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Abstract

Directed graphs are combinatorial objects used to model networks like fluid-
flow systems in which the direction of movement through the network is important.
In 1980, Enomoto and Watatani used finite directed graphs to provide an intuitive
framework for the Cuntz-Krieger algebras introduced by Cuntz and Krieger earlier
in the same year. The theory of the C*-algebras of directed graphs has since been
extended to include infinite graphs, and there is an elegant relationship between
connectivity and loops in a graph and the structure theory of the associated C*-
algebra.

Higher-rank graphs are a higher-dimensional analogue of directed graphs intro-
duced by Kumjian and Pask in 2000 as a model for the higher-rank Cuntz-Krieger
algebras introduced by Robertson and Steger in 1999. The theory of the Cuntz-
Krieger algebras of higher-rank graphs is relatively new, and a number of questions
which have been answered for directed graphs remain open in the higher-rank set-
ting. In particular, for a large class of higher-rank graphs, the gauge-invariant
ideal structure of the associated C*-algebra has not yet been identified.

This thesis addresses the question of the gauge-invariant ideal structure of the
Cuntz-Krieger algebras of higher-rank graphs. To do so, we introduce and analyse
the collections of relative Cuntz-Krieger algebras associated to higher-rank graphs.

The first two main results of the thesis are versions of the gauge-invariant
uniqueness theorem and the Cuntz-Krieger uniqueness theorem which apply to
relative Cuntz-Krieger algebras. Using these theorems, we are able to achieve our
main goal, producing a classification of the gauge-invariant ideals in the Cuntz-
Krieger algebra of a higher-rank graph analogous to that developed for directed
graphs by Bates, Hong, Raeburn and Szymanski in 2002. We also demonstrate
that relative Cuntz-Krieger algebras associated to higher-rank graphs are always
nuclear, and produce conditions on a higher-rank graph under which the associated

Cuntz-Krieger algebra is simple and purely infinite.
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CHAPTER 1

Introduction

Cuntz-Krieger algebras associated to directed graphs, or graph algebras, have
been of great interest in recent years due to the elegant relationship between loop-
structure and connectivity in a graph and the structure of its Cuntz-Krieger al-
gebra [5]. In particular this relationship can be exploited to produce a variety of
examples of simple purely infinite nuclear C*-algebras [39, Theorem 1.2]. In this
thesis, we turn our attention to the higher-rank graphs introduced in [18]. We
analyse the gauge-invariant ideal structure of their C*-algebras, and provide con-
ditions under which these C*-algebras are simple, purely infinite and nuclear. To
achieve our aims, we are forced to introduce and analyse a family of C*-algebras
which we call the relative Cuntz-Krieger algebras of a higher-rank graph. Our
main results are a gauge-invariant uniqueness theorem (Theorem 4.3.12) and a
Cuntz-Krieger uniqueness theorem (Theorem 4.5.2) for the relative Cuntz-Krieger
algebras of higher-rank graphs, and a graph-theoretic description of the lattice of
gauge-invariant ideals in the C*-algebra of a higher-rank graph (Theorem 5.3.8).

In order to discuss the ideas in this thesis, it is helpful first to review briefly
the development of the theory of graph C*-algebras, especially with respect to the
study of their ideal structure. We start in Section 1.1 by recalling the fundamental
theory of row-finite graphs and their C*-algebras, stating the theorems which we
intend to generalise.

This thesis studies the C*-algebras of higher-rank graphs, and our main task is
to extend the theory of higher-rank graph C*-algebras, which currently deals only
with row-finite higher-rank graphs, to the non-row-finite case. To introduce the
obstacles that our analysis must overcome, we go on to discuss in Section 1.2 the
problems which arose when the theory of ordinary directed graphs was extended
to include the non-row-finite case, and describe the solutions to these problems.
In Section 1.3 we discuss k-graphs and indicate what is known in the row-finite
case. In particular, we indicate how the theory of higher-rank graphs and their
C*-algebras parallels that of directed graphs, as well as indicating the key dif-
ferences between the two theories. In Section 1.4, we discuss how the theory of

13



14 1. INTRODUCTION

Cuntz-Krieger algebras of row-finite k-graphs has been extended to the non-row-
finite setting. In Section 1.5, we give a brief summary of the main results and
achievements of this thesis. In Section 1.6, we then give a more detailed overview

of the thesis and of how we achieve our goals.

1.1. Row-finite graphs and their C*-algebras

A directed graph E consists of a countable set EY of vertices, a countable
set B! of edges and range and source maps r,s : £ — E° which indicate the
directions of the edges. Enomoto and Watatani showed in [8] that the Cuntz-
Krieger algebras of finite (0,1)-matrices [6] have a natural interpretation as C*-
algebras associated to finite directed graphs. Groupoids were used to generalise
this theory to infinite graphs by Kumjian, Pask, Raeburn and Renault in [20]. To
make use of the existing theory of locally compact groupoids and their C*-algebras,
it was necessary to restrict attention to the locally finite graphs in which r—!(v)
and s~!(v) are both finite for all v € E° and to assume that the graphs have no
sources! in the sense that 7~!(v) is nonempty for all v € E°.

For a locally finite graph E with no sources, the Cuntz-Krieger algebra C*(FE)
is the universal C*-algebra generated by projections {p, : v € E°} and partial

isometries {s. : e € E'} satisfying s¥s. = py() for all e € E' and
(1.1.1) D eer—1() SeSe = py  forall v € EY;

such a family of projections and partial isometries is called a Cuntz-Krieger E-
family.

In [33, 34|, Renault described the ideal structure of the C*-algebra associated
to a locally compact groupoid G, and in particular formulated a hypothesis under
which the ideals of the C*-algebra correspond to easily identifiable subsets of the
unit space of the groupoid. In [20], Kumjian, Pask, Raeburn and Renault realised
the C*-algebra of a locally finite graph E as the C*-algebra associated to a locally
compact groupoid Gg of the sort studied in [33, 34|. They then showed that
Renault’s hypothesis for G was equivalent to a hypothesis on E which they called
Condition (K); namely that no vertex of E can lie on precisely one loop. When
E satisfies Condition (K), Renault’s theory of groupoid C*-algebras [33, 34] can
be used to describe the ideal structure of C*(E) in terms of the loop-structure

of E. Building on the analysis of [20], Kumjian, Pask and Raeburn formulated

fReaders who are familiar with graph algebras should note that this thesis follows the edge-
direction conventions of [18, 29, 30] where the partial isometry s. has the same direction as the
edge e; hence no sources here corresponds to no sinks in, for example, [20, 3, 23]
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the weaker Condition (L), which with our edge-direction convention says that
every loop in FE has an entrance. Theorem 3.7 of [19] says that when FE satisfies
Condition (L), every representation of C*(E) which is nonzero on all the vertex
projections is faithful. This is the typical form of what is known as a Cuntz-Krieger
uniqueness theorem — see Theorem 1.1.2 below for details.

In [3], Bates, Pask, Raeburn and Szymanski employed direct methods rather
than groupoid models to extend the structure theorems of [20, 19] to the row-
finite graphs in which r~!(v) is always finite, but s~!(v) may not be, and to
graphs which may contain sources. The generalisation from locally-finite to row-
finite graphs required no modification of the relations; the definition of C*(E) in
(20, 19] makes sense for row-finite graphs, and it was only the particular groupoid
model used to prove the uniqueness theorems of [20, 19] that required the locally-
finite hypothesis. On the other hand, allowing sources does require an adjustment
of the definition of C*(E). To see this, notice that if v is a source in E, then
r~!(v) is empty and hence (1.1.1) would force p, = 0. The solution in [3] was
to insist that (1.1.1) hold only when r~!(v) is nonempty, so that no relation is
imposed at sources. To obtain results about graphs with sources, [3] introduced
a construction called adding tails. Adding tails to an arbitrary row-finite directed
graph E produces a row-finite graph F' with no sources such that C*(FE) is a full
corner in C*(F) [3, Lemma 1.2]. The results of [3] were the first to apply to
arbitrary row-finite directed graphs, and we shall now discuss them.

Given a directed graph E, the path-space E* of E consists of all sequences
[ =ejes...e, of edges of E such that s(e;—1) = r(e;) for 2 < i < n. This definition
may seem back-to-front at first. To make sense of it, it is helpful to think of edges
e € E' as maps e : s(e) — r(e), so that the path e; ...e, can be thought of as the
composition map e; o ---oe, : s(e,) — r(e1). For p =ey...e, € E* we write s,
for the partial isometry s, Se, - - Se,, and we write s(u) for s(e,). It is shown in
[3, Equation (1.1)] that

(1.1.2) C*(F) =span{s,s, : p,v € E*,s(n) = s(v)}.

This spanning condition is crucial to the analysis of the Cuntz-Krieger algebra.
The universal property of C*(E) shows that there is a strongly continuous action
v of T on C*(E) such that v.(p,) = p, for all v € E° and v,(s.) = zs. for all
e € E' (see [3, page 309]); this action ~ is called the gauge action.

We can now state the first of the results in [3] which we intend to generalise in
this thesis: the gauge-invariant uniqueness theorem. The first version of the gauge-

invariant uniqueness theorem applied to C*-algebras generated by (0, 1)-matrices
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and was formulated and proved by an Huef and Raeburn in [16, Theorem 2.3].

The version given below is that found in [3].

THEOREM 1.1.1 ([3, Theorem 2.1]: The gauge-invariant uniqueness theorem).
Let E be a row-finite graph, let {S., P, : ¢ € E',v € E°} be a Cuntz-Krieger E-
family in B(H), and let ms p be the representation of C*(E) such that ms p(s.) = Se
and ws.p(py) = P, for alle € E' and v € E°. Suppose that each P, is nonzero and
that there is a strongly continuous action 3 of T on C*({S., P, : e € E',v € E°})
such that B, omgp = mgp o, for all z € T. Then mg p is faithful.

The second theorem from [3] which we wish to generalise is the Cuntz-Krieger
uniqueness theorem. In this result, the hypothesis that there exists an action (3
which implements the gauge action under 7g p is replaced by an extra structural
condition on the graph. Theorems of this type for Cuntz-Krieger algebras asso-
ciated to (0,1)-matrices date back to Cuntz and Krieger’s original analysis in [6],
and a version of this theorem for the C*-algebras of locally finite graphs appeared

in [19]. The version given below is once again from [3].

THEOREM 1.1.2 ([3, Theorem 3.1]: The Cuntz-Krieger uniqueness theorem).
Suppose that E is a row-finite graph which satisfies Condition (L), and that {S., P, :
e€ E',v e E° and {T.,Q, : ¢ € E*,v € E°} are two Cuntz-Krieger E-families
in which all the projections P, and @), are nonzero. Then there is an isomorphism
¢ of C*({Se, P, : e € E',v € E°}) onto C*({T.,Q, : ¢ € E',v € E°}) such that
#(S.) =T, and ¢(P,) = Q, for alle € E' and v € EV.

In this thesis, we prove versions of Theorems 1.1.1 and 1.1.2 for a collection of
C*-algebras which we call relative Cuntz-Krieger algebras associated to non-row-
finite higher-rank graphs. Our motivation for this was the study of the gauge-
invariant ideals in Cuntz-Krieger algebras of non-row-finite higher-rank graphs.
Specifically, the intention was to generalise Theorem 4.1 of [3] to the non-row-finite
higher-rank setting. Theorem 4.1 of [3] completely describes the gauge-invariant
ideals in C*(FE) for a row-finite graph E. To state this theorem, we need some
notation and terminology from [3, Section 4].

Given a set H C E° of vertices in E, we write I for the ideal in C*(E)
generated by the collection of projections {p, : v € H}; since all these projections
are fixed by the gauge action, Iy is always gauge-invariant. A set H C E° is
hereditary if e € E' and r(e) € H imply s(e) € H. A set H C E° is saturated
if whenever v € E° has the property that s(e) € H for all e € r~'(v), we have
veH.
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THEOREM 1.1.3 ([3, Theorem 4.1]: The gauge-invariant ideal structure). Let

E be a row-finite graph.

(a) The map H +— Iy is an isomorphism of the lattice of saturated hereditary
subsets of E° onto the lattice of closed gauge-invariant ideals of C*(E).

(b) Suppose that H C E° is saturated and hereditary. Let F be the graph
with vertices E°\ H and edges {e € E* : s(e) & H}. Then C*(E)/Ig is
canonically isomorphic to C*(F).

(c) If X is any hereditary subset of E° and G is the graph with vertices X
and edges {e € E' : r(e) € X}, then C*(G) is canonically isomorphic to
C*({se,py : € € GY v € X}), and this subalgebra is a full corner in the
ideal Ix.

1.2. (*-algebras of non-row-finite graphs

The problem of generalising the results of [3] to deal with Cuntz-Krieger al-
gebras associated to non-row-finite directed graphs is tricky because it is not im-
mediately clear how to define C*(E) when FE is not row-finite. If v € E° has
the property that 7—!(v) is infinite, then relation (1.1.1) contains an infinite sum
of projections that cannot converge in a C*-algebra. However, if no relationship
at all is imposed on the projections s.s* for e € r~'(v) when r~!(v) is infinite,
then the spanning condition (1.1.2) will fail, which has serious ramifications for
the structure of the resulting C*-algebra.

The solution to this problem was suggested by Fowler and Raeburn’s analysis
of the Toeplitz algebra of a Hilbert bimodule in [14]. Example 1.2 of [14] shows
how to construct a Hilbert bimodule X(FE) from a directed graph E with no
sources in such a way that if £ is row-finite then the representations and universal
algebras of £ and X (F) coincide. Theorem 4.1 of [14] shows that the Toeplitz
algebra Tx (g of the Hilbert bimodule X (£) is generated by a family of projections
{py : v € E°} and partial isometries {s. : e € E'} such that s’s. = ps() and such
that p, > > . pses; for all v € E° and all finite F' C r~'(v). Such a family
is called a Toeplitz-Cuntz-Krieger E-family. Theorem 4.1 of [14] shows that a
Toeplitz-Cuntz-Krieger E-family {s.,p, : e € E',v € E°} generates an isomorphic
copy of Tx(p) if and only if

(1) p, # 0 for all v € E%; and
(2) if v € E® and if F C r~'(v) is finite, then p, — >, g sas} # 0.
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Most signficantly, [14, Theorem 4.1] holds whether E is row-finite or not.

The uniqueness theorems for the Cuntz-Krieger algebras of row-finite graphs
are both based on [3, Corollary 2.4] which says that a Cuntz-Kreiger E-family
{Se;pv : € € E',v € E°} corresponds to a homomorphism of C*(E) which is
injective on the fixed point algebra C*(E)" for the gauge action if and only if it
satisfies (1) above. Hence Theorem 4.1 of [14] suggests how to define C*(FE) for a
non-row-finite directed graph E as follows. Suppose that v € E® and F C r~1(v)
have the property that there exists a Toeplitz-Cuntz-Krieger E-family {¢.,q, : ¢ €
E',v € E°} which satisfies (1) and in which ¢, — > __.t.t: = 0. Since {t.,q,}

satisfies (1), the corresponding homomorphism m; , should be injective on C*(E)".

ecF

But g, — > cptets will belong to m ,(C*(E)"), so m 4 can only be injective on
C*(E) if py — Y .cpSesi = 0 in every Cuntz-Krieger E-family {s.,p,}. It is
easy to see that if {s.,p,} satisfies (1), then p, — Y . ses: is nonzero whenever
either r~1(v) is infinite or 7=!(v) \ F is nonempty, but if ' = r~(v) is finite,
then p, — > ..y Ses; may be equal to zero. Hence [14, Theorem 4.1] suggests that
to define C*(E) for an arbitrary directed graph E, the appropriate analogue of
(1.1.1) is
Do > D g Sess  forall v € EY and finite F C 7' (v)
with equality when F' = r~*(v) is finite.

Fowler, Laca and Raeburn followed up on this suggestion in [12] using results of
Exel and Laca [9] to prove a version of the Cuntz-Krieger uniqueness theorem for
arbitrary directed graphs [12, Theorem 2].

The approach of [12] was simplified significantly by Raeburn and Szymariski in
[31] by viewing the C*-algebras of arbitrary graphs as direct limits of C*-algebras
of finite subgraphs. Using this direct limit approach, Raeburn and Szymanski
were also able to compute the K-theory of C*(FE). Theorem 2 of [12] together
with information about the structure of the algebras C*(FE) for arbitrary directed
graphs were also obtained independently using groupoids and inverse semigroups
by Paterson in [25, Theorem 4], and using category-theoretic methods by Spielberg
in [37, Theorem 3.15], confirming that the relations formulated in [12] were the
right ones.

Another approach to the study of the C*-algebras of arbitrary directed graphs
is presented by Drinen and Tomforde in [7]. Here, a construction called desingular-
i1sation is introduced. Desingularisation generalises the adding-a-tail construction

for eliminating sources in a row-finite graph. Given an arbitrary directed graph
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E the desingularisation of E is a row-finite graph F' with no sources such that
C*(F) is a full corner in C*(F'). The desingularised graph F satisfies conditions
(K) and (L) respectively if and only if E does, so [12, Theorem 2| for E follows
from [3, Theorem 3.1] for F' [7, Corollary 2.15].

The gauge-invariant ideal structure of C*(E) when F is not row-finite is more
complicated than when F is row-finite. Suppose that H is a saturated hereditary
subset of EY in the sense appropriate for non-row-finite graphs, and let ' be the
subgraph of E described in Theorem 1.1.3(b). If v € F is such that r—!(v) is
infinite in F but r~!(v) N F! is finite and nonempty, then relation (1.1.1) will not
hold at v in the family {s. + Iy, p, + Ig : € € F',v € F°}. Hence C*(E)/Iy will
not in general be isomorphic to C*(F).

The problem of identifying the gauge-invariant ideals of C*(FE) for a non-row-
finite graph F is solved by Bates, Hong, Raeburn and Szymanski in [2], as follows.
Let H be a saturated hereditary subset of E°, and let HA be the collection of all
vertices v in F” such that 7—!(v) is infinite in F but finite and nonempty in F. From
such data, Bates et al. construct a quotient graph, denoted E/H, by attaching a
source to I for each v in HA" and show that C*(E)/Iy is canonically isomorphic
to C*(E/H). Using this construction, they give a complete listing of the gauge-
invariant ideals in C*(FE) for an arbitrary directed graph F [2, Theorem 3.6]. Each
saturated hereditary subset H of EY gives rise to an ideal I in C*(FE) as before,
and also gives rise to an additional ideal Jy p for each subset B of Hi®. In [17],
Hong and Szymaniski built upon the results of [2] to give a complete graph-theoretic
description of the primitive ideal space of C*(E) and its hull-kernel topology.

Recent work of Muhly and Tomforde [23] provides another way of viewing
the quotients of C*(FE) by gauge-invariant ideals. Muhly and Tomforde define the
relative graph algebra C*(E, V) associated to a graph F and a subset V of E° to be
the universal algebra obtained by imposing relation (1.1.1) only at vertices which
belong to V' [23, Definition 3.2]. By attaching a source to E for every vertex in
V' [23, Definition 3.3], Muhly and Tomforde produce a graph Ey such that the
relative graph algebra C*(E, V) is canonically isomorphic to the graph algebra
C*(Ey). Putting V = H it is easy to see that the graph Ey of [23] is precisely
the quotient graph E/H of [2]. Hence the quotient of C*(E) by the ideal Iy,
which [2] shows to be isomorphic to C*(E/H), can be viewed instead as a relative

graph algebra associated to the subgraph F' of E described in Theorem 1.1.3(b).
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1.3. Row-finite higher-rank graphs

In [18], Kumjian and Pask introduced a new class of combinatorial objects
known as higher-rank or rank-k graphs, and affectionately known as k-graphs.
The C*-algebras associated to k-graphs in [18] generalise Robertson and Ste-
ger’s higher-rank Cuntz-Krieger algebras [35] in the same way that the graph
C*-algebras of [3] generalise the original Cuntz-Krieger algebras of [6].

Kumjian and Pask defined a k-graph to consist not just of vertices and edges,
but of all paths which can be obtained by concatenating edges. Each path A\ has
a range r(\) and a source s()\) in A°, and a degree d(\) in N*. This degree is the
higher-rank analogue of the length n of a path e;...e, in the path space E* of a
directed graph E. The higher-dimensional nature of paths in a k-graph is encoded
by the factorisation property: if A has degree m + n, then there are unique paths
w1 and v with degrees m and n respectively such that A = uv.

A 1-graph is therefore the path space E* of a directed graph E, rather than
just E itself. The factorisation property is automatic for 1-graphs; it says that for
e1---e, € ¥ and 0 < m < n, the paths ey ---e,, and e,,11 - - - e, are the unique
paths of lengths m and n — m such that e; ---e, = (e1---ep)(€mi1 - €n).

The analysis of the Cuntz-Krieger algebras of k-graphs in [18] is based on
groupoid methods as were the analyses of the Cuntz-Krieger algebras of directed
graphs in [20] and [19]. Modifications to the groupoid construction allowed
Kumjian and Pask to consider k-graphs which were row-finite, rather than lo-
cally finite. A k-graph A is row-finite if vA™ := {A € A : r(\) = v,d(\) = n} is
finite for all n € N* and v € A°. As in [20, 19] however, it is assumed that the
k-graphs in [18] have no sources, so vA™ is nonempty for all n and v.

For a k-graph A a Cuntz-Krieger A-family consists of a family of partial isome-
tries {t) : A € A} satisfying four Cuntz-Krieger relations. The vertices in a k-graph
A are regarded as paths of degree 0, so A° C A and hence the vertex projections
are denoted ¢, rather than p,. We describe the Cuntz-Krieger relations given in
Definition 1.5 of [18] in the same order as they appear there, motivating each one
with reference to the corresponding property for Cuntz-Krieger families associated
to directed graphs.

(i) Just as for directed graphs, relation (i) of [18, Definition 1.5] insists that
the partial isometries {t, : v € A’} are mutually orthogonal projections.
(ii) In a directed graph, the partial isometry associated to a path e;---e, in

E* is equal to the composition of partial isometries t., - - - t., by definition.
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In a Cuntz-Krieger family for a k-graph on the other hand, there already
exists a partial isometry associated to each path in A. Relation (ii) of
[18, Definition 1.5] insists that if the path A € A decomposes as the
concatenation of paths A = uv, then t\ = t,t,.

(iii) An easy induction on n shows that if F is a row-finite directed graph, p
a path of length n in E*, and {p,,s. : v € E°, e € F'} a Cuntz-Krieger
E-family, then s%s, = py(). Relation (iii) of [18, Definition 1.5] insists
that t1t\ =ty for all A € A.

(iv) Let E be a row-finite directed graph with no sources, let {p,,s. : v €
E% e € E'} be a Cuntz-Krieger E-family, let v € E° and let n € N,
Write vE™ for the collection of paths in £* with length n and range v.
Then an easy induction on n shows that p, = > pevpn SpSy,- The analogue
of (1.1.1) imposed by [18, Definition 1.5|(iv) is that

(1.3.1) ty = Z tyty  for each vertex v of A and each n € N¥.
A€vA™

The Cuntz-Krieger algebra C*(A) of a row-finite k-graph A with no sources
is by definition the C*-algebra generated by a universal Cuntz-Krieger A-family.
Kumjian and Pask showed that C*(A) always satisfies the analogue of (1.1.2),
namely that C*(A) = span{sys;, : d(A) = d(p)} [18, Lemma 3.1]. They also
showed that C*(A) carries a strongly continuous gauge action v of T*. Using this
gauge action, Kumjian and Pask proved a version of the gauge-invariant uniqueness
theorem for the C*-algebras of row-finite k-graphs with no sources.

