
apa -+ - a, in B, we define functions f° and f7 in ZG by

folg) = #{0<j<n:r(e) =g dla;) =e}
fo(h) = #{0<k<n:r(ag) = h,d(a;) = es}.

The idea is that f°(g) counts the number of blue edges in o whose range is g, and
fr(g) does the same thing for red edges.
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We define f, € ZG®ZG by fo = fL@ f7. For avertex g € A” = G, we define f?
and f; to be the zero element of ZG, and f, = fé’ ® f, is then the zero element of
7G D LG.

As A = Ay/H, for each g € A° = G there is a unique path [g, g+ (1, 1)] of degree
(1,1) with range g. Using the factorisation property, we can express this path as
boTgiier] = Tgbgiles) (for n € Z? [n] denotes the class of n in the quotient group
G =Z?/H). We write z, for the function (84 (e0) — 0g) @ (6g — Og4(e,]) In ZG @ ZG.

Given paths o = ag---a,, and 8 = by---b, in the skeleton FE of A such that
r(ag) = 7(bo) and s(ay,) = s(bn), let fop = fo — 3 € ZG © ZG. Fix generators
h1, hy for H; so [h;] = [0] in G. By definition of A, there are unique paths p” € A+
and p; € AM)- with r(uf) = 0. Fix factorisations af of pi into edges from the
skeleton E. Since

s(ul) = [(ha)+] = [(h1)-] = s(uy)
in G, the pair ], p; is a cycle of degree h; in A with range 0. The same construction
for hy gives a cycle ug, 5 of degree hy with range 0 and fixed factorisations o of
5 into edges from the skeleton £.

Lemma 6.10. With the notation established in the preceding paragraphs, the chain
complex (5.6) can be described as follows:

(1) 01(64 ® 0) = 0y — Ggrfer]s O1(0 D 0g) = 0y — Ggp(ey], and

92(0g) = (Og+(ea] — 0g) D (0g — Ogfen]) = 2g-

(2) coker(0y) = Z is generated by do + Im(0y);

(3) ker(dh) = Z is generated by 1g;

(4) For each h € G, the set {z,: g € G\ {h}} is a basis for Im(9y,) = ZICI7L.

(5) Fiz any two factorisations o and [ of a path p in A into edges from E. Then
fu— f3 € (), and Or(fa) = 01 (f5) = dria) — dute

(6) ker(0) is the subgroup of ZG @ ZG generated by the elements fo 5 where a and
B are paths in the skeleton E with r(a) = r(5) and s(a) = s(f).

(7) There is an isomorphism v of H onto ker(0y)/Im(0y) which takes d(u) — d(v)
to fop+1Im(02) for each cycle p,v in A and pair of factorisations o, B of 1 and
v. In particular, for any basis B for Im(0y), the set B U {fa?a;, fa;a;} is a

basis for ker(0y) = ZICHY (where oif are the fived factorisations of the cycles ji-
of degree ¢(e;) described above).
In particular, K.(C*(A)) = (Z*, H) where the class of the identity in Ky is identified
with the element (|G|,0) of Z*.

Proof. (1) The adjacency matrix M; associated to (A, A° r, s) is the permutation
matrix determined by translation by [e;] in G and similarly for M. The first state-
ment then follows from the formulae for 0; and 0y in terms of M; and Ms.

(2) The formulae for 9, (d,@0) and 0, (0@ g) show that dy4+Im(0;) = dg.yfe,)+Im(0;)
in coker(9;) for i = 1,2 and g € G. Since the action of Z? on G by translation is
transitive, this establishes (2).
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(3) Using the formula for 0, established in (1), one can see that for f € ZG,
Oa(f) = f1 ® fo where

filg) =—flg)+ flg—led]) and  folg) = f(g) — f(g — [e2]))-

Hence f € ker(0s) if and only if f(g) = f(g — [e1]) = f(g — [e2]) for all g € G, and
since the action of Z* on @ is transitive, this establishes (3).

(4) Part (1) establishes that Im(0s) is generated by {z, : ¢ € G}. A simple
calculation shows that ) gec 79 =01n ZG ® ZG, and it follows that for any h € G,
the set {z, : g € G\ {h}} generates Im(dy) = ZI®I=1. Since ker(9;) has rank 1, the
rank of its image is |G| — 1, establishing (4).

(5) By part (4), the image of 0, is generated by elements of the form f, — f3 where
« and 3 are the two possible factorisations of a path in A, Since fo5 = fu + f5
when o and (3 are paths in £ which can be concatenated, this establishes the first
claim. The second statement follows from a straightforward calculation using that

(6.2) a(f* @ f)(g) = f'(g) = f'(g — [ea]) + f"(9) — [ (g — [e2])

(6) If «, 5 are paths in the skeleton with r(a) = r(3) and s(a) = s(5) then f,z
belongs to ker(d;) by (5).