Kumjian and Pask also formulated an aperiodicity condition (A) for higher-
rank graphs [18, Definition 4.3], and showed that if A satisfies Condition (A),
then a Cuntz-Krieger A-family {ty, : A\ € A} generates an isomorphic copy of
C*(A) if and only if ¢, is nonzero for each v € A°. They also produced graph-
theoretic conditions which ensure that C*(A) is simple [18, Proposition 4.8] and
purely infinite [18, Proposition 4.9]; C*(A) is always nuclear [18, Theorem 5.5].

In [29], Raeburn, Sims and Yeend generalised the results of [18] to cover some
row-finite k-graphs containing sources. This is less straightforward than for di-
rected graphs because vertices in a k-graph may receive edges of some degrees and
not of others. Thus there can be many different types of sources in a k-graph.
The results in [29] deal with k-graphs that are locally convex; that is, certain
configurations of sources are not permitted. For row-finite k-graphs which are not

locally convex, the definition of a Cuntz-Krieger family given in [29] is unsuitable
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because if A is row-finite but not locally convex then there exists a vertex v € A°
such that for any family {t, : A € A} satisfying the relations given in [29], ¢, = 0.
To see how vertex projections t, might be forced to be equal to zero, consider

the 1-graph E* arising from the directed graph
E
€ v f g

Taking n = 1 in (1.3.1) gives p, = > g1 SuS;, = ses; + sys}. However, since
e cannot be extended to a path of length two, applying the same relation with
n =2 says that p, = >_ . g2 Su8), = Syg8},, and it follows that s, = 0 and hence
Psey = 0. This is problematic for two reasons. Firstly, on a philosophical level,
the idea of Cuntz-Krieger algebras is that they should encode the structure of a
graph E in the C*-algebra C*(F). If portions of the graph are associated to the
zero element of C*(F), then the structure of these sections of the graph is not
present in the Cuntz-Krieger algebra. Secondly, on a technical level, the typical
uniqueness theorems for Cuntz-Krieger algebras apply to Cuntz-Krieger families
in which all the vertex projections are nonzero. Consequently the statements of
the uniqueness theorems would have to be more complicated to account for Cuntz-
Krieger algebras in which some of the vertex projections are necessarily equal to
Z€ero.

The problem of associating Cuntz-Krieger families to k-graphs with sources
in such a way that the vertex projections are all nonzero was addressed in [29]
by regarding paths such as e which “run out of puff” before reaching length 2
as having a length of 2 anyway for the purposes of the Cuntz-Krieger relation.
More formally, given a k-graph A and given n € N¥, Raecburn et al. write AS"
for the collection of paths A € A such that d(\) < n and there is no non-trivial
extension Ay of A such that d(Au) < n [29, Definition 3.1]. They write vAS" for
{N € A=": r()\) = v}. Relation (iv) of [29, Definition 3.1] is then that
(1.3.2) Sy = Z sysy  for all v € A® and all n € N*.

A€vASn

In the 1-graph drawn above, both e and fg belong to E<2, so that putting n = 2
in (1.3.2) gives s, = Y, p<2 S8}, = SeSp + 87457, Hence under (1.3.2), py(e) need
not be equal to zero.

In [29], Raeburn et al. use the AS" construction to analyse the C*-algebras of
locally convex row-finite k-graphs. They proved a version of the gauge-invariant
uniqueness theorem [29, Theorem 4.1], and they sharpened the aperiodicity Con-

dition (A) slightly to obtain their Condition (B) and a version of the Cuntz-Krieger
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uniqueness theorem for locally convex row-finite k-graphs [29, Theorem 4.3]. Using
these uniqueness theorems and the ideas of [3], they also showed that the gauge-
invariant ideals in C*(A) for locally convex row-finite k-graphs A correspond to
the appropriate higher-rank analogue of saturated hereditary subsets of A° [29,
Theorem 5.2].

For a 1-graph E, Condition (K) of [20] is equivalent to the statement that for
every saturated hereditary H C E°, the subgraph F\s™!(H) satisfies Condition (L)
of [19]. Hence the results of [20] can, in retrospect, be interpreted as stating that
if a row-finite graph F is such that the removal of any saturated hereditary set
H C E° yields a graph which satisfies Condition (L), then every ideal in C*(E)
is gauge-invariant. The higher-rank analogue of [2, Corollary 4.8] is proved for
row-finite locally convex k-graphs in [29, Theorem 5.3]. That is, if a row-finite
locally convex k-graph A is such that the removal of any saturated hereditary set
H C A° yields a k-graph satisfying [29, Condition (B)], then every ideal of C*(A)
is gauge-invariant.

For some k-graphs, even the AS" construction and (1.3.2) do not guarantee

that each s, is nonzero. Consider the 2-graph

*
|
(1.3.3) 'u"{ A
|
— < o
w A

where the solid path X has degree (1,0) and the dashed path p has degree (0,1).
Relation (1.3.2) with n = (1,0) says that t\t} = t,, and with n = (0, 1) it says that
tut?, = ty. On the other hand, both A and x belong to AS!Y)| so taking n = (1,1)
in (1.3.2) gives t\t} +t,t;, = t,,, and it follows that C*({ty : A € A}) = {0}. This
2-graph A is the prototypical example of a k-graph which is not locally convex,
and it is k-graphs such as this which are ruled out in [29].

1.4. Non-row-finite higher-rank graphs

Fowler and Sims demonstrated in [15] that k-graphs can be viewed as product
systems of directed graphs over the semigroup N¥. Following the program of
[14], Raeburn and Sims [28] studied the Toeplitz algebras of non-row-finite k-
graphs using Fowler’s work on the Toeplitz algebras of product systems of Hilbert
bimodules [11]. Specifically, they showed how to extend to the higher-rank setting
the construction of a Hilbert bimodule X (F) from a graph E developed in [14].
Given a k-graph A, Raeburn and Sims show in [28] how to produce a product
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system X (A) of Hilbert bimodules from A in such a way that when A is row-finite
and has no sources the representation theory of X (A) as studied in [11] matches
up with the representation theory of A as studied in [18].

To discuss the outcomes of [28], we must briefly describe Fowler’s results.
Given a product system X of Hilbert bimodules, Fowler initially associates to it
a Toeplitz algebra 7x and a Cuntz-Pimsner algebra Ox. His primary interest
is in the Toeplitz algebra, but to obtain a satisfactory uniqueness theorem, he
turns his attention to the quotient 7., (X) of 7x which is universal for what he
calls Nica covariant Toeplitz representations of X. For representations of general
product systems X of Hilbert bimodules, the definition of Nica covariance involves
infinite sums of partial isometries which can only converge in the strong operator
topology, so it makes no sense to talk about the universal C*-algebra generated
by such a representation. To avoid this problem, Fowler identifies the class of
compactly aligned product systems for which the Nica covariance condition only
involves finite sums.

To apply Fowler’s results to the Toeplitz algebras of non-row-finite k-graphs in
[28], Raeburn and Sims had to interpret the Nica covariance condition in terms
of Cuntz-Krieger families, and decide for which k-graphs A the product system
X(A) is compactly aligned. For a k-graph A, Fowler’s 7¢,, (X (A)) is the universal
algebra generated by a family of partial isometries {s;(\) : A € A} satisfying three
relations. To state them, we need to introduce some handy notation from [30].
Given paths A and p in a k-graph A, Raeburn et al. define A™"()\, i) to be the
collection of pairs (a, 3) which give rise to common extensions Ao = pf of A and
i such that the degree of A is equal to the least upper bound d(\) V d(u) of d(\)
and d(p) in N* [30, Definition 2.2]. The idea is that the notation A™® should
suggest the notion of minimal common extensions in A. With this A™® notation

in hand, we can state the Toeplitz-Cuntz-Krieger relations of [28]:

(TCK1) {s7(v):v € A%} is a collection of mutually orthogonal projections;
(TCK2) sr(A)sr(p) = sy (Ap) whenever s(\) = r(u); and
(TCK3) s7(A)*sr(1) = D _(ap)eaminr ) Loty for all A, p € A.

The first two of these relations are identical to relations (i) and (ii) from [18],
but (TCK3) is new to [28], and is precisely the relation needed to ensure that
the corresponding representation of 7., (X (A)) is Nica covariant. For row-finite
k-graphs and for arbitrary directed graphs, (TCK3) is a consequence of the usual
relations, but for non-row-finite k-graphs, it must be imposed separately. More-

over, for some non-row-finite k-graphs A™"(\ u) is infinite for some pairs \, .
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For such k-graphs (TCK3) involves an infinite sum of partial isometries which
cannot converge in the norm-topology. A k-graph A is said to be finitely aligned
if Amin()\; i) is always finite [28, Definition 5.3]. The finitely-aligned k-graphs are
precisely those which correspond to compactly aligned product systems of Hilbert
bimodules, and for these k-graphs (TCK3) is a C*-algebraic condition. For a fi-
nitely aligned k-graph A, we call 7o (X (A)) the Toeplitz algebra of A, and denote
it by 7C*(A).

The main result of [28] was a uniqueness theorem analogous to [14, Theo-
rem 4.1] for the Toeplitz algebras of finitely aligned k-graphs. Theorem 8.1 of [28]
says that given a finitely aligned k-graph A, a Toeplitz-Cuntz-Krieger A-family
{tx : XA € A} generates an isomorphic copy of 7C*(A) if and only if

(1) t, is nonzero for all v € A°; and
(2) T ep(ts — taty) is nonzero for all v € A? and finite £ C r~'(v) \ {v}.

As did the analogous result for directed graphs, Theorem 8.1 of [28] indicates
how to define the Cuntz-Krieger algebra of a finitely aligned — but not neces-
sarily row-finite — k-graph A. The idea is to decide for which sets £ C r~!(v)
there exist Toeplitz-Cuntz-Krieger A-families {t) : A € A} which satisfy (1), in
which [, p(ty — taty) = 0. The Cuntz-Krieger algebra C*(A) is then defined by
introducing a relation which insists that [], 5 (t, — txty) = 0 for all such E.

The idea suggested by [28, Theorem 8.1] was implemented by Raeburn, Sims
and Yeend in [30]. The sets E C r~!(v) for which there exist Toeplitz-Cuntz-
Krieger A-families satisfying (1) but in which [], 5 (t, — tAt3) = 0 were identified
in terms of the combinatorial structure of A, and were dubbed finite erhaustive
sets. A subset E of r~!(v) is exhaustive if for every path p with range v, there
exists a path A € F for which A™"()\, ;1) is nonempty.

The appropriate version of (1.1.1) for finitely aligned k-graphs is then

(CK)  Iliep(ts —taty) =0 whenever E C r~'(v) is a finite exhaustive set.

Though this relation looks quite different to its predecessors, it was shown in [30,
Appendix B| that the relations given in [30] are equivalent to those of [29] for
locally convex row-finite k-graphs, and are equivalent to those of [12] for arbitrary
directed graphs. Relation (CK) also has the great advantage that it associates
Cuntz-Krieger families in which all the vertex projections are nonzero even to
non-locally-convex k-graphs. To see why, notice that in the pathological non-

locally-convex k-graph (1.3.3), the only finite exhaustive subset of r~!(w) is the
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set {A, u}, so there is no relation forcing either #5t} = t,, or ¢,t;, = w. Hence the
C*-algebra associated to A in [30] does not collapse as did the one in [29].

Using relation (CK), Raeburn, Sims and Yeend proved versions of the gauge-
invariant uniqueness theorem [30, Theorem 4.2] and the Cuntz-Krieger uniqueness
theorem [30, Theorem 4.5] for finitely aligned k-graphs. However, the problem of
determining the ideal structure of C*(A) when A is not row-finite presents further

difficulties, and was not addressed in [30].

1.5. Main results of this thesis

The object of this thesis is to describe the gauge-invariant ideal structure of
the C*-algebras of finitely aligned k-graphs. Unfortunately it is not clear how
to generalise to non-row-finite k-graphs constructions such as the adding a tail
construction of [3], the desingularisation of [7], the quotient graph construction of
[2], and the construction of Ey in [23]. The problem is that whereas adding an
edge to a directed graph is a local operation which does not affect the structure
of the graph at a distance, adding an edge to a k-graph can have a global effect
because of the factorisation property.

The main innovation in this thesis is to study the quotients of a Cuntz-Krieger
algebra by first studying relative Cuntz-Krieger algebras associated to higher-rank
graphs. Given a k-graph A and a collection £ of finite exhaustive sets in A, the
relative Cuntz-Krieger algebra C*(A; &) is the universal C*-algebra generated by
a family {s¢(A) : A € A} which satisfy (TCK1)—-(TCK3), and which satisfy (CK)
at all finite exhaustive sets which belong to £.

The first of the main results of the thesis is Theorem 3.5.8, which gives ele-
mentary criteria for deciding, given any two families {t, : A € A} and {t} : A € A}
which satisfy (TCK1)-(TCK3), whether the images of the fixed point algebra for
the gauge action in 7C*(A) under the associated homomorphisms 7; and 7y are
isomorphic. This result is fairly straightforward: we prove it by modifying argu-
ments developed in joint work with Raeburn [28] and with Raeburn and Yeend
[30].

The next main achievement of this thesis is the development of versions of
the gauge-invariant uniqueness theorem (Theorem 4.3.12) and the Cuntz-Krieger
uniqueness theorem (Theorem 4.5.2) for relative Cuntz-Krieger algebras. Since
relative Cuntz-Krieger algebras are entirely new to this thesis, we must develop
new techniques to formulate and prove these uniqueness theorems. The general

idea is to use Theorem 3.5.8, but the key question which must be answered first is:
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at precisely which finite exhaustive sets £ will relation (CK) hold in a particular
relative Cuntz-Krieger algebra? The satiation € of a collection & of finite exhaus-
tive sets is the collection of all finite exhaustive sets at which (CK) holds in the
relative Cuntz-Krieger algebra C*(A; ). One of our key technical achievements is
a graph-theoretic characterisation of € (see Section 4.2 and Corollary 4.3.13).
Our last two main results, Theorem 5.3.8 and Theorem 5.4.2, achieve the overall
objective of the thesis. In Theorem 5.3.8, we use our gauge-invariant uniqueness
theorem to give a complete graph-theoretic description of the lattice of gauge-
invariant ideals in C*(A). In Theorem 5.4.2, we use our Cuntz-Krieger uniqueness
theorem to produce a structural condition on A under which every ideal in C*(A)

is gauge-invariant.
1.6. Overview of the thesis

Chapter 2. In this chapter, we provide a detailed discussion of k-graphs and
their properties. Here we present the basic definitions and notation which we will
use to discuss k-graphs later in the thesis. We indicate how to picture k-graphs
in terms of their 1-skeletons, and illustrate our key definitions using examples
described in terms of these 1-skeletons.

Chapter 3. Here we prove a C*-algebraic uniqueness theorem for the Toeplitz
algebra 7C*(A) of a k-graph A (Theorem 3.1.6). We proved a version of Theo-
rem 3.1.6 for product systems over general quasi-lattice ordered semigroups P in
joint work with Raeburn in [28, Theorem 8.1]. Taking P = N¥ gives an example
of a quasi-lattice ordered semigroup, and product systems of graphs over N* are
k-graphs [15, Example 1.3(iv)]. When P = N* Theorem 3.1.6 and [28, Theo-
rem 8.1] are equivalent. We give a new proof of Theorem 3.1.6 here rather than
appealing to [28, Theorem 8.1]. To explain why, it is necessary to describe first,
in broad terms, the difference between the two proofs.

The proof of [28, Theorem 8.1] appeals to Fowler’s spatial faithfulness theorem
for representations of product systems of bimodules [11, Theorem 7.1] to obtain
a faithful conditional expectation onto the diagonal subalgebra of the Toeplitz
algebra. The diagonal is the closed linear span of the range projections s7(\)sz(A)*
where \ ranges over all paths in the k-graph. The proof of [28, Theorem 8.1] then
proceeds by identifying finite-dimensional subalgebras of the diagonal, and using
these to characterise the representations of the Toeplitz algebra which are faithful
on the diagonal. A calculation-intensive technical argument shows that given

any representation m which is faithful on the diagonal, the expectation onto the
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diagonal in 7C*(A) is implemented by a well-defined linear map in 7(7C*(A)).
A standard argument (see, for example, [30, Proposition 4.1]) combines these
ingredients to prove [28, Theorem 8.1].

The proof of Theorem 3.1.6 given in this thesis, on the other hand, proceeds by
analysing the structure of the core, rather than the diagonal, in representations of
T C*(A). The core is the closed linear span of the partial isometries s (\)sz(u)*
such that d(\) = d(u). It is a standard consequence of the universal property of
T C*(A) that there is a gauge action of T* on the universal algebra, and that the
core is the fixed-point algebra for this action. The usual procedure for producing
a uniqueness theorem is to exploit the faithful conditional expectation onto the
core obtained by averaging over the gauge action. By showing that the core is AF,
we obtain elementary conditions under which a homomorphism 7 : 7C*(A) — A
is injective on the core. Calculations like those for the diagonal in [28] then show
that whenever 7 is faithful on the core, the expectation onto the core in 7C*(A)
is implemented by a well-defined linear map in 7(7 C*(A)). The argument of [30,
Proposition 4.1] then proves Theorem 3.1.6.

The reason for providing a new proof of Theorem 3.1.6 rather than appeal-
ing to [28, Theorem 8.1|, then, is that our technique explicitly identifies finite-
dimensional subalgebras of the core along with families of matrix units for them.
We prove that the core is AF by giving formulas in terms of matrix units for the
inclusion maps of nested finite-dimensional algebras. The existence of the gauge
action, the existence of a faithful conditional expectation onto the core, and the
AF structure of the core all descend from 7 C*(A) to the relative Cuntz-Krieger
algebras studied later, whereas the methods used to obtain a faithful conditional
expectation onto the diagonal in 7C*(A) do not carry over easily to relative Cuntz-
Krieger algebras. In particular our technique for proving Theorem 3.1.6 provides
us with Theorem 3.5.8 which is one of the main tools we use to prove our unique-
ness theorems for relative Cuntz-Krieger algebras later on. Theorem 3.5.8 gives us
elementary criteria for deciding whether the images of the core of 7C*(A) under
two homomorphisms 7 and 7" are isomorphic. Thus, for the purposes of this thesis,
the proof of Theorem 3.1.6 given here is superior to that of [28, Theorem 8.1].

Chapter 4. In Chapter 4, we investigate the relative Cuntz-Krieger algebras
associated to a k-graph A, with the intention of paralleling the theory of relative
Cuntz-Pimsner algebras for Hilbert bimodules (see [22]), and of the quotients of
Cuntz-Pimsner algebras by gauge-invariant ideals (see [13]). The relative Cuntz-

Krieger algebras associated to a k-graph A are each determined by a collection
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E C FE(A), where FE(A) denotes the collection of all finite exhaustive sets in A.
Given such a collection &£, we call a collection of partial isometries {¢) : A € A}
which satisfy (TCK1)-(TCK3) and satisfy (CK) at all finite exhaustive sets E
which belong to £ a relative Cuntz-Krieger (A;E)-family. The relative Cuntz-
Krieger algebra C*(A; £) is the universal C*-algebra generated by a relative Cuntz-
Krieger (A;&)-family; we denote the universal generating Cuntz-Krieger (A;E)-
family in C*(A;E) by {se(N) : A € A}

The universal property of C*(A;E) guarantees the existence of a gauge action
of T*, and averaging over this action gives an expectation onto the core. To analyse
the core, we apply Theorem 3.5.8 to compare the image of the core of 7C*(A) under
the canonical homomorphism 77, from 7C*(A) to C*(A; €) with the image of the
core under the homomorphism 77 determined by any other relative Cuntz-Krieger
(A; E)-family. To do this, we need to: (1) show that all the vertex projections
are nonzero in C*(A;€); and (2) decide which gap projections [, p (se(v) —
se(A)se(N)*) are nonzero in C*(A; €).

To achieve (1) and (2), we identify the satiation € of € (see Definition 4.2.3 and
Lemma 4.2.13). The satiation of £ is a collection of finite exhaustive sets which
contains £ and has the property that if {¢, : A\ € A} is a relative Cuntz-Krieger
(A; €)-family and E C 77! (v) belongs to &, then [], p(t, — tAt}) = 0.

We use & to adapt the infinite path space representation (see for example [18,
Proposition 2.11] or [30, Proposition 2.12]) to give a concrete representation g,
of C*(A; €), called the E-relative boundary-path space representation. The point is
that we can check directly that for a finite exhaustive set £ C r~!(v) which does
not belong to &, we have mg, ([,cp(se(v) — se(A)se(N)*)) # 0 (see Lemma 4.3.9).
We conclude from this that (CK) holds in C*(A;€) at a finite exhaustive set
FE if and only if E belongs to &£, and obtain from this result a necessary and
sufficient condition for a homomorphism of C*(A;E&) to be injective on the core
(Corollary 4.3.13).

Corollary 4.3.13 is the first ingredient needed to obtain a uniqueness theorem
for C*(A;E). The other ingredient required is a condition under which, given a
homomorphism 7 : C*(A;E) — A, the expectation onto the core in C*(A;€) is
implemented by a well-defined linear map on A. For a gauge-invariant uniqueness
theorem, the condition imposed is that there exists an action 6 of T* on A such
that 7 is equivariant in the gauge action and 6; averaging over 6 gives the required

linear map. Hence our gauge-invariant uniqueness theorem, Theorem 4.3.12 says
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that if 7 satisfies the hypotheses of Corollary 4.3.13, and if there is an action 6 of
T* on A such that §, om = m o, for all z € T*, then 7 is faithful.

When £ is empty, so is &, so (CK) is imposed nowhere. In this case we recover
the Toeplitz algebra as C*(&;0). When & is all of FE(A), we obtain the Cuntz-
Krieger algebra C*(A) of [30] as C*(A;FE(A)). In this case, a representation
satisfies the hypotheses of Corollary 4.3.13 if and only if it is nonzero on all the
vertex projections. Hence we recover the gauge-invariant uniqueness theorem for
C*(A) [30, Corollary 4.3] as a special case of Theorem 4.3.12.

In Section 4.5, we describe an aperiodicity-style condition which we denote
Condition (C). Condition (C) is analogous to the aperiodicity Condition (B) of
[30]. We prove a version of the Cuntz-Krieger uniqueness theorem, Theorem 4.5.2
which says that if the pair (A, ) satisfies Condition (C), then a relative Cuntz-
Krieger (A;E)-family {t, : A € A} generates an isomorphic copy of C*(A;€) if
and only if it satisfies the hypotheses of Corollary 4.3.13. When £ = () so that
C*(A;€) = C*(A), Condition (C) is formally weaker than [30, Condition (B)] so
that our Cuntz-Krieger uniqueness theorem is formally stronger than [30, Theo-
rem 4.5]. However, we do not have any examples of k-graphs A for which Theo-
rem 4.6.5 is applicable but [30, Theorem 4.5] is not, and it seems likely that the
two theorems are in fact equivalent.

In Sections 4.7 and 4.8, we use the gauge-invariant uniqueness theorem to
show how to obtain a homomorphism which is injective on all of C*(A;E) from
any homomorphism which is injective on the core by augmenting the representa-
tion. In particular, augmenting the £-relative boundary-path space representation
produces a faithful representation of any C*(A; &) on Hilbert space. The effect of
this augmentation is trivial on the core.

Chapter 5. In Chapter 5, we consider ideals and quotients of C*(A). We
define a notion of a saturated hereditary set which ensures that if H C A° is
saturated and hereditary and Iy is the ideal in C*(A) generated by {t, : v € H},
then the set of vertices w € A® such that t,, € Iy is precisely H. Hence the ideals
Iy associated to saturated hereditary sets H C A° are distinct ideals of C*(A).
We show that the collection r~'(H) := {\ € A : r(\) € H} is a sub-k-graph of A
and that I contains C*(r~*(H)) as a full corner.

We then use our gauge-invariant uniqueness theorem for C*(A; £) to prove that
the quotient algebra C*(A)/Iy is canonically isomorphic to the relative Cuntz-
Krieger algebra C*(A \ AH;Ey) where A\ AH is the subgraph of A consisting

of paths whose source does not belong to H, and £y is an appropriate subset of
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FE(A\ AH) (see Definition 5.2.2 for details). We show that collections B of finite
exhaustive sets in 71 (A°\ H) \ €y for which £y U B is its own satiation (that is,
&€y U B = &4 U B) are in bijective correspondence with the gauge-invariant ideals
in C*(A) /Iy which contain no vertex projections. Such collections B therefore give
rise to gauge-invariant ideals Jy g in C*(A) such that Iy C Jg . We describe a
bijection between pairs (H, B) as above and gauge-invariant ideals of C*(A), and
describe the partial order < on pairs (H, B) which corresponds to the inclusion
relation on gauge-invariant ideals.

Using Condition (C), we give a condition under which every ideal in C*(A)
is gauge-invariant. We say that a k-graph A satisfies Condition (D) if for any
saturated hereditary set H C A and any set B C FE(A \ AH) \ &y for which
Ex U B is its own satiation, the pair (A\ AH, £y ) satisfies Condition (C). We show
that if A satisfies Condition (D), then every ideal of C*(A) is gauge-invariant.

Chapter 6. In Chapter 6, we investigate conditions on a k-graph A under
which C*(A) is simple, purely infinite and nuclear. We show that all the relative
Cuntz-Krieger algebras studied in this thesis are nuclear C*-algebras. We show
that if A satisfies Condition (C) then C*(A) is simple if and only if A is cofinal.
Finally, we show that if A satisfies Condition (C) and every vertex of A can be
reached from a loop with an entrance in A, then every hereditary subalgebra of
C*(A) contains an infinite projection; when C*(A) is simple, this is precisely the
definition of pure infinity.

The nuclearity of C*(A; €) follows immediately from a general result of Quigg
on coactions. To prove our simplicity and pure infinity results, however, we
draw heavily upon the corresponding arguments from [3] for row-finite directed
graphs. The technical difficulties involved in generalising these arguments to
finitely-aligned k-graphs are substantial. However, the description of the core
of C*(A) developed in [30] allows us to overcome these technical difficulties very

neatly, and the proofs of [3] end up carrying over quite smoothly to our setting.

1.7. Connections with other work

The analysis of the algebras M{;, in Sections 3.4 and 3.5 is adapted directly
from joint work with Raeburn and Yeend in [30, Section 3]; the formulation of the
Cuntz-Krieger relation (CK) is a result of the same joint work, while Section 4.9
is taken more or less verbatim from [30, Appendix A]. Additionally, Lemma 4.2.1
and Lemma 4.2.7 both appear in Appendix C of the same paper (|30, Lemma C.6]
and [30, Lemma C.4] respectively).
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The definition of a Toeplitz-Cuntz-Krieger family (Definition 3.1.1), the analy-
sis of the diagonal in Section 3.3, and the material in Section 3.7 on the path-space
representation all come from joint work with Raeburn in [28]. Theorem 3.1.6 is a
special case of [28, Theorem 8.1], though our proof is different from the one given
there.

I would like to make special mention of Trent Yeend’s contributions to the
proof of the technical Lemma 4.3.9, which is crucial to the main results of Chapters
4 and 5. Firstly, I am very grateful to Trent for providing me with a preprint of
[10]. The technique of employing a diagonal listing of {s()\;)€ : i € N} used in the
constructions of £-relative boundary paths for both parts of Lemma 4.3.9 is due
to Trent and can be found in [10, Lemma 3.9]. Additionally, [10, Lemma 1.5] is
a key ingredient in the proof of statement (2) of Lemma 4.3.9. Secondly, I thank
Trent for his insightful input into many discussions along the road to a proof of
statement (2) of Lemma 4.3.9.



CHAPTER 2

Basic definitions

In this chapter, we define k-graphs, establish notation for dealing with them,
and spend some time investigating their structure and a variety of their combina-
torial properties. We begin with a few preliminary concepts.

By a graph, we mean a quadruple (E°, E' r s), where E° is the countable
vertex set and E! is the countable edge set, and where 7,5 : E'* — EY are the
range and source maps which give the edges their direction. Pictorially, E° is a
collection of dots or vertices, E' is a collection of arrows joining the dots, and r,
s indicate the direction of these arrows, so that the arrow e € E' points from s(e)
to r(e).

We regard N* as a monoid under addition, with additive identity denoted 0.
We denote the standard generators of N* by e, s, ..., e, (the same symbols are
sometimes used to denote sequences of edges in a directed graph, but it is always
clear from context which meaning they have in any given situation). We write
< for the partial order on N* given by m < n if and only if n — m € NF, and
we write m < n when n —m € N*¥\ {0}. For n € N¥ we write n; for the 't
coordinate of n; that is, n = Zle nie;. For m,n € N¥_ we write m V n for
their coordinate-wise maximum, and m A n for their coordinate-wise minimum; so
(mVn); = max{m;,n;}, and (m An); = min{m,,n;}. For n € N*¥ we write |n| for
the length Zle n; of n.

2.1. Basics of categories

The notion of a k-graph is best formulated in terms of category theory, so we
establish the basic notation before proceeding. The following definitions are taken
from Chapter 1 of [21].

DEFINITION 2.1.1. A category C is a sextuplet (Obj(C), Mor(C), dom, cod, id, o)
consisting of
e the object and morphism sets Obj(C) and Mor(C),
e the domain and codomain functions dom, cod : Mor(C) — Obj(C),
e the identity function id : Obj(C) — Mor(C), and
33
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e the composition function o : Mor(C) Xopjcy Mor(C) — Mor(C), where
Mor(C) Xowje) Mor(C) = {(g, f) € Mor(C)? : dom(g) = cod(f)} is the
collection of all composable pairs in Mor(C),

which satisfies

e dom(id(a)) = a = cod(id(a)) for all a € Obj(C),

e dom(f o g) = dom(g) and cod(f o g) = cod(f) for all pairs (f,g) €
MOI‘(C) X 0bj(C) MOI"( ),

e the unit law: id(cod(f)) o f = f = foid(dom(f)) for all f € Mor(C),

e associatiity: (fog)oh= fo(goh).
C)

We say that C is countable if Mor(C) is countable.

One regards the morphisms Mor(C) as arrows connecting objects, and compo-
sition as concatenation of arrows, read right to left. In practise, we will drop the

o in compositions, and write fg for f o g.

EXAMPLE 2.1.2. We can think of a monoid (S,e,-) as (the morphisms of) a
category C with a single object o; that is Obj(C) = {0}, Mor(C) = S, dom(s) =
cod(s) =ofor all s € S,id(0o) =e, and sot = s-1.

DEFINITION 2.1.3. A covariant functor T from a category C to a category B
is a pair of functions (both denoted T'): an object function T : Obj(C) — Obj(B)
and a morphism function 7" : Mor(C) — Mor(B) satisfying

e dom(7(f)) = T(dom(f)) and cod(T(f)) = T'(cod(f)) for all f € Mor(C),
e T'(id(0)) = id(T'(0)) for all 0o € Obj(C),
o I'(f)oT(g) =T(f og) for all (f,g) € Mor(C) Xonjc)y Mor(C).

REMARK 2.1.4. One can also define contravariant functors between categories
which reverse the direction of composition (see [21, §I1.2]). However for the pur-
poses of this thesis it will suffice to consider only covariant functors, and from this

point forward, we will refer to covariant functors simply as functors.

Informally, a functor between categories is a map from the arrows in one cat-
egory to the arrows in the other which preserves connectivity. The object map is
redundant since it is determined by the morphism map restricted to the identity

morphisms.
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EXAMPLE 2.1.5. Let E = (E°, E',r, s) be a directed graph, and let E* denote
the collection of all paths in E; that is

E*=E"U{eies---e,:ne€N,e; € B r(eiy1) = s(e;) forall i <n — 1}
Define dom, cod : E* — E° as follows. For ey ---¢e, € E*\ EY, let dom(e; - - - e,) :=
s(e,) and let cod(ey - --e,) :=r(e1). For v € E° C E*, let cod(v) = dom(v) = v.
Define id : EY — E* to be the inclusion map v +— v. Finally, define o : E* X go E* —
E* as follows: for (e1---en, fi- - fm) € E* Xgo E*, and v = s(e,),w = r(ey) €
E° C E*, define

€1 a0 fi- e f =1 eufi- o i and
WOep €y =€ €y =:€ €, 00.
Then E* := (E°, E*, dom, cod, id, o) is a category, called the free category generated
by E. There is a functor [, called the length functor, from E* to the semigroup

(N, +) regarded as a category as in Example 2.1.2 which satisfies I(v) = 0 for
veEECE* and l(e;---e,) =nfore e, € E*

2.2. Higher-rank graphs: basic notation

DEFINITION 2.2.1. Let £ € N\ {0}. A k-graph is a pair (A, d) where A is a
countable category and d is a functor from A to N* (regarding N¥ as a category as
in Example 2.1.2) which satisfies the factorisation property:

For all A € Mor(A) and all m,n € N* such that d(\) = m + n,
there exist unique morphisms g and v in Mor(A) such that d(u) = m,

d(v) =n and A = pv.

See Section 2.3 for more details about the structure of k-graphs. If A € Mor(A)
with d(A) = [, and 0 < m < n < [, then two applications of the factorisation
property ensure that there exist unique elements X', A", A € Mor(A) such that
d(N) =m, d(\") = n—m and d(\") = | — n and such that A = M\"\". We
denote \” by A(m,n) (hence X is denoted A(0,m) and X" is denoted A(n,1)).

If m,n € N¥ are not less than or equal to d()\), then A\(m,n) := A(mAd()\),nA
d(X)). Since we are regarding k-graphs as generalised graphs, we refer to elements

of Mor(A) as paths and we write r and s for the codomain and domain maps.

EXAMPLE 2.2.2. A 1-graph (A, d) (that is, k = 1) is just the free category E*
generated by the directed graph

(E° := Obj(A), E' :=d'(1),7 := cod | g1, s := dom | z1).
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In this context the factorisation property is automatic: it boils down to the state-
ment that given A = e;...e, € E* the sequence (e, es,...,e,) is the unique
sequence of edges in E' such that A = e;---¢,. Under the notation just estab-
lished, we have e; = A(i — 1,4) for all 1 <1i < n.

EXAMPLE 2.2.3. Let k € N\ {0}, and m € (NU {co})*. Define
Obj(Qpm) := {n € N¥ : n; < mj for all 4}
Mor(£2,m) = {(n1,n2) € Obj(Qym) x Obj(Qkm) 1 01 < no}
cod((ny,n2)) :=m dom((nq,n2)) := no.

For ny < ny < ng € Obj(Qm), we define id(ny) = (n1,n1) and (ny,ng) o
(ng,n3) = (n1,n3). Then Q,, is a countable category. If we further define

d((n1,n2)) := (ng — ny), then (Qy ,, d) becomes a k-graph.

Let (A,d) be a k-graph. Since the degree map d is a functor, and since N*
has just one object o, we have d(id(v)) = id(d(v)) = id(0) = 0 for every object
v € Obj(A). Fix v € Obj(A), and suppose that A # id(v) is a morphism of
degree 0 with range v. Since 0 = 0 + 0, the factorisation property then insists
that there exist unique morphisms u, v € Mor(A) such that d(u) = d(v) = 0
and pr = A. Both p = id(v),¥r = XA and p = A\, v = id(dom(\)) provide such
factorisations, so the uniqueness of factorisations ensures that A = id(v); that is
{\ € Mor(A) : d(A) = 0} = {id(v) : v € Obj(A)}. Consequently, we will identify
Obj(A) with {\ € Mor(A) : d(\) = 0}. Since we are then able to regard Obj(A)
as a subset of Mor(A), we will think of A as consisting entirely of its morphisms,
and will henceforth write A € A in place of A € Mor(A).

If A\ € Aand n < d(A) then A(n,n) = s(A0,n)) = (A(n,d(N)). We will
abbreviate this to A(n) := A(n,n).

In analogy with the path-space notation for 1-graphs, we will write

A" :={ e A:d(\) =n};
hence A” = {\ € A : d()\) = 0}, and we regard this as the set of vertices of A under
the identification of Obj(A) with A® described above. Abusing notation slightly,
given A € A and £ C A, we write AE for the set {A\u : p € E,;r(p) = s(\)}
and EX for the set {u\ : p € E,s(u) = r(\)}. In particular if v € A°) then
vE={A e E:r(\)=v}and Ev={\€ E:s(\) =v}.

We will generally use lower-case greek letters (A, u,v,0,7,...) for paths in
A\ A° although we reserve § for the Kronecker delta, and we reserve ~y for the

gauge action. We use english letters (u,v,w,...) for elements of A°.
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2.3. Higher-rank graphs from 1-skeletons

When studying k-graphs, and particularly when describing examples, it is
helpful to think in terms of 1l-skeletons as in [30, Section 2|. Let (A,d) be a
k-graph, and for each pair of distinct generators e;,e; of N¥| define a bijection
T;; @ A% xp0 A% — A% xp0 A% as follows: for (A, pu) € A% X0 A%, we define
T; ;(A, i) to be the unique pair (o,7) € A% x,0 A% provided by the factorisa-
tion property such that Ap = o7. Using the notation established in the previous

section, we can rewrite this as

Tig (A ) i= (M) (0, €5), (M) (ej, €i + €;)).

Example 1.5(iv), Theorem 2.1 and Theorem 2.2 of [15] combine to show that
every k-graph A is completely determined by its coordinate graphs {(A°, A% r,s) :
1 <i <k}, and the bijections T} ; : A% X0 A% — A% x 0 A% described above.

We picture this by drawing the 1-skeleton of A, which is the graph with vertex
set A and edges Ule A% with edges of different degrees distinguished using &
different colours. In the pictures here, solid edges have degree e;, dashed edges
have degree ey, and dotted edges have degree e3. We will not need any examples
with k > 3 at this stage; as we will soon discover, the 1-skeletons of 3-graphs are

basically as complicated as the situation ever gets.
EXAMPLE 2.3.1. The 1-skeleton of the 2-graph (2 (3 9) is
L e B e
(072)| (172)| (272)| (372)

0,11 (1,1); (2,1)) (3,1)

| ! ! l

‘—@——‘———(——‘——(———‘

(0,0)  (1,0) (2,0) (3,0)
Furthermore, )5 32y is the unique 2-graph with this 1-skeleton since there is a
unique bijection 775 @ A® Xpgo A — A® xpgo A® that preserves ranges and

sources.

It is not generally the case that a k-graph is completely determined by its
1-skeleton. Some 1-skeletons do not correspond to any k-graph, while other 1-
skeletons correspond to many different k-graphs. The missing information is
the factorisation property which is specified in terms of bi-coloured paths and
bi-coloured squares.

The bi-coloured paths in a 1-skeleton are pairs (A, i) of edges of different colours
such that s(\) = (). If d(A\) = e; and d(p) = e, then the pair (A, 1) corresponds
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to the path Ap of degree e; +e¢;, and the factorisation property requires that there
exist a unique pair (¢, \') € A% X0 A% such that /N = Ap. We write (A, p) for
the bi-coloured path rather than writing A because (A, u) and (¢, \') are distinct
bi-coloured paths in the 1-skeleton of A even though they correspond to the same
path A = (/N € A. Pictorially, the pairing of (A, 1) with (¢/, ') corresponds to a
commuting diagram in A called a bi-coloured square like the square {(e, g), (f, h)}

labelled in the 1-skeleton of €2y 32y shown below:

The factorisation property says that the collection S of bi-coloured squares thus
obtained is such that every bi-coloured path occurs in exactly one bi-coloured
square.

It is proved in Theorems 2.1 and 2.2 of [15] that the 1-skeleton E of A together
with the collection S of bi-coloured squares of ' completely determine A. Hence,
given a l-skeleton E and a collection S of bi-coloured squares such that every
bi-coloured path appears in exactly one bi-coloured square, there is at most one
k-graph with 1-skeleton E and bi-coloured squares S. For k = 2, no additional
conditions are required [18, Section 6], and there is always exactly one 2-graph
with 1-skeleton E and bi-coloured squares S. For k > 3, an associativity condition
is required of the collection S of bi-coloured squares. Suppose that A, u, o are edges
in £ with d(\) = e;, d(11) = e; and d(0) = e; where 1, j, [ are distinct elements of
{1,...,k}, and suppose that s(\) = r(u) and s(u) = (o). There are two ways in

which one can produce a factorisation of the path Apo in A X0 A% X po A%

el e
i - 2 P Mo <" o :
~~ /;1 : - : ;
-~ -~ -~
«_ - o ' : :
- T - Yo @ O1y Yo
: A : : : : :
(231) v . on .,
o2 ol i ? M1 _ - P
- lu . - Ps ,LL
e *F e
A A

(1) We could proceed as in the picture on the left of (2.3.1). That is, use the
bi-coloured square containing p and o on the right-hand face of the cube

to replace po with o'p!, then use the bi-coloured square containing A and
H M
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o' on the front face of the cube to replace Aot with o2\!, and finally use
the bi-coloured square containing \' and p! on the top face of the cube
to replace A u! with p?\2.

(2) We could proceed as in the picture on the right of (2.3.1). That is, first
replace Ay with gy Ay using the bottom bi-coloured square, then Ajo with
o1 in the back bi-coloured square, and finally use the left bi-coloured

square to replace pyo1 with oopis.
These two procedures give us two factorisations in A% X0 A% X0 A% of the path
Apo, namely
o212 N2 = Ao = oo )s.
Theorems 2.1 and 2.2 of [15] together with [15, Example 1.5(iv)] show that for
k > 3, a l-skeleton E and a collection S of bi-coloured squares in E determine a

k-graph if and only if the collection S is such that in all diagrams like (2.3.1), we

have A2 = o, 2 = pi9, and o2 = 05.

EXAMPLE 2.3.2. There is precisely one 2-graph A corresponding to the follow-

ing 1-skeleton.

ooy -~ N , ~
// \ A / \\
U (%
/ 1% \
N s N _ 7Ty

This is because the only bi-coloured paths are (X, 09), (00, i), (14, 70) and (79, ), so

the only possible choice of bi-coloured squares available is

S = {{(/\a 0-0)’ (7—07 )‘)}’ {<0-0’ ”)7 (M? TO>}}'

Since k = 2, this choice automatically corresponds to a unique 2-graph with 1-
skeleton E and bi-coloured squares S. With this information, we can see that the

unique element p € uA®Yy corresponds to the commuting diagram

(O D S I )

Ot
| | | |
ogY ToY ogY ToY
| | I |

O—<—0@—<—0@—<—0
WD N u B v
and we can read off its factorisations from this diagram: p = pAury = proou =

IToAl = TopUALL.
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ExaAMPLE 2.3.3. If we add extra edges to the 1-skeleton in Example 2.3.2, we

may have to make a choice. For example, in the 1-skeleton

o1~ ~ - ~ .
4 - =\ /=~ \
/ 0_0// \\\ /// \\ \
/ \ /4 \

/ \

A A u/ \U A A
\ /
\ /

\ N /// H \\\ 7T /
\ \_/// \\\_/ 0o

\\ ~ ~ //7'1

there are four possible bi-coloured paths from u to v, and we have to decide how to
pair these off into bi-coloured squares: either {(\, 0;), (1;, A)} or {(A, 03), (T1—4, A) }.
Likewise, the bi-coloured paths from v to u can be paired off in two ways: either
{(, 1), (03, 1)} or {(p, 1), (01-4,1)}. Consequently, there are four possible 2-
graphs with 1-skeleton E, one corresponding to each of the choices of bi-coloured

squares above.

ExXAMPLE 2.3.4. If we add a third dimension to our example, then we need to

worry about the tri-coloured cubes as well. Consider the 1-skeleton

1.~ N e N
,/ 00///‘..\.\_\\ //_//A—\\\ N
/ ;o \ I - \ \
SRR S (R S
\ AR o 2 \'\._,6// ;
N -_ ~___"T0o ,
\\\ /// \\\ ///7_1

The choices of bi-coloured squares containing (A, o;), (7, A), (i, 7)) and (o, p) are
as in Example 2.3.3, and there is only one way to pair the bi-coloured pairs con-
taining one dotted and one solid edge, namely {(\, &), (5, \)} and {(u, 5), (o, 1)}
However, the bi-coloured loops based at each of u and v can be paired in two

possible ways: we have either

{(giva)’ (a’gi)} or {(Uiva)v (aaal—i)}

based at u and either

{(7,8),(B,7)}  or {(7,8),(8,11-4)}

based at v. Consequently, it would appear at first sight that there are 2* = 16
possible 3-graphs with the above 1-skeleton. However, closer inspection reveals
that if, for example, we take {(0;, @), (o, 0;)} at w, {(7, ), (8, 71-;)} at v and take
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{(\,0:), (15, A) } in between, the factorisations of Mooy as in (2.3.1) are

Qog—opQ AT >ToA Aa— O
— Aop«

ooy —"" oA —" 1A\ and

Aaoy ganily BAog Moo BToA procmi T1OA.
Since these are not consistent, this is not a valid choice of S. Similar calculations
for other choices of S show that in order for the associativity condition to hold, we
must have {(o;, @), (a,0)} in S if and only if {(7;, ), (8, 7:)} is in S, and that this
suffices to ensure that the associativity condition holds for all tri-coloured cubes.
It follows that precisely eight of the sixteen possible choices of S give rise to a

valid 3-graph with the given 1-skeleton.

2.4. Further definitions

In this section we define some important properties of k-graphs. These defin-
itions are fundamental to the rest of the thesis, so we take the time to illustrate

them using 1-skeletons.

DEFINITION 2.4.1. Let (A, d) be a k-graph, and suppose that p, v € A. We say
that A € A is a common extension of p and v if A(0,d(n)) = p and A(0,d(v)) = v
(it necessarily follows that d(\) > d(u) V d(v)). We call A\ a minimal common
extension of p and v if it is a common extension of p and v and also satisfies
d(A) = d(pn) vV d(v). We denote the collection of all minimal common extensions of

p and v by MCE(y, v), and we use the notation A™" (1, v) for the collection
A" () = {(a, B) € A x A : pa = v € MCE(p, v)}.
If EC A and p € A, then Exty(u; E) denotes the set
Usep{B € s(u)A : there exists o € s(A)A such that (o, 3) € A™ (X, p)}

of minimal common extendors of p with respect to elements of E. Usually the

k-graph A is clear from context, in which case we just write Ext(\; E) rather than
Exty(A; E).
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EXAMPLE 2.4.2. Consider the unique 2-graph (A, d) with 1-skeleton

We have that Aon; = uf;¢; for all i, that Ao'n, = p0;(] for all 4, and that Aa; = pf;
for all 7; hence each Aom;, each Ao'n, and each Aa; is a common extension of A
and p. We have d(A\) V d(p) = (1,1) = d(Aay) for all 4, so

MCE(\, p) = {Aa; ;i € N} and  A™"(\ u) = {(i, 3) : i € N}.

It follows that Ext(u; {\}) = {0 : i € N}, and Ext(o;{ca; :i € I}) ={n; : 1 € I}
for all I € N. Not all pairs of paths with the same range have any common
extensions: A™(\, p') = A™(N | 1) = 0.