We must show that every f € ker(d;) can be written as a Z-linear combination
of elements of the form f, 3. First note that it suffices to treat the case where f
takes only nonnegative values (this is because 1 @ 1g can be so expressed). So
suppose that f takes nonnegative values, and write f = f*@® f7. Let E; be the
directed graph with vertices G' and which contains f°(g) parallel copies of the blue
edge in E with range g and f"(g) copies of the red edge in E with range g. If E;
contains a terminal verter g which receives at least one edge but emits no edges at
all, then f°(g) + f"(g) # 0, but (g — [e1]) = f"(9 — [e2]) = 0, and (6.2) shows
that 01(f)(g) # 0. Hence E contains no such vertex, and therefore must contain a
cycle or contain no edges at all. In the latter case, the claim is trivial, and in the
former case, f > f,, and removing the cycle o from E; produces the graph for the
function f — f,. After finitely many such steps, we must obtain a forest with no
terminal vertex. The only such forest is the empty graph which corresponds to the
function 0 @ 0. That is f — ) ., fo = 0@ 0 for some collection L of cycles, and
this proves (6).

(7) Suppose that pu, v is a cycle in A. Then

s(p) = [d(p)] = r(p) = r(v) = s(v) = [d(¥)] = s(u) — [d(¥)]

in G =A"=1Z?/H, sod(u) —d(v) € H. Tt is clear from the definition of A that
each element of H arises as d(u) — d(v) for some cycle p, v in A.

To see that the assignment d(p) — d(v) — fop + Im(0:) is well defined, we must
show two things. First that for two distinct pairs of factorisations o, 5 and o/, 3" of i
and v, the difference f, g— fo s lies in the image of 0. This follows from (5). Second,
we must show that if u, v and p/, v are cycles in A with d(p) — d(v) = d(p') —d(V'),
then there exist factorisations «, # and o/, 3’ such that f, 3 — fo g is in Im(0;). To
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see this, first note that by factorising p = /7 and v = /7 where d(7) = d(u) ANd(v),
we can reduce to the case where d(u) A d(v) = 0. Next we claim that it suffices
to consider the case where r(u) = r(v) = r(i') = r(v') = 0. To see this, fix n
in 0Ar(u) and note that the cycle nu, nv corresponds to the same class as p, v in
ker(0;)/Im(0s). Factorise nu = £p and nv = wo where d(§) = d(p), d(w) = d(v)
and d(p) = d(o) = d(n). Since each gA™ is a singleton and since Z* acts on A by
translation, &, w is a cycle with range 0, and p = ¢. Hence the cycle &, w corresponds
to the same class in ker(0;)/Im(0,) as u,v. Shifting ¢/,v' in a similar way allows
us to assume that both cycles have range 0. We now have cycles p, v and p, v/ with
range 0 and such that d(u) —d(v) = d(p') —d(v') and d(p) Ad(v) = 0 = d(p') ANd(V').
Since 0A™ is a singleton for any n € Z2, this forces u = p’ and v = /. This completes
the proof that d(p) — d(v) — fas +Im(0) is well defined.

That fos = fa + fs ensures that /(g + h) = ¢¥(g) + ¥(h), and that fs, = —fap
shows that ¢(—g) = —1(g). Hence 9 is a homomorphism. By part (6), to see that
1 is surjective, we just need to show that each f, 3+ Im(0s) is in the range of 1.
This is clear because f, 5+ Im(0s) is precisely ¢ (d(n) — d(v)) where p factorises as
a and v factorises as 3. Finally, to see that ¢ is injective, note that if f, 5 € Im(0s),
then d(p) = d(v) where p factorises as a and v factorises as (3. This completes the
proof that ¢ : H — ker(0;)/Im(0,) is an isomorphism. The remaining statement
follows from (4) and that u,u; and g, p, are cycles whose degrees form a basis
for H. This proves (7).

The final statement of the Lemma follows from (5.7). O

We now consider two consecutive graphs in the sequence of covering systems
described in Example 6.6, and describe the inclusion of K-invariants obtained from
Proposition 3.2(6).

Theorem 6.11. Consider the situation described in Example 6.6, and fir n € N\
{0}. Fori=n,n+1, let \; := Ay/H;, and consider the commuting diagram

An An
0 —— ZA° 20 ZA0ezZA0  EL ZA0
l lpz lpzeépii lpi l
Ap+1 aAn+1
0 —— ZAY, «—— ZA L ®ZAL, —— ZAY,, —— O

(1) The right-hand vertical map p* : ZA) — ZAY | restricts to a homomorphism
p;]ker(agn) - ker(95") — ker(@ﬁ"“) characterised by prl‘ker(aé\")<1Gn) =1lg,,,-
(2) The left-hand vertical map pi, : ZAS — ZAS. | induces a homomorphism p;, :

coker(97'") — coker(a{\ ") characterised by
P (00 + Im()) = [Hy : Hypa] - 6o + Im(9)7).