DEFINITION 2.4.3. Let (A, d) be a k-graph and let £ C A. We say that F is
ezhaustive if E C vA for some v € A” and for each A € vA there exists u € F
such that MCE(\, u) # (). If E is also finite, we say E is finite ezhaustive. By a
slight abuse of notation, for each £ C A such that E is exhaustive, we r(E) for
the unique v € A° such that £ C vA. We write FE(A) for the collection of all
finite exhaustive subsets of A\ A%. If £ C FE(A), and v € A°, we write v& for the
collection {E € £ : r(E) = v}.

REMARK 2.4.4. It is a key point in the above definition that if £ € FE(A),
then we have £ N A° = (). Any finite subset of vA which contains v is trivially
exhaustive, but such sets are ruled out of FE(A) to simplify the statements of later

results (see for example Corollary 3.8.3).

If E is a 1-graph and v € E°, then r~!(v) is exhaustive whenever v is not a
source in E. The set 7~ !(v) is finite exhaustive when 0 < |r~!(v)| < co. However,

finite exhaustive sets are typically somewhat more complicated:
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ExAMPLE 2.4.5. Consider the unique 2-graph A with 1-skeleton

s B .
T T
64 ¢ g
° ° / |
¢ <9
/ /
I ]
\ Vo L
\ (I T A IR
[ | -
\ \ 'IVLL' 'Ivd
1
N Y, v,
a o 1
\ ! K
/ I
I ]
\ uh th
| ! il
I é é
N v A

Since every path in vA is a subpath of a bi-coloured square with range v, and
since each such bi-coloured square has either A or X" as an initial segment, the set
{A\, X'} is finite exhaustive as are {\, '} and {\, Na'}. The set {u/, 1, po, ... } is
exhaustive, but is not finite exhaustive. So v FE(A) consists of all finite subsets
of vA'\ {v} which contain as a subset any one of {\ X'}, {\, i/} or {\, Na}, and
FE(A) consists of the sets in v FE(A) together with the sets {/}, {a1}, {as},. ..,

and {ﬁ/}a {51}7 {52}7' s
It is crucial to the study of C*-algebras associated to both graphs and k-graphs

that said C*-algebras are spanned by a collection of partial isometries of the form
sxs;, where A and p are paths with common source. This is always the case for 1-
graphs and for row-finite k-graphs, but for more general k-graphs it is non-trivial.
To ensure that such a spanning set of partial isometries exists, we restrict our
attention to the finitely aligned k-graphs of [28, 30]:

DEFINITION 2.4.6. Let (A,d) be a k-graph. We say that A is finitely aligned
if and only if [A™"(u,v)| < oo for all u,v € A.

REMARK 2.4.7. The following three conditions are equivalent:
(1) A is finitely aligned.
(2) MCE(A, p) is finite for all A\, u € A.
(3) Ext(A; E) is finite for all A € A and all finite £ C A.

The finitely aligned condition arose in [28] from Fowler’s study of C*-algebras
associated to product systems of Hilbert bimodules (see [28, Theorem 5.4] and
[11, Definition 5.7]). The most blatant indication of the importance of finite
alignedness is relation (TCK3) of Definition 3.1.1 at the beginning of Chapter 3.



44 2. BASIC DEFINITIONS

ExaMPLE 2.4.8. Consider the 2-graphs A; and A, with 1-skeletons
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Neither of these 2-graphs is row-finite; each contains vertices which receive infin-

itely many paths of a single degree. The 2-graph A; on the left is not finitely

aligned because we have
[MCE(, p)| = [A™(\, )| = [{(e, i) : i € N}| = o0.

However, A, is finitely aligned because A™*(X, u!) = {(a}, 8!)} is a singleton set
for all s.




CHAPTER 3

The Toeplitz algebra

In this chapter, we associate collections of partial isometries called Toeplitz-
Cuntz-Krieger A-families to finitely aligned k-graphs A. The Toeplitz algebra of
a finitely aligned k-graph A is the C*-algebra 7C*(A) generated by a universal
Toeplitz-Cuntz-Krieger A-family {s,(\) : A € A}. We investigate the structure of
the C*-algebra generated by a Toeplitz-Cuntz-Krieger A-family, and decide when

such a family determines an injective homomorphism of 7C*(A).

3.1. Toeplitz-Cuntz-Krieger families

DEFINITION 3.1.1. Let (A, d) be a finitely aligned k-graph. A family {t, : A €
A} of partial isometries in a C*-algebra is a Toeplitz-Cuntz-Krieger A-family if
(TCK1) {t,: v € A%} is a collection of mutually orthogonal projections;
(TCK2) tyt, = ty, whenever s(\) = r(u); and
(TCK3) t3t) = 30 scamin(ap Lol for all A, € A.

The following lemma, which expands upon Lemma 2.7 of [30], lists some ele-

mentary but useful consequences of Definition 3.1.1.

LEMMA 3.1.2. Let (A,d) be a finitely aligned k-graph, and suppose that {ty :
X € A} is a Toeplitz-Cuntz-Krieger A-family.
(1) tt3tuly, = D gemcp(p Loty for all A i€ A.
(2) The range projections {txt} : A € A} pairwise commute.
(3) If A™(\, ) = 0, then tit, = 0; in particular, if d(\) = d(p), then
tit, = Ox (-
(4) If v e A° and E C vA™ is finite, then t, > >, p tat}.
(5) C*({tx: A € A}) =span{tat;, : A\, u € A, s(A) = s(u)}.
(6) The partial isometries {ty : X\ € A} are all nonzero if and only if the vertex

projections {t, : v € A’} are all nonzero.

PRrOOF. Statement (1) of the lemma is obtained by multiplying (TCK3) on
the left by ¢y and on the right by #;. Statement (2) is then immediate from
statement (1) since MCE(A, u) = MCE(u, A) for all A and p. The first part of

45
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statement (3) is a special case of (TCK3). For the second part of statement (3),
note that if d(A\) = d(u) then ¢ € MCE(\, 1) implies in particular that A =
0(0,d(N\)) = o(0,d(p)) = p. For statement (4), notice that t, > t,t} for A € vA by
(TCK3), and that since F C vA”", statement (3) shows that the range projections
{tAts : A € E} are mutually orthogonal. For statement (5) note that span{t,t}, :
A, p € A} contains {t) : A € A}, is closed under adjoints by definition, and is
closed under multiplication by (TCK3). Finally, for statement (6), note that the
“if” direction is trivial, so we need only establish the “only if” direction. For this,
suppose that each t, is nonzero, and suppose that A € A satisfies t, = 0. Then
ts(y = tita by statement (3), and it follows that ¢, is equal to zero, contradicting

the assumption that each ¢, is nonzero. O

REMARK 3.1.3. It is worth checking that (TCK1)-(TCK3) are equivalent to
conditions (1) to (5) of [28, Definition 7.1]. To see this, notice that (1) and (2) of
[28, Definition 7.1] are precisely (TCK1) and (TCK2), and conditions (3) and (5)
of [28, Definition 7.1] put together boil down to (TCK3). Since (4) of [28, Defi-
nition 7.1] is precisely (4) of Lemma 3.1.2, it follows that the two definitions are

equivalent.

REMARK 3.1.4. Notice the significance of the finitely aligned condition in Def-
inition 3.1.1. If A is not finitely aligned, then (TCK3) may involve an infinite sum
nonzero of partial isometries with mutually orthogonal range and source projec-

tions which cannot be norm-convergent.

THEOREM 3.1.5. Let (A,d) be a finitely aligned k-graph. There exists a C*-
algebra TC*(A) generated by a Toeplitz-Cuntz-Krieger A-family {sr(\) : X €
A} which is universal in the sense that if {tn : X € A} is a Toeplitz-Cuntz-
Krieger A-family in a C*-algebra B, then there exists a unique homomorphism
7l TC*(A) — B such that w7 (s7(\)) =ty for all \ € A. We call TC*(A) the
Toeplitz algebra of A.

PROOF. Let E, be the product system over N* of graphs associated to A as in
[15, Example 1.5(iv)] and [28, Example 3.5]. Let X (E,) be the product system of
Hilbert bimodules associated to Ej as in [28, Proposition 3.8]. Let Z.oy (X (Eh))
be the C*-algebra of [28, Definition 6.2] which is universal for Nica covariant
Toeplitz-representations of X(FE,), and let ix be the universal generating Nica
covariant Toeplitz representation of X(Ey) in Zeoy(X(EL)). Define TC*(A) =
Teov(X(Ey)). By definition of X (E,), we have that for each n € N* the vector
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space Co(A™) is dense in the Hilbert bimodule X (Ej)". Let xy € X(Ej)*™

denote the characteristic function of A\. Define s;(\) := ix(xy) for all A € A.
Then [28, Corollary 6.7] ensures that 7C*(A) and {s;(A ) : A € A} have the
required properties. 0

The remainder of this chapter is aimed at proving the following theorem which

characterises injective homomorphisms of 7C*(A).

THEOREM 3.1.6. Let (A,d) be a finitely aligned k-graph, and let {t) : A € A}
be a Toeplitz-Cuntz-Krieger A-family. The homomorphism w7 which takes s;(\)
to ty for all X € A is injective if and only if
(1) t, # 0 for all v e A° and
(2) TLiep(to —taty) #0 for allv e A and E € vFE(A).

3.2. The gauge action and the core

In this section we establish the existence of a gauge action « of T on 7C*(A).
We show that averaging over 7 provides a faithful conditional expectation ®7 from
TC*(A) to the core TC*(A)", which is the fixed point algebra for v. We also
show that 7C*(A)” is equal to the closed linear span of the partial isometries
S7(A)sr(p)* such that A and p have the same degree.

For n € N*¥ and z € T*, we write 2" for the product H z" e T.

zlz

PROPOSITION 3.2.1. Let (A, d) be a finitely aligned k-graph. There is a strongly
continuous action vy : TF — Aut(7C*(A)), called the gauge action determined by
Y.(57(N) == 2Ns(N). Let TC*(A)" denote the set {a € TC*(A) : v.(a) =
a for all z € T*}. Then

TC (MY = Spai{s, (\)sr ()" At € A, d(N) = d(u)}.

PROOF. Fix z € T¥. We claim that the collection {2¢Ms.(\) : A € A} is a
Toeplitz-Cuntz-Krieger A-family in 7C*(A). To see this, first notice that if S is a
partial isometry and z € T, then zS is also a partial isometry with the same range

and source projections as S; hence {2™s,(\) : A € A} is a collection of partial

isometries in 7C*(A). To check (TCK1), notice that for v € A° 245 (v) =
0

s, (v) = 5,(v), so {z¥s,(v) : v € A°} is a collection of mutually orthogonal
projections. For (TCK2), notice that if s(A\) = r(u), then
zd(A)sT(A)zd(“)sT(u) — Zd(A)Zd(“)ST()\)ST(/L)

= Zd()‘)+d(“)37()\u)

= 24 (\p).
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Finally, to check (TCK3), we calculate
(4057 (3) 2195 (1) = 022905, () s (1)
(3.2.1) — L d(p)—=d) Z sr(a)sr(8)".
(a.B)eA™(X,p)
On the other hand, we have
(3.2.2) Z 215, (a) (zd(’B)ST(ﬁ))* = Z 2 U= s (a)s,(B)*.
(a,B)€A™In (X p0) (a,B)€A™In (X p0)
If (a, B) € A™0(\, ), then d(A\)+d() = d(p)+d(B), so d(a) —d(B) = d(p) —d(N).
Hence the expressions on the right-hand sides of (3.2.1) and (3.2.2) are equal,
establishing the claim.

It follows from Theorem 3.1.5 that there is a homomorphism =, : 7C*(A) —
TC*(A) determined by v,(s7()\)) = 2%Ws(\). Furthermore 7; o v,(s,(\)) =
202N s (X) = s,(\) for all A € A. By Theorem 3.1.5, idrc=(a) is the unique
homomorphism of 7C*(A) with this property, so vz 0y, = idz¢+(a). Hence v, €
Aut(7C*(A)) with (v,)™* = ;. Writing 1, for the identity element in T*, we have
1, (52 (V) = 1¥Vs,(0) = s-(N) for all A, s0 3, = idreea). Now let 2,2/ € T*
then

72 072 (s7 (V) = ()W (s: (V) = (22) Vs (N) = 12257(N)
for all A € A. Another application of Theorem 3.1.5 now shows that v, 07y, = 7./,
S0 7y is an action as required.

We must now check that v is strongly continuous. Since the v, are linear,
Lemma 3.1.2 ensures that we need only demonstrate that for A\, u € A with s(\) =
s(p), and for (z;)$2, in T with lim,; .« 2; = 2, we have lim; o 7., (s7(N)sr(p)*) =

Y. (s7(AN)sr(p)*); that is, we must show that
zi— zin T implies zf(’\)_d(“)sT()\)sT(u)* — 2475 (N)sz ()" in TC*(A).

But this is immediate because all polynomials, and in particular the polynomial

d(A)—d(

Z=z ® . are continuous on T¥.

Lastly notice that (TCK3) ensures that 7C*(A) = span{s;(\)ss ()" : A\, u €
A}, so to prove the last statement of the Proposition it suffices to show that
sr(N)sr(pu)* € TC*(A)Y if and only if d(A) = d(p). If d(N) = d(u), then

Ye(sr(N)sr (1)) = 2"V 20 s (N)sr ()" = 2D s (N)sr ()" = s2(N)sr(1)".

On the other hand, if d()\) # d(u) then d()\); # d(u); for some i. Define z € T*

by z; =1 for j # ¢ and 2z, = w where w € T is not an integer root of unity. Then

V(57 (W)sr(p)*) = IV M5 (N)sr ()" # 57(N)s2(1)*
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by choice of w. O

DEFINITION 3.2.2. Let (A, d) be a finitely aligned k-graph. We call 7C*(A)”
the core of TC*(A).

Recall that if A is a C*-algebra and A’ is a subalgebra of A, then a map
d: A — A is called a faithful conditional expectation if
(1) @ is linear;
(2) ® is bounded with [|®| = 1;
(3) ®? = @; and
(4) if a € A is positive and nonzero, then ®(a) is also positive and nonzero.
The idea is to use the gauge action to obtain a faithful conditional expectation
onto the core, so that we can reduce the problem of showing that a homomorphism

7 of TC*(A) is injective to the problem of showing that 7 is injective on the core.

PROPOSITION 3.2.3. Let (A,d) be a finitely aligned k-graph. The core of
TC*(A) is a C*-algebra, and there exists a faithful conditional expectation 7 :
TC*(A) — TC*(AN)Y which satisfies

7 (s7(A)s7(1)") = darn),diuy5(A)s7(p)"

The proof of Proposition 3.2.3 makes use of the following standard result re-
garding group actions on C*-algebras. The result is folklore in the context of
Cuntz-Krieger algebras (for example, the result can easily be obtained from [32,
Appendix C], and the ideas of the proof given here can be gleaned from the much
more general arguments of [33, Section 11.5]). We present a proof here for the pur-
poses of completeness. The author thanks Trent Yeend for access to his honours

thesis, from which the proof given below was adapted.

PROPOSITION 3.2.4. Let A be a C*-algebra, G a compact group, p normalised
Haar measure on G and o : G — Aut(A) a strongly continuous action. Let A*
denote the set {a € A: ay(a) = a for all g € G}. Then A* is a C*-algebra called
the fixed point algebra for «, and there exists a faithful conditional expectation
DY A — A determined by

(3.2.3) 5% (a) = / a,(a) dulg).
geG
PROOF. Since the a4 are automorphisms, A% is closed under multiplication
and adjoints, and if (a,)?; C A® with a, — a then

ay4(a) = ay(lim a,) = lim ay(a,) = lim a, =a

n—oo
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for all g € GG, so A% is closed, and hence a C*-algebra.

Since « is strongly continuous, the map a.y(a) which sends g € G to ay(a) € A
belongs to C(G, A) = C.(G, A) for each a € A. Hence [32, Lemma C.3] ensures
that Equation 3.2.3 makes sense, and determines a linear *-preserving map from
A to A.

Let a € A, and g € G. Then

@ (@)=, ([ an@autt)) = [ agfa)autr)

by [32, Lemma C.3]. But left-invariance of Haar measure gives [, _. agn(a) du(h) =
Jheq anla) du(h) = ®*(a). Since a € A and g € G were arbitrary, it follows that
Ov(A) C A~

For a € A%, we have ®%(a) = fgeGadu(g) because ay(a) = a for all g, and we
have fg e @ du(g) = a because p is normalised. Hence ®* fixes the elements of A*
and ||®%|| > 1. For a € A, we have

/QEG ag(a) dp(g) H < /QEG |ag(a)|l dp(g)

by Equation (C.7) of [32]. But each ¢, is a C*-automorphism, and hence isomet-

(3.24) [2%(a)]] =

ric, so fgeG llag(a)|| du(g) = fgeG |la|| duu(g) and this is equal to ||a|| because p is
normalised. Combining this with (3.2.4) shows that ||®*|| < 1, so we conclude
that ||®“|| = 1. To see that ®* is positive and faithful on positive elements, let =
be a faithful nondegenerate representation of A on H, and calculate

(3.2.5)

(r(@*@apin) = [

geG

(m(tg a*a))h|h) dps(g) = / imtas(@)h] duto)

ge

for all a € A and h € H. It is immediate that 7(®*(a*a)) is positive, and hence
®(a*a) is positive. Suppose that ®*(a*a) = 0. Then 7(®*(a*a)) = 0 and so
Equation 3.2.5 shows that [ H7r(ozg(a))h||2 = 0. It follows that m(a,(a)) =0
for p-almost all g € GG, and hence for all g € G since « is strongly continuous. It
follows that a = 0. Hence if a > 0, then ®*(a) > 0. O

PrROOF OF PROPOSITION 3.2.3. Let @7 be the faithful conditional expecta-
tion of Proposition 3.2.4, where y is the gauge action of Proposition 3.2.1. Then ¢
is a faithful conditional expectation whose range is 7C*(A)” by Proposition 3.2.4.
For the last claim, note that if d(\) = d(u) then sy(N)sr(u)* € TC*(A)” by
Proposition 3.2.1, and so is fixed by ®7. On the other hand, if d(\) # d(x) then

05 Wso ) = ([ #70 du) ) o s
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which is equal to zero since z — 2" is entire for n € Z* \ {0}. O

3.3. Orthogonalising range projections

The bulk of the material in this section, namely Definition 3.3.1 and the
statement and proof of Lemma 3.3.4 — including the technical lemmas 3.3.7,
3.3.9 and 3.3.10 — is taken from joint work with Raeburn in [28, Section 8]. In-
deed the proof of Lemma 3.3.4 differs from that of [28, Proposition 8.6] only in the
minor technical changes needed to account for the change of context from product
systems to k-graphs. The statements and proofs of both Proposition 3.3.3, and
Corollary 3.3.11 are taken from joint work with Raeburn and Yeend in [30], and are
more or less identical to those of Proposition 3.5 and Corollary 3.7 of [30] respec-
tively. In fact, the details of the reduction of Proposition 3.3.3 to Lemma 3.3.4 in
the proof of Proposition 3.3.3, and our subsequent proof of Lemma 3.3.4 represent
the details of the final paragraph of the proof of [30, Proposition 3.5].

Let (A,d) be a finitely aligned k-graph, and let {t) : A € A} be a Toeplitz-
Cuntz-Krieger A-family. As has become standard in the context of graph algebras,
we study the C*-algebra generated by {t, : A € A} by studying the structure of
the subalgebra C*({tzt, : d(A) = d(u))}. The objective is to demonstrate this
algebra as the closure of an increasing union of finite-dimensional subalgebras
C*({tat;, = A, € E,d()\) = d(p))} where B C A is finite. To find matrix units
for these algebras, we need to be able to “orthogonalise” their generators. The
first step is to orthogonalise the range projections ¢t associated to the paths in
E. We do this using the procedure developed in joint work with Raeburn in [28,
Section 8§].

DEFINITION 3.3.1. Let (A, d) be a finitely aligned k-graph, and let F be a finite
subset of A. For A € F define

Q)Y ==yt || (talh — tats,)-
AvEE
d(v)>0

Notice that Q(t)¥ < tyt3 < trn forall A € E.
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REMARK 3.3.2. (1) Lemma 3.1.2(2) shows that Q(t)¥ is well-defined for A € E,
and also that each Q(t)¥ is a projection.

(2) By convention, when a formal product in A is indexed by the empty set,
it is taken to be equal to the unit of the multiplier algebra of A. In particular,

if A\ € E is such that there exists no v € A\ A° with \v € E, then Q(¢)¥ =

tﬂf; . 1M(’TC*(A)) = t)\ti

The object of this section is to prove the following Proposition:

PROPOSITION 3.3.3. Let (A,d) be a finitely aligned k-graph, and let {t) : \ €
A} be a Toeplitz-Cuntz-Krieger A-family. Suppose that E C A is finite and non-
empty, and that E is closed under taking minimal common extensions in the sense
that A\, € E implies MCE(\, i) C E. Then {Q(t)¥ : X € E} is a collection of
mutually orthogonal (possibly zero) projections such that

(3:3.1) (t TT o = at2)) + 3 @f =1,

AevE AEVE
for allv er(FE).

To prove Proposition 3.3.3, we first simplify to the situation where: (1) the set
FE consists of paths with a common range v € A°, and (2) this vertex v belongs to
E. That is:

LEMMA 3.3.4. Let (A, d) be a finitely aligned k-graph. Let v € A°, and let E be
a finite subset of v\ such that v € E. Suppose also that E is closed under taking
minimal common extensions in the sense that A,y € E implies MCE(X\, u) C E.
Let {t) : X € A} be a Toeplitz-Cuntz-Krieger A-family. Then {Q(t)¥ : X € E} is a
collection of mutually orthogonal (possibly zero) projections such that

(3.3.2) > QMY =t

AEE
REMARK 3.3.5. Lemma 3.3.4 differs from Proposition 8.6 of [28] only in that

(1) here we assume that E is a subset of vA for some v whereas in [28,
Proposition 8.6] F is taken to be an arbitrary finite set which is closed
under taking minimal common extensions;

(2) here we do not assume that [],.5(t, —£\t}) # 0 for all finite £ C vA and
we do not claim that all the projections Q(t)¥ are nonzero, whereas in
(28, Proposition 8.6] all the [, p(t, — tat}) are assumed to be nonzero

and all the Q(¢)Y" are shown to be nonzero; and
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(3) here we are dealing with k-graphs whereas [28, Proposition 8.6] applies
to the more general setting of finitely aligned product systems of graphs

over quasi-lattice ordered semigroups.

The proof changes only minimally to account for these differences. Point (1)
requires no change at all because it represents a restriction of [28, Proposition 8.6]
to a special case. Point (2) is addressed simply by removing the first sentence of

the proof of [28, Proposition 8.6]. Point (3) amounts to a change in notation.

Once we have established Lemma 3.3.4, we can deduce Proposition 3.3.3 as

follows:

PrROOF OF PROPOSITION 3.3.3. The following argument is taken from joint
work with Raeburn and Yeend in [30]. We proceed by reducing Proposition 3.3.3
to Lemma 3.3.4. We do this in two steps.

Before starting, notice that we have already established that the Q(¢)¥ are
projections in Remark 3.3.2, so we need only show that the Q(¢)¥ are mutually
orthogonal projections and satisfy (3.3.1). In fact, since ¢, is a projection, (3.3.1)
shows that the Q(¢)¥ are mutually orthogonal, so it suffices to establish (3.3.1).

First, suppose that (3.3.1) holds whenever £ C vA, and suppose that F' C A is
finite and that A\, u € F implies MCE(\, ) C F. Fix v € r(F'). Notice first that
for all A € F' with 7(\) = v,

(333) QMY =ty [I iz —tnty) =tts T ath —tats) = Q)"

AeF AvevF
d(v)>0 d(v)>0

Let E := vF. Then E C vA by definition. Furthermore, if \,u € FE, then
MCE(M, u) C vF = E, so E is closed under taking minimal common extensions. It
follows from (3.3.3) and from our assumption that (3.3.1) holds whenever £ C vA
that

o= (6 TT0 6 + > Q0F) = (1 TT (6 - tth) + Y- Q).

\EE AEVF AEvF
Now suppose that F* C vA, A\, u € F implies MCE(\, ) C F', and that v & F.
Let F := FU{v}. Since MCE(v, \) = {A\} for all A € F', we know that FE is closed
under taking minimal common extensions, and it is clearly a subset of vA. Hence
Lemma 3.3.4 gives
=Y QY =QWY+ Y QWY=t ][t —tty)+> QW)Y
AEE AEE\{v} AEF AEF

completing the proof. O



54 3. THE TOEPLITZ ALGEBRA

We are left with the task of proving Lemma 3.3.4. The general idea is to proceed
by induction on the size of E, but this is not as straightforward as it sounds. The
problem is that when we remove a path A from a set F which is closed under taking
minimal common extensions, we do not in general obtain a new set which is closed
under taking minimal common extensions. Instead, given a finite set £ C A which
need not be closed under taking minimal common extensions, we show how to
generate a set VE which is closed under taking minimal common extensions. The
construction is such that if £ is closed under taking minimal common extensions
to begin with, then VE is equal to E. We then prove Lemma 3.3.4 for VE by

induction on |E|.
DEFINITION 3.3.6. Recall from [28, Definition 8.3] that if (A,d) is a finitely
aligned k-graph and E C A is finite, then MCE(E) and VE are defined as follows:
MCE(E)={A e A:dN) =V

wep A(a) and A(0,d(o)) = o for all o € £},
and VE = |J,y MCE(G).

LEMMA 3.3.7 (|28, Lemma 8.4]). Let v € A and suppose that v € E C vA
where E s finite. Then
(1) EC VE;
(2) VE is finite;
(3) G C VE implies MCE(G) C VE; and
(4) A € VE implies d(X) < V,cp d(p)-

PROOF. (1) For A € E, we have {\} C £ and A € MCE({\}), giving A € VE.

(2) It suffices to show that if £ C A is finite, then MCE(F') is finite. When
|E| = 1, this assertion is trivial. Suppose as an inductive hypothesis that MCE(E)
is finite whenever |E| < n for some n > 1, and suppose that |E| = n + 1. Let
A € E, and let E' := E\{\}. Suppose that v € MCE(E). Since (0, \/, o d()) €
MCE(E’), we have v € MCE(A, ) for some p € MCE(E’). Hence | MCE(E)| <
> pemcr(ey | MCE(A, p1)]. Each term in this sum is finite because (A, d) is finitely
aligned, and the sum has only finitely many terms by the inductive hypothesis.
Hence MCE(E) is finite.

(3) Let G C VE and for a € G choose G, C E such that o € MCE(G,,).
Let H := |J,eq Go- We will show that MCE(G) € MCE(H) C VE. Suppose
A € MCE(G). Then

d()‘) = \/aeG d(a) = Vae(; (Vgeca d(ﬁ)) = VBeH d(ﬁ)
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For § € H, choose o € G such that 8 € G,. Then X(0,d(5)) = «(0,d(B)) = S.
Thus A € MCE(H).
(4) Let A € VE. Then A € MCE(G,) for some G\, C E by definition, so

d(A) = Vyea, A1) < Viyep dp). N

REMARK 3.3.8. Suppose that F C A is already closed under taking minimal
common extensions. A straightforward induction on |G| shows that G C F implies
MCE(G) C E, and it follows that VE C E; this, combined with (1) of Lemma 3.3.7
shows that VE = E.

We now prove two technical lemmas that will allow us to relate the Q(¢)Y¥ to
the Q(t);“ when G C E.

LEMMA 3.3.9 ([28, Lemma 8.7]). Let (A, d) be a finitely aligned k-graph and let
v e AN Supposev € E C vA with E finite, and that A € E\ {v}; let G := E\ {\}.
Then for each pn € VE \ VG, there exists a unique &, € VG such that

(1) d() > (&) and p(0,d(€,)) = &; and
(2) £ € VG and p(0,d(€)) = & imply d(§) < d(&,)-
Furthermore, for all i € VG, we have p € MCE(E,, A).

ProOOF. Fix € VE \ VG. Then
(VG), :={oc € VG : u(0,d(0)) = o}
is nonempty because it contains v. Hence we can define

n .= \/UE(\/G)# d(o) and €, = (0, n).
We have ¢, € MCE((VG),,) by definition, and it then follows from Lemma 3.3.7(3)
that &, belongs to VG. We have that ¢, satisfies (1) and (2) by definition. To see
that ¢, is unique, suppose that £ € VG also satisfies (1) and (2). Since £ and &,
both satisfy (2), we have d(§,) = d(), and then since they both satisfy (1), we
have € = (0, d(€)) = (0, d(€,)) = &,
It remains to show that yp € MCE(\,¢,). By definition of VE, we have p €
MCE(H) for some H C E, and since p ¢ VG we have A € H, so u(0,d(\)) = .
Let H' = H\ {A}. Let m :=\/ ., d(7) < d(p). Then we have

T

d(1) = Ve d(r) =dN) V (V,epp d(7)) = d(X) Vm
so u € MCE(A, 11(0,m)), where p(0,m) € MCE(H') C VG. By part (2) above, we
have m < d(§,), so that d(p) = d(A) Vm < d(A) Vd(£,) < d(p) where the last
inequality follows from the fact that both A and ¢, are initial segments of p. It
follows that d(u) = d(X\) v d(&,), and hence p € MCE(A\, §,) by definition. O
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LEMMA 3.3.10 ([28, Lemma 8.8]). Let (A, d) be a finitely aligned k-graph and let
v € A°. Supposev € E C vA with E finite, and that A € E\ {v}; let G := E\{\}.
Let {t\ : X € A} be a Toeplitz-Cuntz-Krieger A-family. Suppose that i € VE\ VG.
Let &, be the mazimal subpath of p in VG provided by Lemma 5.58.9. Then

(3.3.4) Q(1)," = Q) t,t;,.

PROOF. The result is proved by way of two preliminary claims.
Claim 1: Q(¢)VF < Q(t)gvf

I

Proof of Claim 1. Since p(0,d({,)) = &, we have .1} < tt; , and hence

Lemma 3.1.2 ensures that

QLEQNE =it ( T (e ts, —tewti,n ) Q"
£uvevaG
d(v)#0

Hence we need only show that t,ty(te,t{, — te.t; ,)Q(1)," = Q(t)," whenever

& € VG with d(v) > 0. But if {,v € VG with d(v) > 0, then

tuth(te,te, — tewte,,) = tuth — > tuat e
(avﬂ)eAmin(Mvguy)
(3.3.5) = 11 (tuth — tuatha)-

(a.B)eA™n (p,gyr)

We claim that (a, 3) € A™"(u, &,v) implies pa € VE and d(a) > 0. To see this,
let (a, B) € A™"(u,&,v). We have (ua)(0,d(€,v)) = & € VG, and hence part
(2) of Lemma 3.3.9 shows that d({,,) > d(€,v) > d(€,). It follows that pa # p,
so d(a) > 0. Furthermore, {,v € VG C VE and p € VE by assumption, so we
have poc € MCE(p,€,v) C VE by Lemma 3.3.7(4) as required.

It follows that each factor in (3.3.5) is already a factor in Q(t)'F, giving

I

tuty (e, te, — tgu,,tzuy)Q(t)ZE = Q(t);)F as required. O Claim 1

Claim 2: If yv € VE with d(v) # 0, then Q(t)gvft tr, =0.

12212

Proof of Claim 2. Fix uv € VE with d(v) # 0. Suppose for contradiction that
Euw = &u. Then d(pv) = d(X\)Vd(€,,) = d(N) Vd(E,) = d(i) by two applications of
the last statement of Lemma 3.3.7, contradicting d(v) > 0. Since (pv)(0,d(,)) =
©(0,d(€,)) = &, € VG, Lemma 3.3.7(2) now shows that d(&,,) > d(&,), so that
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§uw = €, 7 for some T with d(7) > 0. But £,, € VG, and so we have

VG
Qt)g, bty
= tfutfu H <tfut2u - tﬁuptzup>t/“/t/*u/
EupEVG
d(p)>0
= tgﬂtzu ( H (tgﬂtzu B tﬁHPtZuP)> <t€Ht2u B tgletZu’r)t'“l’tZV
EupeVG\{&uT}
d(p)>0
it TT (ets, — teute,)) (ts, — feu e, it
EupeVG\{£uT}
d(p)>0
which vanishes because both t¢, ¢ and t¢, t; ~dominate t,,t,,. O Claim 2

We can now use Claim 1, the definition of Q(t)xE , and Claim 2 in that order

to calculate

QW =QMICQW =) [  (tuty —twty,) = Q).

ueVE,d(v)>0

completing the proof of Lemma 3.3.10. 0

We can now prove Lemma 3.3.4, and thereby complete the proof of Proposi-

tion 3.3.3

PrOOF OF LEMMA 3.3.4. By Remark 3.3.8, it suffices to show that if £ C vA
is finite with v € F, then Q(¢)"Q(t);” = 0,,Q(t)}" for all \,u € VE and
ty = Z)\evE Q(t),v\E

First let \,u € VE with A # u. Suppose that d(\) = d(u). We have
Q)Y < tyt; and Q(t)YF < tyt} by definition. Lemma 3.1.2(2) therefore shows
that Q()y"Q(t);)" < tatit,t;, and Lemma 3.1.2(3) shows that t\t3t,t" = 0 giving
Q)FQ1)," =0.

Now suppose that d(\) # d(p). Then we have d(\) V d(p) strictly larger than
one of d(A\) and d(u); say d(\) V d(u) > d()\). Then (o, 8) € A™"(), u) implies
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d(a) > 0 and Aa € VE. But then
QX" Q(),"
= tat3tt Q)Y Q)" by Lemma 3.1.2(2)

(Y natia)( I - tti)) Q0"

(a,B)eAmin(X,u) Q(VVE)\;E
= Y (hata(tf -ttt T G —tuth)) ) Q)7
(e,B)eAmin X, u) AveVE\{\a}
d(v)>0
=0.

It remains to show that Y, ., Q()Y¥ = t,. We proceed by induction on
|E|. If |[E] = 1, then since v € E by assumption, we have VE = E = {v}, and
Y aevr QEXF = QI = t,, giving a basis case.

Now suppose that |E| = n > 2 and that (3.3.2) holds whenever |EF| < n — 1.
Since |E| > 1, there exists A € E'\ {v}. Write G for E'\ {\}. Fix u € VG, and

rewrite

Q" = tuty( TT tuty — tutyn)

wevE
d(v)>0
(336) = tﬂt;< H (tut:; - t,ul/t;;y)> ( H (tﬂt; - tllUt;a)> :
nwevG noeVFE\VG
d(v)>0

We claim that if puo € VE \ VG and £,, # p, then we can delete the factor

(tut;, — tuot;,) from (3.3.6) without changing the result of the product. To see

this, suppose that po € VE \ VG and §,, # p. Then Lemma 3.3.9(2) ensures
that §,, = pa for some a with d(«) > 0. Since pa = §,, € VG, it follows that

(tut), —te,,t,, ) is a factor in Q(t);¢. Since t,t% —te,, te., < tuly —tuot),, it follows

that ¢,t% — .15, Q1)) = Q(£),“, and so we can delete such (,t% —t,,t%,) from

(3.3.6) as claimed. Hence

Q" =ty TT (= twti)) (T (0t~ thati))

pwrevG noeVE\VG
a(v)>0 Eur=is
G * *
(3.3.7) = Q) ( T - t,wt/w))
noeVE\VG
fuo:l‘

Moreover, Lemma 3.3.9 ensures that if yo € VE \ VG, then po € MCE(E,,, \);
in particular, when §,, = g, we have d(po) = d(p) V d(X\). Hence if po and po’
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satisfy €0 = 1 = &uor, then d(po) = d(uo’), so tuot) tuotsy = do0tuct;, by
Lemma 3.1.2. It follows that

T uty —twoti) =tut, = D tuts,,

noeVE\VG uo€EVE\VG
Euo=H Epo=H
and (3.3.7) shows that for all u € VG, we have
(3.3.8) QU = QWL (tutn = D oty ).
no€VE\VG
fua:ll

Substituting (3.3.8) for those terms in )_,_, ; Q(¢)7¥ for which o belongs to
VG, we obtain

> my”

(Y ewE)+ (X ewy)

cEVE HEVG TEVE\VG
(3:3.9) = (X eu(ut— X netin)) (X Q@)
HEVGE noEVE\VG TEVE\VG
5/,“7:#

Since Lemma 3.3.9 ensures that for 7 € VE \ VG, the path & € VG is uniquely

determined by 7, we can rewrite (3.3.9) as

S =3 (Qupc(nt— X tti,)+ (X ewrF)).

cEVE HEVGE no€VE\VG TEVE\VG
Epo=H Er=p

Lemma 3.3.10 now allows us to replace each Q(t)Y¥ with Q(t)ZTGtTti, yielding

Yy =>" (Q(t),\jG (tut;— > t,wt:‘w> +( > Q(t)gf;tfti))

oEVE HEVG po€VE\VG TEVE\VG

Epo=p Er=p
= > (Qoif(nti— X twtin) + (X @witn))
LEVG poEVE\VG TeVE\VG

Suo=p Er=p
S ane (i X )+ (X )
HEVG po€VE\VG TEVE\VG

Epo=np Er=p

= > Q)°

neVG

and this last is equal to t, by the inductive hypothesis. O

We can use Proposition 3.3.3 to express the range projections associated to

paths in F as sums of the projections Q(t)%.
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COROLLARY 3.3.11. Let (A, d) be a finitely aligned k-graph, and let {t) : X €
A} be a Toeplitz-Cuntz-Krieger A-family. Suppose that E C A is finite and that
A\ i € E implies MCE(\, u) C E. For each p € E, we have

bt = 57 QL.

pwvekl

PROOF. Let v :=r(u). By Proposition 3.3.3, we have
=t ( [T (0 =2 + Y QWF).
AevE AEVE
Since pv € E implies ¢ty > Q(t)fl, by definition, we need only show that

(1) tuty [Teop(te — taty) = 0; and
(2) t,txQ(t)F =0 for all X € E\ pA.

Item (1) above is immediate because p € vE and so

tuty, T] (b — taty) = tuti(to — tuts) [ (to —tat3) =0.

AevE AevE\{u}
For (2), fix o € B\ pA. If MCE(u,0) = 0, then t,tQ(t)Y < t,tit,t; = 0 by
Lemma 3.1.2(3). On the other hand, if MCE(u, o) # 0, then r(o) = r(u) = v, and
(3.3.10) Lt QWE=" Y (taﬁt;ﬁ (toth — bt )).

(e, B)EA™IN (11,0) ovEE

Fix (o, 8) € A™"(u,0). Since E is closed under minimal common extensions we
have o3 € E. Furthermore, since o ¢ pA, we have d(g3) > 0. It follows that

togtsg [ (tots — tavts,) = taptig(toty — togtss) [ (tots —tavts,) =0,

ovel oveEE\{o
o nso
and applying this to each term in (3.3.10) gives (2). O

3.4. Finite dimensional subalgebras of the core

The material in this section is a modification of joint work with Raeburn and
Yeend; it represents an expanded version of [30, Section 3] up to and including
[30, Remark 3.4].

For a finitely aligned k-graph (A,d) and a Toeplitz-Cuntz-Krieger A-family
{trx A € A}, we want to show that span{tzt}, : A\, u € A, d(A) = d(p)} is an AF
algebra by describing it explicitly as the closure of an increasing union of finite-
dimensional subalgebras. Furthermore, we want to do this in such a way that
the nonzero matrix units in these finite-dimensional subalgebras can be written

explicitly in terms of the ¢,¢y. In this section, we achieve the first of these goals:
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PROPOSITION 3.4.1. Let (A,d) be a finitely aligned k-graph, and let {t\ : X €
A} be a Toeplitz-Cuntz-Krieger A-family. Then span{tyt;, : d(A) = d(u)} is AF.

We prove Proposition 3.4.1 at the end of this section. To do so we follow the
procedure developed in [30, §3]. The idea is to show that given a finite subset
E of A, the algebra C*({tat;, : A\,u € E,d(A\) = d(u)}) is finite dimensional.
The immediate problem is that span{tt}, : A, u € E,d()\) = d(u)} is typically not
closed under multiplication. Hence the first step is to find a finite set IIE such that
E CIIE, and span{tyt; : A\, € IIE, d(\) = d(p1)} is closed under multiplication.

LEMMA 3.4.2. Let (A,d) be a finitely aligned k-graph, and let E C A be finite.
Then there exists a set G C A such that E C G, \/,c d(X) = \,cg d()), and

(3.4.1) A\, p,0 € G with d(X\) = d(p) and s(\) = s(u) implies \Ext(u; {o}) C G.

ProoOF. We prove the lemma by constructing such a set G directly. To do
this, we define a map I; on subsets of A as follows: given a subset E of A, let
In(E) = {M(0,d(M)ha(d(M), d(N2)) - Aj(d(Aj-1), d(Ny)) : 5 €N,
Ai € VE d(N;) < d(Niy1),s(Ai) = Aip1(d(N)) for 1 <i < j}.
Write I7; for the n-fold self-composition of Iy;. That is

n terms
—_———
Ig:IHO"'O[H.

(3.4.2)

We claim that

(a) E C In(F) for all E;

(b) Viemm) 4A) = Vyep d(A) for all finite E;

(c) If E is finite then I11(F) is finite;

(d) if \,p,0 € E with d(\) = d(u) and s(\) = s(u), then \Ext(u;{c}) C
In(E) for all E; and

(e) for each finite E C A, there exists N € N such that Iy (E) = I5 T (E).

For (a), just take j = 1 in (3.4.2).

For claim (b) observe that each A € I(E) has degree d();) for some \; €
VE, and that each A\; € VE has degree less than or equal to \/,.pd(n) by
Lemma 3.3.7(4), giving V¢, (z) d(A) < Vyepd(A). Claim (a) gives the reverse
inequality.

To see (c), suppose that F is finite. Then VE is finite by statement (2) of
Lemma 3.3.7. Fix N < \/,.5d(\) and suppose that 0 < n < N. For A € Iy(F)
with d(\) = N, we have that if n +e; < N, then A(n,n +¢;) = \i(n,n + ¢;)



62 3. THE TOEPLITZ ALGEBRA

for some \; € VE by definition of I;j. Hence for any path A € Iy(FE) with
d(\) = N, there are at most |VE| possible choices for the segment \(n,n + e;)
whenever 0 < n < N —e;. Since there are |N| possible choices of n such that
0 < n < N —e; for some j, there can be at most |VE|N distinct paths in
In(E)NAYN. Since p € In(E) implies d(p) < \/,cx d(A) by part (b), it follows that
In(E)] < Xney, v IVEIN < co.

To check claim (d), let \,u,0 € E with d(A\) = d(p) and s(A) = s(u).
Then pExt(p;{c}) = MCE(u,0) C VE by definition of VE. Hence for each
a € Ext(u;{c}), taking 7 = 2, Ay = A, and A2 = pa in (3.4.2) shows that
Aa € I (E) as required.

Finally, we must check (e). For this we first show that if I[3(E) # In(E), then

(343)  min{ld)]: A€ B(B)\ In(E)} > min{|d(u)| : p € In(E)\ B}.
Suppose that I3(E) # In(E). It follows that If(E) # E, so both min{|d(\)| : X €
IZ(E)\ In(E)} and min{|d(p)| : p € In(E)\ E} exist. Let A € IZ(E)\ In(E). By
definition, we have

A =X(0,d(A)) - Ai(d(Aj-1), d(A)))

where Ay, ..., A; all belong to VI (E). First notice that at least one A\; must belong
to VIn(E) \ In(F), for if not, then each \; can be written as

Ai = Xi1(0,d(Ain)) - Aip (A1), d(Niny)),
where each \;; € VE, and then

A=A1(0,d(A11)) - g, (d(Njny—1), d(Njiny))
belongs to I (F), contradicting A\ € IZ(E) \ In(E). So fix i < j such that )\; €
VIg(E) \ In(E). Then \; € MCE(F) for some F' C If(F), and d(\) > d(o) for
all c € F. If FF C E, then \; € MCE(F) C VE C Iy(FE), so there must exist
o€ F\E CIy(F)\E. Since 0 € F, we have d(\) > d(0), and so |d(\)| > |d(0)],
giving

[d(N)] > [d(o)] = min d(u)].

pEm(E)\E
Since A € I3(E) \ In(E) was arbitrary, this establishes (3.4.3).

To establish (e), we now notice that (b) ensures that
min{[d(A)| : X € Iy (E) \ I§(E)} < max{|d(N)| : X € [T (E)} < [ V,cpd(p)]
for all n > 0. Hence (3.4.3) ensures that for some N < [\, d(p)], we must have
IVTHE)\ IY(E) = 0. That is, IYTH(E) = I} (E) as required. This establishes
(e).
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Setting G := I} (E), we have G finite by (c), E C G by (a),

Viea dA) = V-1 d(A) = ... = Vg d(X)
by N applications of (b), and G satisfies (3.4.1) by (d). O
REMARK 3.4.3. (1) If G satisfies (3.4.1), then G is closed under taking

minimal common extensions. To see this, just take A = p in (3.4.1).

(2) Suppose that G satisfies (3.4.1). If A and p belong to I1E with d(\) = d(u)
and s(A) = s(u), and if v € s(A)A, then Av € I1E if and only if pv € I1E.
To see this, note that setting ¢ = pv in (3.4.1) shows that puv € IIE
implies A\v € IIE, and the reverse implication follows by symmetry.

(3) Condition (3.4.1) is equivalent to the condition that if A\, u,0 € G with
d(\) = d(p) and s(A) = s(u), and if («, 3) € A™(u, o), then A belongs
to G.

DEFINITION 3.4.4. Let (A,d) be a finitely aligned k-graph, let {t, : A € A}
be a Toeplitz-Cuntz-Krieger A-family, and suppose that G C A satisfies (3.4.1).
Define M, := span{tyty : A\, u € G, d(\) = d(p)}.

LEMMA 3.4.5. Let (A,d) be a finitely aligned k-graph and let {t\ : X € A} be
a Toeplitz-Cuntz-Krieger A-family. If G C A satisfies (3.4.1) then MY}, is closed
under multiplication and taking adjoints. In particular, if G is finite, then ML is
a finite-dimensional C*-subalgebra of C*({txt}, : d(A) = d(u)}).

PROOF. It suffices to show that MY is closed under taking adjoints and under
multiplication. That is, we must show that for A, u, o and 7 in G with d(\) = d(u),
s(A\) = s(u), d(o) = d(7) and s(o) = s(7), we have

(1) (tat;)" € M§; and

(2) batitots € M.
It is easy to check (1) because (fxt;)" = t,t} is another of the generators of M.
To check (2), we use (TCK3) and (TCK2) to calculate

tatitots = tA< > tat2>ti = ) talls
(a.B)eA™n (p,0) (a,B)€A™ (p,0)

Suppose (o, 8) € A™%(u,0). We have d(Aa) = d(pa) = d(o3) = d(73) be-
cause d(\) = d(p) and d(o) = d(7). Furthermore Aa and 7/ belong to G by
Remark 3.4.3(3). Hence tyt}4 is a generator of M{,. Since (a, 3) € A™ (i, 0) was
arbitrary, it follows that \t\t,t; € M as required. O
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DEFINITION 3.4.6. Let (A, d) be a finitely aligned k-graph, and let E be a finite
subset of A. Define IIF := ({G C A : E C G and G satisfies (3.4.1)}.