(3) The middle vertical map p;, ® p}, : ZAS @ ZAY — ZAY_ | ® ZAL ., induces a
homomorphism (pf, & pt)~ : ker(9M)/Im(82") — ker(9:™+)/Im(8;"") such
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that the following diagram commutes.
H, -2  ker(dM)/Im(oi")
lmHn’Hn-H l(pi‘z@pm”

Hyoy 25 ker(92+)/ Tm(00"+)

where 1, and V¥,y1 are the isomorphisms obtained from Lemma 6.10(7), and
M, H,., 15 as in Theorem 6.7(2).

Under the isomorphism
K. (C*"(N\y)) = (coker(af") @ ker(95), ker(@{”)/lm(@é\"))

obtained from Corollary 5.6, the maps described in (1), (2) and (3) determine the
map (tp)s : Ko(C*(A1)) — K.(C*(A2)) obtained from Proposition 3.2(6).

Proof. Lemma 6.10(3) ensures that 1, generates ker(dy") for i = 1,2. The formula
for p* shows that p*(1lg,) = 1lg,, which gives (1). Statement (2) follows from the
formula for p* combined with the observation that for i = 1,2, the §,, g € G; are all
equivalent modulo Im(97).

It remains only to prove (3). We first consider the case where H; = Z2, so
Gy = {0} and A; is a copy of the 2-graph T, = N? (as a category) with one vertex
and one morphism \,, of each degree m € N2. In this case, 1/, is just the identity
map from Z? to Z ® Z. Let hi, hy be a pair of generators for Hy. It suffices to
show that (p* @ p*)(h;) = [Z* : Ho] - h; € Hy for i = 1,2. We just argue that this
happens for i = 1 (that it happens for i = 2 follows from a symmetric argument).
Writing hy = (m,n) where m,n € Z, the formula for p* then ensures that (p* & p*)
takes hy to mlg, @ nlg,. To see that this is [Z% : Hy| - hy, let f := fotar = (M)
be the function in ZGy @ ZG; obtained from Lemma 6.10(7). By definition of f,
f = fo + f» where the entries of f, sum to m and the entries of f. sum to n. For
g € G, let g - f, be the function determined by g - f,(h) = fy(h — g), and similarly
for f.. Since G acts freely and transitively on A = Gy, it follows that

(6.3) Z g-f=mlg, ®nlg,.

ge€Ga

The proof of statement (7) in Lemma 6.10 shows that each g- f :==¢g- fy ® g - f-
represents the same class as f in ker(9:2)/ Im(952). Hence the left-hand side of (6.3)
has the same class in ker(9:2)/ Im(952) as |Gy - by as required.

For the general case, let p; and py be the coverings of 75 by A; and A, treated
in the previous paragraph. Then p, = p; o p, so p5 & p5 = (pj ® pj) o (p* &
p*), and since these maps induce homomorphisms between ker(9{?)/Im(d3?) and
ker(072)/Im(952) which are rational isomorphisms, it follows that (p* @ p*) behaves
as claimed.

The final statement follows from Corollary 5.6. O
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We are now ready to prove Theorem 6.7.

Proof of Theorem 6.7. Proposition 3.2 shows that P; is full so that compression
by P, induces an isomorphism on K-theory. The formulae for the K-groups in
statements (1) and (2) follow from Lemma 6.10 and Theorem 6.11 and the continuity
of the K-functor.

Since each vA,w # () for all n € N, and v,w € AY, Ay, is always cofinal. Moreover
a given infinite path x in Ay is periodic with period m € Z? if and only if every
infinite path in Ay is periodic with period m, which in turn is equivalent to the
condition that m € (), H,. It follows from Lemma 4.5 that Ay is simple if and
only if () H,, = {0}; moreover, in this case, the argument of the second part of [27,
Section 5] shows that C*(Ay) has unique trace.

We next claim that each C*(A,) = Mizz2.4,)(C(T?). To see this, one checks that
h > S1(0,14)]8](0,,_y 1S @ group isomorphism H, — U(sj)C*(A,)sp)) for each n. The
standard argument used in [27, Lemma 3.9] shows that each s(o,n, [ y has full
spectrum. One can then deduce that spC*(A,)sq = C*(H,) = C*(Z?) = C(T?).
For m € Z?/H,,, define V,, := Slom) € C*(A,,). Applying Lemma 3.3 to these partial
isometries with p = sg and ¢ = Lew(a,)proves that C*(A,,) = Mgz, (C(T?)).