LEMMA 3.4.7. Let (A, d) be a finitely aligned k-graph and let E be a finite subset
of A. Then IIE is finite, E C IIE, \/,cqpd(N) = Ve d(A), and IIE satisfies
(3.4.1). In particular, Mk is a finite-dimensional C*-subalgebra of C*(A).

Proor. We have E C IIE by definition, and it is an immediate corollary of
Lemma 3.4.2 that IIE is finite whenever E is. To see that \/, .15 d(X) = Ve d(N),
notice that we have \/, ., d(A) > V,cp d()\) because E C IIE, and on the other
hand, \/,cp d(A) < V,yep d(A) because Lemma 3.4.2 ensures that at least one of
the sets G in the intersection in Definition 3.4.6 satisfies \/, . d(\) = Ve d(N).

It remains to show that I1E satisfies (3.4.1). To see this, suppose that A, ;1 and
o belong to ITE and that d(\) = d(u) and s(\) = s(u). Fix G containing E and
satisfying (3.4.1). Since A, u, 0 € IIE, we know that A, u and o belong to G, and
hence AExt(u;0) C G because G satisfies (3.4.1). Since G was chosen arbitrarily

from amongst all sets containing E and satisfying (3.4.1), it follows that
AExt(p;0) C({G C A: E C G and G satisfies (3.4.1)}
which is equal to I[IE by definition. 0
We are now ready to prove the main result of this section.

PROOF OF PROPOSITION 3.4.1. Let ay,...a, € Span{tyt; : d(A) = d(u)}
and let ¢ > 0. By Lemma 3.1.2(5), there exist finite linear combinations a] =
D oa e d(N)=d(n) G utaly such that [la; — aff| < e for 1 <i <n. Let B =, E;.
Then af,...a), € M}y, which is finite-dimensional. It follows from [4, Theo-
rem 2.2 that span{tit; : d(\) = d(p)} is AF. O

3.5. Identifying matrix units

The material in this section is a modification of joint work with Raeburn and
Yeend; it represents an expanded and slightly generalised version of [30, Section 3]
from [30, Definition 3.8] to [30, Lemma 3.16].

In this section we identify a collection of nonzero matrix units for each M so
that we can decide precisely when two Toeplitz-Cuntz-Krieger families {t, : A € A}
and {t} : A € A} satisfy

span{tat’  d(A) = d(p)} = span{tyt,” : d(A) = d(p)}.
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DEFINITION 3.5.1. Let (A,d) be a finitely aligned k-graph, let {t) : A € A}
be a Toeplitz-Cuntz-Krieger A-family, and let £ C A be finite. Define partial
isometries

O = Qtst,

for all A\, u € IIE with d(\) = d(p) and s(\) = s(u).

The idea is to show that these @(t)gff are matrix units for M{;, and to provide

a criterion for deciding precisely which of them are nonzero.
NOTATION 3.5.2. We write IIE x4, IIE for the collection
{(\ p) e IE X IIE = d(X) = d(p), s(A) = s(u)}

of pairs of paths in IIE to which matrix units are associated.

The goal of this section is to prove the following proposition:

PROPOSITION 3.5.3. Let (A,d) be a finitely aligned k-graph, let {t\ : A € A}
be a Toeplitz-Cuntz-Krieger A-family, and let E C A be finite. Then {@(t)lfﬁ :
(A, ) € IE x4 IIE} is a collection of matrixz units for M. Suppose that t, # 0
for every v € A°, and let (\,p) € IE x4 IE. If {v € s(\) \ A° : \v € TIE} is
not exhaustive, then @(t)?ﬁ is nonzero. Otherwise, @(t)l/\jﬁ = 0 if and only if

I[I (tw-tt)=0
MEIE, d(v)>0

To prove this result, we need to establish a number of technical results.

LEMMA 3.5.4. Let (A,d) be a finitely aligned k-graph, let {ty : X € A} be a
Toeplitz-Cuntz-Krieger A-family, and let E C A be finite. If (A, p) € IIE x4 I1E,
then
(3.5.1) o)\, = tA( IT o - tﬁ:ﬁ))ﬁl = 1, Q(1),".

MEILE, d(v)>0

PRrROOF. Note first that it suffices to establish the first equality in (3.5.1), be-
cause the second then follows by taking adjoints in the first and then applying
Remark 3.4.3(2). To establish the first equality, fix (A, u) € IIE x44 IIE and

calculate
Q)N = Q)N txt;

= w;( I @s- tAl,tf\V)>tAtZ
MEILE, d(v)>0

(3.5.2) :w;( 11 t,\(ts(A)—t,,tz)tj)tAtz.
MEILE, d(v)>0
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But t3t\ = tsn) > (tsy — tuty) for all v € s(A)A, so the 3¢5 which occur between
factors in (3.5.2) can be deleted, giving

O(t)\E = w;g( I tw- t,,t;))t;m;

MElLE, d(v)>0

= tA( I - tl,t;'j))t;. O

AVEILE, d(v)>0
REMARK 3.5.5. Notice that for A\ € I1F,
(3.5.3) O = QN = QX"
since Q(t)\F < ¢t} by definition. We therefore obtain
Qi =t II (n—tt))t
Av€ElLE,d(v)>0
by combining (3.5.3) with Lemma 3.5.4.

LEMMA 3.5.6. Let (A,d) be a finitely aligned k-graph, let {tx : X € A} be a
Toeplitz-Cuntz-Krieger A-family, and let E be a finite subset of A. Then

(1) (@(ﬂ,\u) =O(t )u,\; and
(2) O1)3,OW)or = 0uO)37

for all (\, ), (o,7) € IIE x4, I1E.

PROOF. To see (1), just note that

(O3)" = (QENTIE)" = tut3 (QIONF)” = tB5Q(MN" = O(1), 3
by Lemma 3.5.4.
For (2), note that

O(t)3nO(t)or = tat;Q(1), " Qt)y Loty
by Lemma 3.5.4 applied to ©(t)}, and the definition of ©(t)'”. Proposition 3.3.3
ensures that Q()/°Q(t),"” = 0,,Q(t), ", and hence
O(NFO)LE = tat!6,0Q(t), “tatr
- 6ua(t)\t Q( )HE)t t
= 0e QN At tr by Lemma 3.5.4
= 0,,Q(t)N"t\t: by Lemma 3.1.2(3)
= 0,,09(t )Hf by definition. O

We now show that the partial isometries ©(t)\'” span the finite-dimensional
C*-algebra Mf .
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LEMMA 3.5.7. Let (A,d) be a finitely aligned k-graph, let {tx : X € A} be

a Toeplitz-Cuntz-Krieger A-family, and let E C A be finite. Suppose (A, ) €
IIE x4 IIE. Then

by =Y B[N,

AEILE

PROOF. We have tyt!, = tytit,t,, which in turn is equal to txt} Y- e Q)0
by Corollary 3.3.11. Applying Remark 3.5.5 then gives

t)\t:; = Z t,\tztuy< H (ts(u) — tyrt;,>>tzy

wrellE V' €lEd(v')>0
=) tA,,< 11 (ts(y)—t,,,t;,))t;w
wrellE ' €NE d(v')>0

and Remark 3.4.3(2) and Lemma 3.5.4 combine to show that the last line is equal
to Z)\VEHE ®(t)EfW. O

PrROOF OF PROPOSITION 3.5.3. By Lemmas 3.5.6 and 3.5.7, we know that
the ©(t))” are matrix units which span M.

Now suppose that ¢, # 0 for all v € A% If (\,u) € [IE x44 [IE and T'(\) :=
{v € s(A)A\ A° : \v € TIE} is not exhaustive, then there exists £ € s(A\)A such
that A™n(¢,v) =0 for all v € T'()). Tt follows that for each v € T'()\),

Eetie () — tuth,) = etie — >, Erealrca = Irctie
(a,B)EA™IN (A, Av)
since AMR(A\E, A\v) = A™In(E 1) = () by choice of £. Hence
bretreO)N) = tkgt;(\&( [T @es- t,\,,t’;\y)>tAt; = trete.
AvellE,d(v)>0

Since txetyetue = tae # 0 by Lemma 3.1.2(6), we have )¢t # 0, and it follows
that ©(t))7 # 0 as required.

If T'()\) is exhaustive, such a & does not exist. In this case, we use the expression

otii=t( II (tow-nt)s
MEILE,d(v)>0
from Lemma 3.5.4 to decide whether ©(t)}7] is nonzero:
e if ©(t)}% = 0, then multiplying on the left by #} and on the right by ¢,
gives HueT(,\) (tsny — tuty) = 0.
o if [[,cro (s — toty) = 0, then multiplying on the left by ¢, and on the
right by ¢ gives O(t)\F = 0.
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Hence O(¢))}, = 0 if and only if [T, cp() (tspy — tty) = 0. 0

THEOREM 3.5.8. Let (A, d) be a finitely aligned k-graph and let {ty : A € A}
and {t, : X € A} be Toeplitz-Cuntz-Krieger A-families such that t, # 0 and t! # 0

for all v € A°. Then there is an isomorphism
T TA{LAL, + d(A) = ()} — SpAn{tyL," : d(A) = d(p)}

such that my (txt},) = t5t),” for all \,p € A with d(\) = d(u) if and only if for
every E € vFE(A)

(3.5.4) [Lepltrm —ta3) =0 <= [Lep(tim — thta") = 0.

PROOF. The necessity of (3.5.4) is obvious, so we need only show that it is
sufficient. Suppose, then, that (3.5.4) holds. Then Proposition 3.5.3 shows that
for £ C A finite and (A, 1) € TIE x4, I1E, the matrix unit ©(t)}? is nonzero

if and only if the corresponding matrix unit ©(¢')£ is nonzero. It follows that

A
O ()N — O(t')Z defines a canonical isomorphism of each M, onto Mfj,. The
result now follows from [1, Lemma 1.3]. O

3.6. Matrix algebra inclusions

In Section 3.4, we demonstrated that if (A, d) is a finitely aligned k-graph and
{tx 1 A € A} is a Toeplitz-Cuntz-Krieger A-family, then the C*-algebra span{t,t}, :
d(X) = d(p)} is the closure of an increasing union of finite-dimensional algebras
and is therefore AF. In Section 3.5, we identified nonzero matrix units in the
finite dimensional subalgebras My, from which span{t,t; : A\, u € A d(A) =
d(p)} is built, giving us an elementary test for deciding whether two different
Toeplitz-Cuntz-Krieger A-families produce isomorphic AF cores. However, it is
not immediately clear how the finite-dimensional subalgebras M. fit together
into a Bratteli diagram. In this section, we make the inclusions explicit.

We begin by showing how Mf;; decomposes as a direct sum of copies of M, (C).

DEFINITION 3.6.1. Let (A, d) be a finitely aligned k-graph, let {¢) : A € A} be
a Toeplitz-Cuntz-Krieger A-family, let £ C A be finite, and suppose that n € N¥
and v € A? are such that (ILE)v N A™ # (. Define M};;(n,v) to be the subalgebra

Mfip(n,v) == span{©(t)} 7 : A\, € (IIE)v N A"}
of Mt . Define T"¥(n,v) to be the set
T (n,v) = {v € vA\ A’ : \v € [IE for A € (ILE)v N A"}

of nontrivial tails which extend paths in (ILE)v N A™ to larger elements of IIE.
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LEMMA 3.6.2. Let (A,d) be a finitely aligned k-graph, and let {t) : X\ € A} be
a Toeplitz-Cuntz-Krieger A-family. Let E C A be finite. Then

ves(IIE)
ned((ILE)v)
Furthermore, for fixzed v € s(IIE) and n € d((IIE)v),
{O} Zf HVGTHE(n,v) (t’U - tVt;) =0

(3.6.1) Mfip(n, v) = {Mm)mn(@) e

PRrOOF. The first statement of the lemma is obvious because (A, ) € IIE x4 4
I1E implies d(\) = d(u) and s(A) = s(u). For the second statement, fix v € s(IIE),
and n € d((IIE)v). If [T, cqup(,,)(te — ;) = 0, then Proposition 3.5.3 implies
that ©(t)\% = 0 for all A\, u € (IIE)v N A™. Hence if [ erne e (te — tuty) =0,
then Mfjz(n,v) = {0}. On the other hand, if [[,crus(,,(ts —t.t;) # 0, then
Proposition 3.5.3 implies that {O(t)}” : A\, u € (IIE)v N A"} is a family of nonzero

matrix units which span Mz (n,v) by definition. O

Next we need to show how to express the inclusion map M, — M}, where
E C G in terms of the matrix units O(t)'” and O(t);'¢

o,T "

LEMMA 3.6.3. Let (A, d) be a finitely aligned k-graph, and let E,G be finite
subsets of A with E C G. Suppose that X\ € IIG \ IIE and that there ezists
n < d(X\) such that A\(0,n) € IIE. Then there is a unique path vy € I1E such that

(1) M0, d(ty)) = ta; and
(2) if uw € IIE and A(0,d(un)) = p, then d(p) < d(y).

PrOOF. Let N := \/{n < d(\) : A(0,n) € [IE} and let ¢y := A(0, N). Then
ty € IIE because IIE is closed under taking minimal common extensions by Re-
mark 3.4.3(1), and A(0,d(¢y)) = ¢y by definition. Furthermore, if 4 € IIE and
A0,d(p)) = p, then d(1y) = N > d(u) by definition. O

DEFINITION 3.6.4. Let (A, d) be a finitely aligned k-graph, and let F, G be
finite subsets of A with £ C G. For those A € IIG \ IIE such that there exists
n < d(\) for which A(0,n) € IIE, ¢y is defined by Lemma 3.6.3. For all other
A € IIG, we define ¢y, := A.




70 3. THE TOEPLITZ ALGEBRA

LEMMA 3.6.5. Let (A,d) be a finitely aligned k-graph, and let E and G be
finite subsets of A with E C G. Suppose that X\, € IIE with d(\) = d(u) and
s(A) = s(u). Suppose also that \v € 1IG and that vy, = \. Then pv € IIG and

by = b

PROOF. We have that uv € IIG by Remark 3.4.3(2). Suppose for contradiction
that ¢, # p. Since (uv)(0,d(p)) = p, and since p € IIE, Lemma 3.6.3(2) ensures
that ¢,, = ' for some ' € A\ A’. Remark 3.4.3(2) then shows that Ay’ also
belongs to IIE, and since d(\) = d(u), we have d(Ay') > d(A\) = d(ty,). Since
L = pp', we have (uv)(0,d(pp')) = pp, and the factorisation property then
ensures that v = p/v/ for some v € A. It follows from another application of the
factorisation property that (Av)(0,d(Ay')) = Ay/. But we now have A\y/ € IIE,
d(Ap) > d(ty,), and (Av)(0,d(Au')) = A/, which contradicts Lemma 3.6.3(2). O

LEMMA 3.6.6. Let (A,d) be a finitely aligned k-graph, let E, G be finite subsets
of A with E C G, and let {tx : A € A} be a Toeplitz-Cuntz-Krieger A-family.
Suppose (A, ) € IIE x4 IIE. Then

omii=" D, OMi.

AVETIG Ly, =A

ProOF. We begin by showing that
(3.6.2) A € IIG and p € TIE implies Q(t)/"Q(t)\7 = 6,, ,Q()}°.

First suppose that ¢y # p. We must show that Q(t)/"Q(t)\“ = 0. There are
two cases:

Case 1: suppose that A € pA. Then (a,3) € A™"(), u) implies d(a) > 0.
Hence

QUIEQMNY < D QBN =0
(a,B)EA™N (A1)
because for each (o, 8) € A™(\, 1), (tats — taats,) is a factor in Q ().

Case 2: suppose that A € pA. Since ¢y # p, we must have 1y = pa where
d(a) > 0by (2) of Lemma 3.6.3. Furthermore, 1, = pa € IIE. So Q(1),/"Q(t)}¢ <
(tuty, — tuat’s) (taty) = 0 since both p and pa = ¢y are initial segments of .

We have now established that ¢y # p implies Q(t)BE Q(H)}¢ = 0. Now suppose
that ¢ty = p. Then
(363 QOIEQWIC =t T] (uhh— tufi)QOTC.

wv€ellE, d(v)>0
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Suppose that pv € IIE with d(v) > 0. Then since ¢y = u, we must have A & uvA,
so (a, B) € A™n(\, pv) implies d(a) > 0. But then for each (, ) € A™"(\, uv),
we have (£t — taat},) a factor in Q(¢)11¢ and hence t),t;,Q(t)¢ = 0. It follows
that for each uv € I1E such that d(v) > 0, we have
(tuty, = twlp )OOV = QDN = Y hatia QN
(a,B)EA™IR (A, pv)

= Lt QN

= Q¢
because 1 = 1y = A(0,d(ty)), and hence #,t3 < t,t7. Applying this reasoning to
each factor on the right-hand side of (3.6.3) gives Q(¢),/*Q(t)}¢ = Q()Y¢ which
establishes (3.6.2).

We have that O(t))] = tAt3Q(t)}"txt, by definition, and an application of

Corollary 3.3.11 then gives ©(t)\ = 7, cne Q)N Q(1)NFtAtr. Applying (3.6.2)
to each term in this sum, we therefore obtain

(3.6.4) ONE = ) QNI

AellG
L=\

For \v € TIG with 1y, = A we have Q(t)\ < tyt},, and hence Q(t)\Jtxt) =

QNI tr s, taty, = Q)N tast?,. Tt follows from Lemma 3.5.4 that Q(t)\Ftxt) =

O(t)ys, for all v € TIG such that ¢y, = X. Combining this with (3.6.4) gives
Ot)s = > OB

AvellG
Lap=A

as required. 0

DEFINITION 3.6.7. Let (A, d) be a finitely aligned k-graph. Suppose that £ and
G are finite subsets of A with £ C G. Fix (n,v) such that Mz (n,v) is nontrivial.
We define I§(n,v) := {v € A : \v € [IG and 1y, = A for X € (IIE)v N A"},

Lemma 3.6.5 ensures that [§(n,v) is well-defined. For convenience, we will
write I§(\) in place of IE(d(\), s(N)) for A € TIE.

COROLLARY 3.6.8. Let (A,d) be a finitely aligned k-graph, let {t\ : X € A} be
a Toeplitz-Cuntz-Krieger A-family, and let E, G be finite subsets of A with E C G.
The inclusion map Ml — M is given by

oy — P > oW

ves(IG(N)) veI§(A)vnAn
ned(IG(\)v)
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In particular, for v € s(IIE), n € d((ILE)v), v' € s(IIG) and n’ € d((IIG)v") such
that n' > n, the inclusion
Mpp(n, v) = Myg(n', v')
has multiplicity |I§(n,v)v' N A™ "],

PROOF. The result is a direct corollary of Lemmas 3.6.6 and 3.6.2. ]

3.7. The path-space representation

In this section we define the path space A* of a k-graph A, and define a Toeplitz-
Cuntz-Krieger A-family {7y : A € A} C B(¢*(A*)). We show that the represen-
tation 7% . TC*(A) — B(f?(A*)) determined by 77 (s7(\)) = Ty is faithful on
TC*(A).

DEFINITION 3.7.1. Given k-graphs (A, d;) and (Ag,dy), a graph morphism
z: (A1,d1) — (Ag,ds) is a functor x from the category A; to the category A
which respects the degree maps in the sense that dy o x = d;.

Let (A,d) be a finitely aligned k-graph. We define A* to be the collection
{x: Qm — A :m € (NU{oco})¥, z a graph morphism}.

Notice that if m € N* then the graph morphisms z : Q,, — A are in bijective
correspondence with A™ (see [29, Examples 2.2(ii)]). When m contains some
infinite coordinates, we think of the graph morphisms z : Q,, — A as partially-
infinite paths in A. Extending this analogy, for a graph morphism z : €, ,, — A,
we write 7(z) for z(0), and we write d(x) for m.

The following simple lemma has been used implicitly to define boundary path
space representations in [18, 29, 30], but for brevity it was not stated explicitly
or proved in any of these papers. The result is not surprising and the proof is

straightforward; they are included here only for completeness.

LEMMA 3.7.2. Let (A,d) be a finitely aligned k-graph, and let {)\; : i € N} be
a sequence of paths in A such that d(X\iy1) > d(N;) and Aiy1(0,d(N;)) = N for all
i > 1. Definem € (NU{oo})* by m; :=lim; o d(\;); € NU{oo} for 1 <j <k.
Then there is a unique graph morphism xy : Q,, — A such that z(0,d(N\;)) = N;
for all i € N.

PRrOOF. To prove existence, we need to define x(ny,ngy) for all 0 < n; < ng <
m with n; € N*. For this, fix such a pair n;,ny. Since ny < m there exists i € N
such that d()\;) > ny. We then define x,(nq,n2) := A\;(n1, ng); this is well defined
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because for j > i, we have A\; = \A;; for some \;; € A, and so Aj(ny,ny) =
()\Z-)\i,j)(nl, ng) = A\i(n1,n2). It follows by definition that x,(0,d(\;)) = A; for all 4.
Now we must show that x, preserves the degree map and is a functor. To see that
x preserves the degree map, just notice that d(\;(ny,n2)) = ng —ny = d((n1,n2))
by definition of A(ni,n). To see that z, is a functor, let ni,ny,ny € NF with
ny < nyg < ng < m. Let i € N such that d(\;) > n3. By definition, we have

zx((nj,m)) = Xi(nj,ny) for j <1, and so in particular,

zx((n1,n2))zr((n2,n3)) = Ai(n1, no)Ni(na, n3) = Ni(ny,ng) =: xx((n1,n3)).

This establishes existence.

For uniqueness, suppose that = : €, — A is another such graph morphism,
and suppose ny,ny € N¥ with 0 < ny < ny < m. Fix i such that ()\;) > ny. Then
the morphism (0,d()\;)) € Q. factorises as (0,d()\;)) = (0,n1)(n1, n2)(n2, d(\;)).
Since z is a functor, it follows that A\; = z(0,d(X;)) = (0, ny)x(n1, n2)x(na, d(N;)).
We have d(z(0,n1)) = ny, d(xz(ny,n2)) = ne — ny and d(z(ng, d(N;))) = d(\;) — ne
because z preserves the degree map. But A;(0,711), Ai(n1,ng) and A;(ng, d()\;)) are
the unique morphisms in A such that d(X\;(0,n1)) = ny, d(Ai(n1,n2)) = ny — ny,
d(Xi(na, d(N;))) = d(N;) — ng, and A; = A (0,n1)Ni(n1, na)Ni(ne, d(N;)). It follows
that z(n1,ne) = \j(n1,ne) =: xx(n1,n2). Since ny and ny were arbitrary, it follows
that x = x,. O

DEFINITION 3.7.3. Let (A, d) be a finitely aligned k-graph and let x € A* with
d(xz) =m.

(1) Let A € A with s(\) = r(z). For i € N, define n; € N* by (n;); =
d(A\); + min{i,m;} for 1 < j < k, i € N. By Lemma 3.7.2, there is a
unique graph morphism ¥y : a0y — A such that y(0,n;) = Az (0,n; —
d(N)) for all i € N. We denote this morphism by Az. We have that
(Az)(d(N),d(A\) +n) = 2(0,n) for all n € N*| that d(\z) = d(\) + d(z)
and that r(Az) = r(\) by definition.

(2) Let n € NF and let n’ € (NU {oo})* with n < n’ < m. For i € N, define
n; € N*¥ by (n;); = min{i, (n’ — n);}. By Lemma 3.7.2, there is a unique
graph morphism y : € ,»—, — A such that y(0,n;) = z(n,n + n;) for all
1 € N. In order to distinguish the restricted morphism y from its image in
A, we denote it by z|"'. We have that 2| (0,1) = 2(n,n+1) for all [ € N*
with n 4+ 1 < n/, that d(z|”) = n’ —n and that r(z|"') = 2(n).
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REMARK 3.7.4. The notation z|? is designedly reminiscent of restriction no-
tation because x| is precisely the restriction of  to that part of €, bounded
above by n’ and below by n. To ensure that this notation is unambiguous, we take
the convention that this restriction applies only to the term immediately preceding
it unless parentheses are used to explicitly indicate otherwise. Thus, Az|” is equal

to A(z|"'), and we parenthesise when we want to refer instead to (Az)|l".

The idea now is to index the basis of a Hilbert space by A*, and use the
concatenation and truncation procedures just defined to produce a Toeplitz-Cuntz-

Krieger A-family on this Hilbert space.

DEFINITION 3.7.5. Let (A, d) be a finitely aligned k-graph. For each A\ € A,
define an operator Ty on (2(A*) by The, = ds(r)r(2)Era-

LEMMA 3.7.6. Let (A,d) be a finitely aligned k-graph. Then the collection of
operators {Ty : X\ € A} is a Toeplitz-Cuntz-Krieger A-family in B((*(A*)) called
the path-space representation of A. Furthermore, T, is nonzero for all v € A,
and if E € vFE(A), then [ cp(Ty — TaTY) is also nonzero.

PROOF. We must first check that the T\ are partial isometries in B(¢2(A*)).
To see this, notice that x — Az is an injective map from {x € A* : r(z) =
s(A)} to {y € A* : y(0,d(\)) = A}, and hence T) is a partial isometry with
range projection Pspanfe,(0,d(x)=r} and source projection Pspan{e,:r(z)=s(\)}- FOr
v € A° the operator T, is equal to the projection onto span{e, : r(z) = v} by
definition, establishing (TCK1). If \,u € A with s(A\) = r(u), and x € A* with
r(z) = s(u), then an application of Lemma 3.7.2 shows that (Au)x and A(ux) are
equal as graph morphisms from € g\ 4d(u)+d@) to A. It follows that Th\T,e, =
Os(w)r(@)eA(uz) = Os(u)r(@ €Oz = Iau€z. If, on the other hand, s(A\) # r(u) then
ThT,er = Os(u)r(z) TAeM = 0s(0) (1) Os()r(z)Eruz = 0, establishing (TCK2).

To check (TCK3), we first need to see how T5 behaves with respect to the
standard basis for £2(A*). So let z,y € A*, and calculate

(ex|Txey) = (Trezley) = 650w (€xsley) = Oray-
On the other hand, (e,|e,) = d,, by definition, so

Tey = {eylgg)) if y(0,d(N)) =X
0

(3.7.1)
otherwise.



3.7. THE PATH-SPACE REPRESENTATION 75

Now suppose A\, u € A and = € A*. Then
apey  1f s(p) = r(x) and (px)(0,d(N)) = A

(pz) |d(/\)
0 otherwise.

e
TXTyew = bsur(@)Txeue = {

But (pz)(0,d(N)) = A if and only if (ux)(0, d(A)Vd(u)) € MCE(A, 1), so we obtain
i) if (pz)(0,d(N) Vd(p)) € MCE(A, 1)

(H‘x d())
0 otherwise.

€
(3.7.2) TiT, e, = {

On the other hand,

* —_—
Y TTpe,= > Toe, o

(a,B)EA™R (A, ) (a,B)EA™™ (A, )
z(0,d(8))=4
(373) = Z eax‘jé?)’
(0, B) €A™ (A, 1)
z(0,d(8))=p
since (a, 3) € A™1()\, ) implies s(a) = s(3). If (a, 8) € A™(\, ), then d(3) =
(d(X\) V d(u)) — d(u), so there can be at most one term in (3.7.3). Writing m for
(d(N) vV d(p)) — d(p), this gives
€, i 1f there exists (o, B) € A™(\ )
Z T\ T;e, = such that z(0,m) = 3
(a.B)eA™(A,p) 0 otherwise.

But z(0,m) = 3 for some (o, 3) € A™*(\ ) if and only if pz = pBz|a”) =

/\ozx|%x), which in turn is true if and only if (ux)(0,d(N\) V d(un)) € MCE(M, ).
Combining this with (3.7.2) establishes (TCK3).

To establish the last two claims, let v € A% and let E C vA\ {v} be any
finite set of paths. Define z, : Qo — A by 2,(0,0) := v, so that € A*. Since
v(0,d(N)) =v # X for all X € E, we have T\Tye, = 0 for all A\ € v, and hence

T,e, =€, and H(Ty —ThTY)e, = e,.
AeE

Since e, is a basis element in £>(A*), and hence has norm 1, it follows that both
T, and [],cx(T, — TaTy) are nonzero. O

COROLLARY 3.7.7. Let (A,d) be a finitely aligned k-graph. Let {sr(\) : XA €
A} € TC*(A) be the universal generating Toeplitz-Cuntz-Krieger A-family. Let
ve A, and let E € FE(A). Then both s;(v) and []\c5(sr(r(E)) — s7(X)sr(N)*)

are nonzero.
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PROOF. By Lemma 3.7.6, we have T}, # 0. Since T, = 7% (s(v)), it follows
that s, (v) is nonzero. Likewise, Lemma 3.7.6 ensures that [ [, z(T,5)—1)\Ty) # 0,

and since
[T = m13) =7 ( TL (52 (0) = (05 (0)),
it follows that [[,.z(s7(r(E)) — s7(X)sz(A)*) is nonzero. O

COROLLARY 3.7.8. Let (A, d) be a finitely aligned k-graph, and let {ty : A € A}
be a Toeplitz-Cuntz-Krieger A-family. Then the homomorphism w1 which takes
sr(A) to ty is ingective on TC*(A)7 if and only if

(1) t, # 0 for allv € A° and
(2) TLegp(trm —tat3) # 0 for all E € FE(A).

In particular, the path-space representation % of Lemma 3.7.6 is faithful on

TC*(A).

PROOF. It follows from Corollary 3.7.7 that (1) and (2) are necessary, and
Theorem 3.5.8 shows that they are sufficient. Combining this with Lemma 3.7.6

now proves the last statement of the Corollary. 0

COROLLARY 3.7.9. Let (A,d) be a finitely aligned k-graph, and let E C A be
finite. Then
Mys = @ Mmigyonan (C).

ves(IIE)
ned((IIE)v)

PRroOF. It suffices to show that [, cpne, ) (s7(v)—=sr(v)s7(v)") # O forall A €
[1E; the result then follows from Lemma 3.6.2. If 7" (n, v) is not exhaustive, then
[l erne v (57(v) =s7(v)sz(v)*) # 0 by Proposition 3.5.3 and Corollary 3.7.7. On
the other hand, if T"¥ (n, v) is exhaustive, then HyeTnE(nw)(ST("U) —s7(V)sr(v)*) #
0 by Corollary 3.7.7. O

3.8. Faithful representations of the Toeplitz algebra

In this section we establish that the homomorphism 77 of 7C*(A) determined
by a Toeplitz-Cuntz-Krieger A family {t, : A € A} is injective if and only if it
is injective on 7 C*(A)7; combining this with Corollary 3.7.8 proves a uniqueness

theorem for the C*-algebras generated by Toeplitz-Cuntz-Krieger A-families.
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PROPOSITION 3.8.1. Let (A,d) be a finitely aligned k-graph, and let {t\ : X\ €
A} be a Toeplitz-Cuntz-Krieger A-family such that t, # 0 for all v € A° and
[Leg(trm —taty) # 0 for all E € FE(A). Then there is a linear map

B, C*({ty s A € A}) — span{trts, - d(\) = d(s)}
such that ®; o 7TtT = 7TtT o ®7,
The following technical result is the guts of Proposition 3.8.1.

LEMMA 3.8.2. Let (A,d) be a finitely aligned k-graph, and let {t\ : X € A} be a
Toeplitz- Cuntz-Krieger A-family such that t, # 0 for allv € A° and [ [, p(tr(r) —
taty) # 0 for all E € FE(A). Let E C A be finite, and let

a= Z axutat;, where ay, € C for all A\, € E.
MUEE

Then || 3o, e maon—dq @utrts || < llall.

PROOF. For convenience we denote -, ,cp yny=a() @utaty, by ®(a) for the
duration of this proof. By Proposition 3.5.3, ®(a) can be written as ®(a) =
D onpenimxg e @, O3, for some {a}, + A, p € IE x4, IE} C C. Since My
decomposes as a direct sum as in Lemma 3.6.2, there exist v € s(IIEF) and n €

d((ITE)v) such that
le@li=| > aemiE]
A€ (TTIE)uNA™
Define a projection () by
Q= > Q.
AE(IIE)vNA™
Since the Q(¢)'¥ are mutually orthogonal, Lemma 3.5.4 gives

Au
0 otherwise.

QO(t)xy = O(t)3,Q =

A A T

{@(t)HE if \, € (IIE)v N A"

Hence we have

(3.8.1) 1Q(a)Ql = [[®(a)]l-

On the other hand, we have

QaQ = Y ay,.QhtQ.

AMUEE
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To investigate this expression further, fix A € E, and calculate

Q) = Qt\trt
=Q Z Q(t)\Fty by Corollary 3.3.11

AEIE

= Z Q)3

Ave(IIE)vnA™
= Y tky( I tw-tt ))t*
Ave(IIE)vNA™ v/ €lLE,d(v)>0
by Remark 3.5.5. Hence (TCK3) gives

Qt\t,Q = > tAy< 1T (tv—t,,fti,)>tat;( 11 (tv—tgftj;/))t/*w.

Av,poe(IIE)vNA™ )\VV’IEHE pnoo' €NE
(o, B)EA™ID (1) d(v')>0 d(c’)>0

To eliminate these terms when d(\) # d(u), we adjust the projection @ as
follows: let
E = U {a, B : A, puo € (TIE)w N A", (o, B) € A™(v,0)},

\p€EllE,
d(A)#d(p),d(N),d(u)<n

and let
Q=Q Z ( H SAS) — SA€3A§)>
Ae(IIE)oNAn  EEE!
Since Lemma 3.1.2(3) ensures that the range projections associated to paths A of

degree n are orthogonal, we have that

Q=Y. QWYY ]] (sa53 — sreshe)

A€(IIE)vNA™ EEE!
= > tA< T &-ue) []¢- t§t2)>t§.
AE(IIE)vNA™ veTUE (nw) ger’

Each summand in )" is a nonzero subprojection of the corresponding summand in

Q: on the one hand, if T"¥(n,v) U £’ is exhaustive, we have
IT @ —tty) [t —tets) #0
veTUE (nv) EERE!

by assumption; on the other hand, if T™¥(n,v) U E’ is not exhaustive, there exists
7 € vA such that A™(o,7) = () for all 0 € T"¥(n,v) U E’, and then

[T  t—tty) [t — teti)tots = totz £ 0.

vETNE (n,v) Eer!
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It follows that ©(t)\" — QO(t)\"Q) determines an isomorphism of Mfp(n,v).

Combining this with (3.8.1) gives
(3.8.2) 1Q"2(a)Q']| = [|QL(a)Q = [[2(a)]-
On the other hand, if A\, u € IIE and d(\) # d(u), we have

QA = ) (txu< I1 (tv—tV/tZ/)H(tv—tth))

)\V,MUE(HE)UNA" v €lE d(v")>0 EEE!
(o, B) €A™ (v,0)

tatl ( I —tet) 11 (ty — tgltf,,)>t/’;a).
=34 pnoo’ €IlE,d(a’)>0
Since each « occurring in this sum belongs to £’ by definition, we have
[Tt —tetota = (T (t—tetd)(to — tati)ta =0
¢er feEN\{a}
in every term, and so the sum collapses, giving Q't,t;,Q)" = 0 for all A, u € IIE
such that d(\) # d(u). Hence Q'a@Q’ = Q'®(a)Q)’, and (3.8.2) gives

[®(a)]| = 1QP(a)Q']| = |QaQ'|| < |Q'[ lall |Q"l| = llal|- m

PROOF OF PROPOSITION 3.8.1. By Lemma 3.8.2 the formula
(3.8.3) D anubiti = Y abit
AuEE MHEE,d(\)=d (1)
is norm-decreasing on span{txt’ : A, € A} which is dense in C*({ty : A € A}).
It follows that (3.8.3) determines a well-defined norm-decreasing linear map from
span{txt} : A, € A} to span{taty : d(\) = d(p)}, and hence defines a bounded

linear map
O’ span{tyt; : A, € A} — span{tyt, - d(\) = d(u)}
such that ||, < 1. Since ®; o 77 agrees with 77 o ® on the dense subset

span{s;(\)sr ()" : A, € A} € TC*(A), we have that &, 077 = w7 o ®” as linear
maps from 7C*(A) to span{tyt}, : d(A) = d(u)} as required. O

We can now prove the main result of this chapter.

Proor oF THEOREM 3.1.6. Corollary 3.7.8 establishes necessity, so we need
only establish sufficiency. For this, suppose that {t) : A € A} satisfies (1) and (2)
of Theorem 3.1.6, and suppose that a € 7C*(A) and that 77 (a) = 0. Then
7l (a*a) = 0 by the C*-identity, and then ®,(77 (a*a)) = 0 since ®, is linear.
Proposition 3.8.1 ensures that ®,077 = 77 0®7, so we deduce that 77 (®7(a*a)) =

0. Corollary 3.7.8 shows that 77 is faithful on 7C*(A)?, so we have ®(a*a) = 0.
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But ®7 is faithful on positive elements by Proposition 3.2.3, giving a*a = 0. Hence
a = 0 by the C*-identity. O

COROLLARY 3.8.3 (The Toeplitz Uniqueness Theorem). Let (A, d) be a finitely
aligned k-graph. There exists a Toeplitz-Cuntz-Krieger A-family {t) : X € A} such
that

(1) t, #0 for allv e A°; and
(2) [Leg(tr e — trty) # 0 for all E € FE(A).
Furthermore, any two Toeplitz-Cuntz-Krieger A-families satisfying (1) and (2) gen-

erate canonically isomorphic C*-algebras.

PRrROOF. The first statement follows from Lemma 3.7.6, and the second then
follows from Theorem 3.1.6. 0

COROLLARY 3.8.4. Let (A,d) be a finitely aligned k-graph. The representa-
tion 7% @ TC*(A) — B({*(A*)) associated to the path-space representation of
Lemma 3.7.6 is faithful.

PRroOF. This is a direct consequence of Lemma 3.7.6 and Theorem 3.1.6. [



CHAPTER 4

Relative Cuntz-Krieger algebras

This chapter introduces the relative Cuntz-Krieger algebras associated to a
finitely aligned k-graph A. Given a subset £ of FE(A), the relative Cuntz-Krieger
algbra C*(A; £) is the universal C*-algebra generated by a Toeplitz-Cuntz-Krieger
family in which [],.p(tr ) — taty) is equal to zero for E' € £. We call this algebra
a relative Cuntz-Krieger algebra. When £ = (), the associated relative Cuntz-
Krieger algebra C*(A;() is the Toeplitz algebra of the previous chapter. When
& = FE(A) we obtain the Cuntz-Krieger algebra C*(A) studied in [30]. In general
the algebras C*(A;€) interpolate between 7C*(A) and C*(A) in the sense that
for each € C FE(A) there exist ideals Je C TC*(A) (see Definition 4.1.3) and
Tepapnz C C7(A; E) (see Definition 5.3.1) such that

TC'(N)/Je = C*(AE)  and  C (M) /Lppaye 2 C7(A).

Our primary objective in this chapter is to prove a gauge-invariant uniqueness
theorem for C*(A;E). We achieve this objective in Theorem 4.3.12.

4.1. Relative Cuntz-Krieger families

In this section we introduce the Cuntz-Krieger relation (CK) and use it to
define the relative Cuntz-Krieger algebra C*(A; &) associated to a k-graph A and
a subset € of FE(A). We show that C*(A; £) admits a gauge action, and investigate

the consequences of this fact.

DEFINITION 4.1.1. Let (A, d) be a finitely aligned k-graph, and let £ C FE(A).
A relative Cuntz-Krieger (A\; E)-family is a Toeplitz-Cuntz-Krieger A-family {t, :
A € A} which satisfies

(CK) H,\eE(tT(E) — t,\ti) =0 forall £ €€.

81
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REMARK 4.1.2. Let (A,d) be a finitely aligned k-graph. When £ = (), the
new relation (CK) is trivial; hence, the relative Cuntz-Krieger (A;())-families are
precisely the Toeplitz-Cuntz-Krieger A-families of Definition 3.1.1. On the other
hand, if £ = FE(A), then (CK) applies to every finite exhaustive set; consequently,
the relative Cuntz-Krieger (A; FE(A))-families are precisely the Cuntz-Krieger A-
families of [30, Definition 2.6].

DEFINITION 4.1.3. Let (A, d) be a finitely aligned k-graph and let £ be a subset
of FE(A). We define Jg to be the ideal in 7 C*(A) generated by

{TLcr (sr(r(E)) = sz(N)s-(N)*) : E € E}.
We define C*(A;E) := TC*(A)/Je and sg(N) := sr(\) + Je € C*(A;€) for all
A € A. We call C*(A; E) the relative Cuntz-Krieger algebra associated to A and
£.

THEOREM 4.1.4. Let (A, d) be a finitely aligned k-graph and let € be a subset of
FE(A). The family {ss(\) : X € A} is a relative Cuntz-Krieger (A; E)-family which
generates C*(A; E). Furthermore, C*(A\; E) is the universal C*-algebra generated
by a relative Cuntz-Krieger (A\; E)-family in the sense that if {tx : X € A} is a
relative Cuntz-Krieger (A; E)-family in a C*-algebra B, then there exists a unique
homomorphism 7€ : C*(A; E) — B such that 7f (sg(\)) =ty for all X\ € A.

PROOF. We have that {sg¢(\) : A € A} satisfies (TCK1)—(TCK3) because the
quotient map is a homomorphism. Moreover, {sg(A) : A € A} satisfies (CK) by
definition. It follows that {s¢()) : A € A} is a relative Cuntz-Krieger (A; £)-family.
Since {s7(A\) : A € A} generates 7C*(A), we have that {sg(\) : A € A} generates
C*(N; ).

To see that C*(A;€) is universal, let {tx : A € A} be a relative Cuntz-
Krieger (A;E)-family in a C*-algebra B. Since {t, : A € A} is in particular a
Toeplitz-Cuntz-Krieger A-family, Theorem 3.1.5 gives a unique homomorphism
7l . TC*(A) — B such that 77 (sz()\)) =ty for all A € A. Since {t, : A € A} sat-
isfies (CK) we have Jg C ker 17, so 7 descends to the required homomorphism 7¢
of C*(A;&). We have that 7 is the unique homomorphism of C*(A; £) satisfying

7€ (se(N)) =ty for all A € A because {sg()\) : X € A} generates C*(A; E). O

REMARK 4.1.5. Muhly and Tomforde study relative graph algebras associated
to directed graphs E in [23, Section 3]. Given a directed graph E and a subset V' C
E°, the relative graph algebra C*(E,V) is the universal C*-algebra generated by
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mutually orthogonal projections {p, : v € E°} and partial isometries {s. : e € E'}
such that s}s. = py) for all e € E' and such that p, > ZeeF
and finite F' C r~!(v), with equality when F' = r~!(v) is finite and v € V. Muhly

sest for all v € E°

and Tomforde’s analysis proceeds by constructing from a graph E and a subset
V of EY a graph Ey such that C*(Ey) is canonically isomorphic to the relative
graph algebra C*(E, V). This technique has the great advantage that it allows the
extensive theory of graph algebras to be brought to bear on the study of relative
graph-algebras. One might therefore hope to obtain a simpler analysis of relative
Cuntz-Krieger algebras associated to k-graphs by adapting the techniques of [23]
to the higher-rank setting as opposed to employing a direct analysis of C*(A; ).

We have as yet been unable to find a higher-rank analogue of the construction
of Ey from E and V developed in [23]. Indeed, since the relative Cuntz-Krieger
algebra is determined by a collection £ of finite exhaustive sets rather than a set
V' of vertices, we would expect that any such construction would be significantly
more complicated than the construction in [23]. Added to this complication are
the combinatorial issues which the factorisation property causes when one tries
to modify k-graphs by adding or removing edges. However, when A = E* is
the 1-graph corresponding to a directed graph FE, the relative Cuntz-Krieger alge-
bras associated to A by Definition 4.1.3 are precisely the relative graph algebras
C*(E, V) associated to E in [23] (see Remark 5.2.8), and the results in this chapter
provide an alternative analysis of C*(E, V) to that given in [23].

PROPOSITION 4.1.6. Let (A, d) be a finitely aligned k-graph, and let € be a sub-
set of FE(A). There exists a strongly continuous action v : TF — Aut(C*(A; £)),
called the gauge action, which satisfies v,(sg(\)) = 2% Msg(N) for all X € A. Let
C*(A; €)Y denote the set of fived points {a € C*(A;E) : v.(a) = a for all z € T*}.
Then

C*(A; )7 = spami{ss(Nse ()" : A, € A, d(N) = d(u)}.

PROOF. Since the ideal Jg in 7C*(A) is generated by projections which are in-
variant under the gauge action v on 7 C*(A), the gauge action on 7C*(A) descends
to the required action, also denoted v, on C*(A;E). For the second statement, just
notice that C*(A; &) is precisely ge(TC*(A)7). Since ge(s7(N\)) = sg(A) by defi-

nition, the result now follows from Proposition 3.2.1. U
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PROPOSITION 4.1.7. Let (A,d) be a finitely aligned k-graph, and let € be a
subset of FE(A). There exists a faithful conditional expectation &7 : C*(A;E) —
C*(A\; €)Y which satisfies

D7 (sg(A)se (1)) = Gan g se(N)se(p)”.
PRrROOF. The proof is identical to that of Proposition 3.2.3. O

COROLLARY 4.1.8. Let (A, d) be a finitely aligned k-graph, and let £ be a subset
of FE(A). Let {tx» : A € A} be a relative Cuntz-Krieger (A; E)-family in a C*-
algebra B, and suppose that there is a strongly continuous action 0 : T — Aut B
such that 0 o w8 = 7€ o~y. Then ©¢ is injective if and only if it is injective on

C*(A;E).

PROOF. The “only if” is trivial, so suppose that ¢ is injective on C*(A;&)7,
and that 7¢(a) = 0. Let ®° : B — B? be the faithful conditional expectation

obtained from Proposition 3.2.4. We have that ®’ o 7f = 7% o ® because ¢

is equivariant in v and . Since 7f is a homomorphism, we have 7f(a*a) = 0,
and then ®%(7¢(a*a)) = 0 because @’ is linear. It follows that 7¢(®7(a*a)) = 0
because ®% o ¢ = 7f o ®. By Proposition 4.1.7, ®7(a*a) belongs to C*(A;E)7.
Since 7 is injective on C*(A; €)Y by assumption, it follows that ®7(a*a) = 0.
Since ®7 is faithful on positive elements, we then have a*a = 0 and thus a = 0 by

the C*-identity. O

4.2. Satiated sets

We want to use Theorem 3.5.8 to decide when relative Cuntz-Krieger (A;E)-
families are injective on the core of C*(A; ). Corollary 4.1.8 will then give a gauge-
invariant uniqueness theorem for C*(A;&). To do this, we need to do two things:
firstly we need to show that sg(v) # 0 for all v € A°; and secondly we need to
decide precisely which sets E € FE(A) satisfy [T, (se(r(E)) — se(A)se(A)*) # 0.