It now follows from [4, Theorem 1.3] that C*(As) has real-rank 0. The classifi-
cation of such algebras of Dadarlat-Elliott-Gong (see [35, Theorem 3.3.1]), and the
K-theory calculations above complete the proof. O

Remark 6.12. Higher-rank Bunce-Deddens algebras and generalised odometer ac-
tions.

We consider a slightly more general version of the situation described in Exam-
ple 6.6. Let H; D H, D H3 D ... be a chain of finite-index subgroups of Z* such
that (), H, = {0}. For each n, let p, : Ay/H,41 — Ay/H, be the canonical cov-
ering induced by the quotient maps described above, and let s, : Ax/H,11 — Si
be the trivial cocycle. This data specifies a sequence (Ag/H,, Ag/Hpi1,pn)5%, of
row-finite covering systems of k-graphs with no sources. Applying Corollary 2.11,
we obtain a k + 1-graph A := lim(A,; p,)) where A, := Ay/H,.

We claim that P,C*(lim(Ay/H,; p,))P1 can be thought of as a higher-rank Bunce-
Deddens algebra. We jgcify this with a description of P,C* (@(Ak /Hy;p)) Py as
a crossed product by a generalised odometer action. We assume here that H, = Z*
so that A is a copy of the k-graph T}, = N* (as a category) with one vertex and
one morphism \,, of each degree m € N*.

One way to realise the Bunce-Deddens algebras is as crossed products of algebras
of continuous functions on Cantor sets by generalised odometer actions. Given a su-
pernatural number o = ajay - - -, define A, :=[[;_, & and G,, := Z/A,/Z for all n.
Then for each n, since A,,.1Z D A,Z, there is a natural surjective group homomor-
phism from G,, 1 to G,,. Hence, we may form the projective limit group @(Gn, Pn)-
The automorphism 7(g1, g2, - .. ) = (g1+[1], g2+ [1], ... ) for (g1, g2, ... ) € Im(Gy, pn)
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can then naturally be regarded as an odometer action on @(Gn, Pn). The Bunce-
Deddens algebra of type a is the crossed product C(lim(Gy, pn)) X7 Z where 7 is
the automorphism of C(lim(Gy, p,)) induced by 7 (for details see [36, Section 13]).

There is an analogous realisation of PyC*(im(Ag/Hy,p,))Py as follows. Let A
denote the (k + 1)-graph @(Ak/Hn, Ak/HnEpn). Let F' denote the fixed-point
algebra of C*(A) for the gauge action v of T**!. Note that by Remark 3.9, the
restriction of the gauge action to P,C*(A)P; is trivial on the last coordinate of T**?
and therefore becomes an action by T* denoted 4. Recall that A> denotes the
collection of infinite paths in A (see Notation 4.1). It is not hard to see that P, F P,
is canonically isomorphic to C'(vA*) where v is the unique vertex of A;. Let G, :=
Zk/Hn for each n, and let p, : G,11 — G, be the induced map p,(m + H, 1) :=
m+ H,. Observe that G = @(Gm prn) is a compact abelian group. By functoriality
of the projective limit the quotient maps Z*¥ — Z*/H, induce a homomorphism
j : Z¥ — G; injectivity of j follows from the fact (), H, = {0}. There is an action
7 of Z* on G given by 7,,(g1,92,...) = (91 + [m], g2 + [m],...), which generalizes
the odometer action discussed above. Since there is just one infinite path in Ay, the
arguments of Section 4 show that vA*> = G as a topological space. Note that for
every m € N¥ s, is a unitary in P,C*(A)P; and that under the identification of
P F P, with C(vA*>®) = C(G) conjugation by sy, induces the homeomorphism 7,
of G. Tt follows that the reduction of the path groupoid (see [20, Section 2]) of A to
vA™> is isomorphic to the semidirect product groupoid G x, Z*. Therefore, standard
arguments show that

Plc*(A)Pl = C(G) A = Zk

where 7 is the action induced by 7. Note that under this/i\dentiﬁcation the restricted
gauge action 7 coincides with the dual action of T* = Z*.

The action of G on C(G) induced by translation in G yields an action of G' on
C(G) %z Z* which commutes with the dual action of T* = Z*. Thus we obtain an
action a by the compact abelian group G' x T* with fixed point algebra isomorphic
to C. Hence, C(G) x;z Z* (and thus P,C*(A)P,) admits an ergodic action of a
compact abelian group. Such ergodic actions have been classified in [24, 4.5, 6.1];
the invariant is a symplectic bicharacter y, on G x Z*, the dual of G’ x T*. This gives
rise to an alternative description of the C*-algebra as a twisted group C*-algebra
with the group G x Z* and a 2-cocycle associated to the bicharacter y, (only its
cohomology class is determined by the bicharacter). It follows that

~

C(G) % ZF = C(TF) « G

where the action of G on C(T*) arises by translation from the embedding G — T*
dual to j : ZF — G.
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