To achieve these aims, we construct a concrete representation of C*(A;E)
akin to the path-space representation of 7C*(A) (in fact, when & = 0, the two
representations are one and the same). The idea is to choose a subset O(A; &)
of A* with the property that restricting the boundary-path space to £2(0(A;€))
produces a relative Cuntz-Krieger (A;E)-family. In order to choose such a sub-
set, we will first need to investigate which sets E € FE(A) necessarily satisfy
[Tier (se(r(E)) — se(A)se(A)*) = 0. We begin with a technical lemma.
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LEMMA 4.2.1. Let (A,d) be a finitely aligned k-graph, and let {t\ : X € A}
be a Toeplitz-Cuntz-Krieger A-family. Let v € A°, let X\ € vA and suppose that
E C s(AN)A is finite and satisfies [[,cp(tspy — tuty) = 0. Then

ty — t/\ti =1y HVGE(t'U - t)\l/tiu)‘
PROOF. Since ty,t}, < it} for all u € s(A)A, we have
(ty — rt) (ty — tantl,)) =ty — Bt}

for all v € E. Since range projections in C*(A) commute by Lemma 3.1.2(2), and

since F is finite, it follows that

(4.2.1) (te — taty) [ (B — tavts,) = to — tats.
veFlR

On the other hand,

(=) (T = tat3)) = to(TT (0 — tat)) = i (TL 0 — i)

veE vel veEER
_ (t,, [T - tAytiy)) - tA< [Tt - tyt;’;))t;
vek velE
=t [t — tats)
vek
because [, cp(tsn) — tut;) = 0 by hypothesis. O

The following lemma is intended to provide motivation for the definitions and

lemmas later in the section, particularly Definition 4.2.3.

LEMMA 4.2.2. Let (A,d) be a finitely aligned k-graph and let € be a subset of
FE(A). Let {t) : A € A} be a relative Cuntz-Krieger (A\; E)-family. Let E C A be
a finite set constructed in any of the following four ways:

(1) E=GUF for some G € € and finite F C r(G)A;
(17) E = Ext(u; G) for some G € € and p € r(G)A\ GA;

(t3i) E={A0,ny) : A € G} where G € £ and 0 < ny < d(\) for all X € G; or

(iv) E =G\ G U (Uyee AG4) where G € €, G' C G and G} € s(N\)E for all

rNeG

Then HAeE(tT(E) - tkti) =0.

Proor. We prove the Lemma by demonstrating that if F is constructed from
G € &€ as in any of (i)-(iv), then [[,cx(t,p) — tat}) is dominated by [, (tv @) —
taty). Since {tn : A € A} is a relative Cuntz-Krieger (A;E)-family, we have
[Liec(tr@ — taty) = 0 for G € £, and hence [[,.x(t, ) — taty) = 0 as required.
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Suppose that £ = G U F for some G € £ and finite F' C r(G)A. Then

[t —taty) = (H(MG) - w’i))( IT e - wi))-

AEE AEG AeF\G
Suppose that E = Ext(u; G) for some G € € and p € r(G)A \ GA. Then

H (tr(E) — t)\t;) = t;tu< H (ts(u) - tAt;))ﬁltﬂ

AeE AeE
= t;( T - twt;Qtu
A€Ext(1;G)
=t (tut;’; It - totf,))t“.
ceG

Suppose that E = {A(0,n,) : A € G} for some G € £ and 0 < ny < d(\) for
each A € G. Then since t,(g) — t>\(07m)t’;\(07m) < t.g) — txt} for all A € E, we have

[Tt @ -t = [Tt — tuomtion) < TT @ — tut)-
AEE neG pneG
Finally, suppose that £ = G\ G' U (U, AGY) for some G € €, G' C G, and
G\ € s(\)E for each A € G’. Then Lemma 4.2.1 implies that for A € G’, we have

tr(q) — At} = l_IueG’A (tr(G) - tkuti ). Hence

[Ltm =) = ( IT m —680) TT (IT b = taati)

AEE AeG\G' AEG  pueG)
= ( I —wi))( I (e —m&;))
AEG\G AEG!
= [[(tre) — tat3)- O
AeG

DEFINITION 4.2.3. Let (A,d) be a finitely aligned k-graph. We say that a
subset £ of FE(A) is satiated! if it satisfies

(S1) If G € £ and E C r(G)A \ A is finite with G C F then E € &;
(S2) If G € € with r(G) = v and if u € vA \ GA then Ext(u; G) € &;
(S3) If G € £ and 0 < ny < d(A) for each A € G, then {A\(0,n,) : A € G} € &;
and
(S4) If G € £, G C G and G} € s(N)E for each A € G, then ((G\ G')U
(Uneor G € €
We write & for the smallest collection of subsets of A which contains £ and satisfies
(S1)—(S4), and refer to € as the satiation of E.

"The author considered using the term “normal” rather than “satiated,” but is given to
understand that Quigg holds the trademark on this terminology.
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EXAMPLE 4.2.4. We provide here examples of each of the four conditions (S1)—
(S4). Consider the 2-graph Ay of Example 2.4.8 with 1-skeleton

B
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T T

o ! o !
T T

LG *

| | / | | /

| / | /

|!l . |!l .
Iy} Iy 5

\'yv,vl%' ;vlvo%'

oy Ay y

I I

11/ 11/

1,/ 1,/

'// '//

¢ 7 ®

Condition (S1) insists that if, for example, the exhaustive set {\'} belongs to &,
then so must all sets of the form {N,u. : i € I} where [ is a finite subset of N.
C*-algebraically, this is because if sg(r(N)) — se(N)sg(N)* is equal to zero, then
any product in which this is a factor must also be equal to zero.

Condition (S2) says that if {\'} € &, then each {3/} = Ext(u;, {\'}) must also
belong to £. C*-algebraically, this is because if sg(r(\)) — se(N)sg(N)* is equal
to zero, then for each i, we have sg(])* (se(r(N)) — sg(N)se(N)*)se(p
zero, and this last is equal to sg(p))*se(ph) — se(pl)*se(N)se(N)*se(us
equal to sg(r(5;)) — se(5i)se(3)".

Now consider the 2-graph of Example 2.3.3 with 1-skeleton

) equal to
) which is

/ — =\ /=~ N\
/ UU// N s AN \
/ \ 14 \
/ \

A A ul \U A A
\ /
\ /

\ N /// H \\\ 7T /
\ \_/// \\\_/ o

\\ ~ ~ //’7'1

— — ~

and factorisation property determined by bi-coloured squares

S ={{(\ ), (7, NV} A7), (03, 1)} }-
Condition (S3) says that if, for example, the set {ur, um} belongs to &, then
so does {u} (as well as {umo, u} and {u, um}). C*-algebraically, this is because
the projection sg(u)se(p)* dominates sg(ur;)se(ur;)* for ¢ = 0,1, so sg(u) —
se(p)ss(p)* is dominated by sg(u) — sg(um)se(pr)* for i = 0,1. It follows that
se(u) — se(p)se(p)* is dominated by the product [[7_, (se(u) — se(uri)se (ur)*).
Hence if this product is equal to zero, then so is sg(u) — sg(p)se(p)*.
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Finally, condition (S4) says that if, for example, the sets {u} and {og, 01}
belong to &, then so does {og, 011} (as well as {oop, 01} and {oou, oyp}). C*-
algebraically, this is because if sg(u) — sg(p)se(p)* is equal to zero, then sg(u) =

se(p)se(p)*, and hence each

se(oipi)se(oip)” = se(0i)se(p)se(p) se(0:)" = se(0s)se(0:)"

Hence if [[1_,(se(u) — sg(0:)se(0:)*) is also equal to zero, then [[_,(se(u) —

se(oip)se(osp)*) = 0.

We will construct € directly using a technique inspired by Szymariski’s con-
struction of the saturation of a set H of vertices in a 1-graph [38]. As a by-product
of this process, we show that & C FE(A).

LEMMA 4.2.5. Let (A,d) be a finitely aligned k-graph and let € C FE(A).
Define

(4.2.2) Ssn(&) ={GUF :G €€ and F C r(G)A\ A is finite}.
Then £ C Z(Sl)(g) C FE(A)

PRrROOF. To see that ¥(s1)(£) C FE(A), notice that each set £ € ¥g1)(€) is
finite and contains an element G' € £ by definition; since G is exhaustive, it follows
immediately that E is exhaustive, and ENA® = () by definition. Hence £ € FE(A).
To see that ¥(g1)(€) contains &, just take F = ) in (4.2.2) for each G € €. O

LEMMA 4.2.6. Let (A,d) be a finitely aligned k-graph and let € C FE(A).
Define

(4.2.3) Ys(€) = {Ext(11;G) : G € &, p e r(G)A\ GA}.

Then £ C Z(Sg)(g) C FE(A)

The following lemma is really part of the proof of Lemma 4.2.6, but it is

convenient to state it separately.

LEMMA 4.2.7. Let (A,d) be a finitely aligned k-graph, let v € A°, let E C vA
be finite and exhaustive, and let p € vA. Then Ext(u; E) is a finite exhaustive
subset of s(u)A. If p & EA then Ext(u; E) € FE(A).

PROOF. Let E' := Ext(u; E'). Since F is finite and A is finitely aligned we
know that E’ is finite, and £’ C s(u)A by definition. So we need only check that
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E’ is exhaustive. Let 0 € s(u)A. Since E' is exhaustive, there exists A € F with
A™R(N po) # 0, say (a, 8) € A™(\, po). So Aa = po3, and hence

(@(0, (d(A) V d()) = d(N)), (28)(0, (d(A) V d(p)) — d(n))) € A™(\, ).
It follows that 7 := (¢3)(0, (d(A) V d(i)) — d(u)) belongs to E’, and we have

((e8)(d(0), d(o) v d(7)), (¢B)(d(7),d(0) V d(7))) € A™"(0,7)
by definition. Since o € s(u)A was arbitrary, it follows that £’ is exhaustive. For
the final statement, suppose that p ¢ EA. Then a € Ext(u; F) implies d(a) > 0,
giving Ext(u; ) N A° = (). Since we have already concluded that Ext(u; E) is
finite exhaustive, it follows that Ext(u; E) € FE(A). O

PrROOF OF LEMMA 4.2.6. By Lemma 4.2.7, we know that each Ext(u; G) be-
longs to FE(A), giving ¥g2)(£) C FE(A). To see that £ C Xg9)(€), take p = r(G)
in (4.2.3) for each G € &; since &€ C FE(A), we have G N A° = (), and hence
r(G) € r(G)A\ GA. O

LEMMA 4.2.8. Let (A,d) be a finitely aligned k-graph and let € C FE(A).
Define

(4.24) X5(E) == {{A0,n)) : N €G}: G € E,0<ny <d(N) forall A € G}.
Then £ C Z(SB) (5) C FE(A)

PROOF. Let E € ¥s3)(€); say £ = {A(0,n)) : A € G} where G € £ and
0 < ny, < d(\) for all A € G. Then |E| < |G| < oo, proving that E is finite.
To see that it is exhaustive, suppose that p € r(E)A. Then there exists A € G
with A™(\, p) # 0 because G € € C FE(A); say (o, 8) € A™»(\,u). But
then A(0,n5)(A(ny, d(X))ae = pf is a common extension of A(0,7,) and p, giving
A™(N(0,my), 1) # 0. Since p € r(E)A was arbitrary, it follows that E is exhaus-
tive. Let A € G. Since ny < d(\) we have d(A(0,n,)) = ny. Since 0 < n,, it follows
that A(0,ny) € A°. Since A € G was arbitrary, we therefore have £ N A° = (), so
E € FE(A). We have therefore established that ¥g3)(£) C FE(A).

Next we must show that & C Xg3)(€). For this, let G € £ and let ny := d(\)
for every A € G. Since G € £ C FE(A), we have G N A° = (), which ensures that
0 <ny <d(A) forall A € G. Then G = {A\(0,n)) : A € G} € Eg3)(E). O

LEMMA 4.2.9. Let (A,d) be a finitely aligned k-graph and let € C FE(A).
Define
Ss0)(€) == {(G\G)U (Uyeew AGY) : G € E,G' C G,

(4.2.5)
and G\ € s(\)E for all X € G'}}.
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Then £ C 2(34)(8) C FE(A)

PROOF. Suppose that E € Sy (€); say E = G\ G’ U (Uyer AG)) where
G € & Then |E| < |G| - max{|G,| : A € G'} < o0, so E is finite. To see that
E is exhaustive, let p € r(E). Since G € € C FE(A), there exists A € G with
A™(N ) # 0. IfE N € G, then A € E, and we are done. On the other hand, if
A€ G, let (o, ) € A™(\, u). By definition of G, there exists o € G\ such that
A™ (o o) # 0, say (n,¢) € A™(a,0). Then Ao¢ = dan = pfBn is a common
extension of Ao and u, so A™™(\o, u) # 0. But Ao € \G, C E. Since u € r(E)A
was arbitrary, it follows that F is exhaustive. Since G € £ C FE(A), we have that
GNA®=0. Hence p € G\ G’ implies d(p) > 0, and p € MG, for some \ € G’
implies d(p) > d(X\) > 0, giving £ N A" = (. Tt follows that Xss)(E) C FE(A). To
see that ¥gq)(€) contains &, just take G’ = () in (4.2.5). O]

NOTATION 4.2.10. We write (Xg4)X(s3)X(s2)X(s1))" for the n-fold iterated ap-
plication of the composition ¥ g4y 0 ¥(g3) 0 Y(s2) © Xs1)- That is, for a subset £ of
FE(A), the set (X(g4)X(s3)X(s2)X(s1))"(€) is equal to

n terms
7\

((s4) 0 X(s3) © Ys2) © Xs1)) 0 - -+ 0 (Xsay © Ys3) © Xsz) © Ys1))(€)

for all n € N. Since Lemmas 4.2.5-4.2.9 show that £ C ¥ g4)0X(g3)03(s2) 0 Xs1)(£)
for all g, we write (2(84)2(83)2(82)2(81))00(5) for U (2(84)2(83)2( )E(Sl))”(f;),

COROLLARY 4.2.11. Let (A, d) be a finitely aligned k-graph and let £ C FE(A).
Then £ C (2(34)2(53)2(32)2(51))00(5) C FE(A) and (2(34)2(53)2(32)2(31))00(5) sat-
isfies (S1)—(54).

PROOF. For convenience, we will write ¥(g;4) in place of X (g4)2(s3)2(s2)2s1)
for the duration of this proof. Lemmas 4.2.5-4.2.9 show immediately that & C
21 4)(€) C FE(A). For the second statement, notice first that Lemmas 4.2.5-
4.2.9 also establish that for 1 <i <4, and n € N, we have

(4.2.6) E(Si)( 7(18174)(5)) - 27@314 (€).
To see that 375, ) (€) satisfies (S1), let G € 5, ,)(€) and suppose that [ is a finite
subset of 7(F)A\ AY. Then G € Els1.4)(€) for some n € N, and then the definition
of ¥(g1) combined with (4.2.6) shows that G U F' € 2?514) (€) C (5, 4(E).

To see that X5, 4 (€) satisfies (52), let G € Xf5; )(€) and suppose that A €
r(G)A\GA. Then G € X, ,(€) for some n € N, and then the definition of Xy

combined with (4.2.6) shows that Ext(\; G) € 2”514) (€) C (5, 4(E).
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To see that ¥, ,)(€) satisfies (S3), let G € X5, ,(€) and suppose that
0 < ny <d(A) for all A € G. Then G € X, ,(€) for some n € N, and then
the definition of g3y combined with (4.2.6) shows that {A(0,n)) : A € G} €
E785?4) (€) C B 4(8).

Finally, to see that X5, , (€) satisfies (54), let G € X5, ,)(€), suppose that
G' C G and that G) € s(A\)Xf5; ) (€) for each A € G Then G € Xfy, 4 (€) for
some n € N, and for each A € G/, we have G\ € ¥ig, , () for some ny € N. Let
m = max{n,ny : A € G'}. Lemmas 4.2.5-4.2.9 show that G and each G’ belong
to Xg; 4(€) and then the definition of ¥ss) combined with (4.2.6) shows that
(GG U (Uneer AGY) € S0 (6) € 55, (6 .

PROPOSITION 4.2.12. Let (A,d) be a finitely aligned k-graph and let € C
FE(A). Then € = (SsnXs3)Zs2) Ss1))*(€); in particular, E C FE(A).

PROOF. The previous six results and the definition of £ combine to show that
€ C (Ssn)Biss) Sis2) Sisn) ™ (€).

But the construction of the maps ¥(g1), X(g2), M(s3) and gy ensures that if
F C FE(A), then E(Sl)(f') C ?, E(Sg)(f) C ?, E(sg)(f) C ?, and 2(34)(f) c F.
Hence each (2(84)2(83)2(82)2(81))n(‘€) C E, SO (2(84)2(83)2(82)2(81))00(5) C g ]

LEMMA 4.2.13. Let (A, d) be a finitely aligned k-graph, and let {t\ : A € A} be a
Toeplitz-Cuntz-Krieger A-family. Let £ C FE(A), and suppose that for all E € &,
[Len(tem — taty) = 0. Then for every G € €, we have [],cq(trc) — tat}) = 0.

PROOF. Proposition 4.2.12 shows that it suffices to check that if G is a set
produced by ¥(s1), Y(s2), 2(s3), or Xgs) from elements of £, then [], . (trq) —
taty) = 0; but this is precisely the statement of Lemma 4.2.2. O

COROLLARY 4.2.14. Let (A, d) be a finitely aligned k-graph and let € be a subset
of FE(A). Then C*(A;E) = C*(A; €).

PrROOF. Lemma 4.2.13 ensures that Jg = Jg. 0

Ultimately our aim is to show that the converse of Lemma 4.2.13 holds in the
universal algebra C*(A; ). That is, we want to show that if £ € FE(A) satisfies
[Lier (se(r(E)) — se(A)sg(A)*) = 0, then E € €. The point is that then we can
use Theorem 3.5.8 to decide which relative Cuntz-Krieger (A; £)-families determine
homomorphisms of C*(A;E) which are injective on the core. We achieve this aim

in Theorem 4.3.12, but the proof requires the following technical lemma.
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LEMMA 4.2.15. Let (A,d) be a finitely aligned k-graph, and let € C FE(A).
Suppose that E € € and that F C r(E)A \ A° is finite and has the property that
for all u € E, either i € FA or Ext(u; F) € £. Then F € £.

PROOF. Define G := E'\ FA, and for each 1 € G, let G, :== Ext(y; ). Then
each G, € € by hypothesis, and hence (S4) gives

E' = ((E\G)U (U,eqnGu)) €&
For A € E'\ G we have A(0,n) € F for some n; in this case, let n) :=n. For p € G

and A € uG,,, we have A = puf for some 3 € Ext(u; F'), so there exists o € F' and
a € A such that (a, 3) € A™"(o, ). Hence

A0,d(0)) = (u8)(0,d(0)) = (0)(0,0) = o € F;

in this case, set ny := d(o). Define E” := {\(0,n)) : A € E'} C F. We have
E" C F by the previous paragraph. But E’ € £, and since F N A° = (), each n, is
strictly greater than zero. Hence (S3) ensures that £ € €. Since E” C F C A\ A°
and since F is finite, it now follows from (S1) that F € . O

4.3. The relative boundary-path representation

In this section we identify a subset J(A; E) of A* with the property that the re-
striction of the partial isometries T} of the path space representation to £2(0(A; £))
yields a relative Cuntz-Krieger (A; E)-family {Sg(A) : A € A}. We show that for
E € FE(A), the projection [ [, (Se(r(E)) — Se(A)Se(A)*) is equal to zero if and
only if E belongs to the satiation € of £&. We then produce a version of the

gauge-invariant uniqueness theorem for C*(A; ).

DEFINITION 4.3.1. Let (A,d) be a finitely aligned k-graph, and let £ be a
subset of FE(A). We say that € A* is an E-relative boundary path of A if for
every n € N¥ such that n < d(x), and every E in the satiation £ of £ such that
r(E) = z(n), there exists A € E such that z(n,n + d(\)) = A. We denote the
collection of all E-relative boundary paths of A by J(A;E).

EXAMPLE 4.3.2. Let (A, d) be the 3-graph of Example 4.4.9 and let £ be as in
the same example. So & is the set described in the final paragraph of Example 4.4.9.
Consider the E-relative boundary paths with range vy o). By definition, each must
have either A1 00y or else (Auo)(—11,1) as an initial segment. Moreover a boundary

path which passes through the vertex v(; 1) must have either ji(; 1,1y or p(1,-1,1) as
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its final segment. In this example these two conditions identify all the £-relative

boundary paths with range v(g ). That is,

{()\MU)(71,1,1),>\ 1,0,0)5 ()\N) 1,1,0) (/\0) (1,0,—1)5

(Ao)@1,-1)> (Ao) @.1.0), (Auo) a1, }
is a listing of all the elements of v(0,0)0(A; E).

In order to build a representation from the £-relative boundary paths, we need
to know that the maps z — Az and = — x|§i(w) defined on A* in Definition 3.7.3
restrict to maps from 9(A; ) to I(A; E).

LEMMA 4.3.3. Let (A,d) be a finitely aligned k-graph and let € be a subset of
FE(A). Suppose that v € O(A;E). If n € NF with n < d(z), then x|§i($) € I(N;E).
If X € A with s(\) = r(x), then \x € O(A\; E).

PROOF. For the first statement, let m < d(m|§ll(x)), and suppose E € £ with
r(F) = (x\g(x))(m) = x(n + m). Since z is an E-relative boundary path, we
know that there exists A € E such that xz((n + m),(n + m) + d(\)) = A. But
z((n+m),(n+m)+d\)) = (x|d(‘r )(m,m + d(})), and since m < (2} was
arbitrary, it follows that 2|2 € 9(A; €).

Now suppose that n € N*¥ is such that n < d(A\z), and suppose E € £ with
r(E) = (Az)(n). Let N = (Ax)(n,n Vv d()\)), and let o’ = $| nvdm) d(ny SO that
(Ax) de) — Nyt , and ' € 9(A;E) by the previous paragraph. We must show
that there exists p € E such that (N2/)(0,d(pn)) = p. If there exists p € E
with d(p) < d(XN) and N(0,d(p)) = p, we are done, so we may assume that
N ¢ EA. By (S2), we have Ext(\, E) € £, and r(Ext(\N, E)) = s(\) = r(a’) by
definition. Since 2’ € 9(A;E), it follows that there exists a € Ext(\'; E) such that
7'(0,d(a)) = «; equivalently, there exists u € E and (o, 8) € A™*(\, 1) such that
a =2'(0,d(«)). But now Na = pf, and in particular,

(N2)(0,d()) = (N'2(0,d())) (0, d(s)) = (1B)(0,d(p)) = p. O

REMARK 4.3.4. Condition (S2) of Definition 4.2.3 is indispensable in the proof
of the second statement of Lemma 4.3.3. This is why we defined the £-relative
boundary path space in terms of £ rather than £. This in turn provides some
justification of all the hard work that went into defining &€ in the previous section.

In fact, Lemma 4.3.3 is the first step towards the ultimate justification of conditions
(S1)—(S4) in Lemma 4.3.9.
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DEFINITION 4.3.5. Let (A, d) be a finitely aligned k-graph and let &€ C FE(A).
Define operators {Sg(\) : A € A} C B(£2(O(A; €))) by

SeN)es im {e,\x if s(X) = r(x)

0 otherwise

for all A € A.

REMARK 4.3.6. Lemma 4.3.3 shows that
Se(N) = Thleome)  and  S¢(A) = TXle@me)

for all A € A. Tt follows that for all A € A, we have Sg(\)*e, = 51-(07d()\))7)\€x‘d(z)
d(\)

We now need to show that the partial isometries of Definition 4.3.5 form a

relative Cuntz-Krieger (A; £)-family.

LEMMA 4.3.7. Let (A, d) be a finitely aligned k-graph, and let € C FE(A). The
family of isometries {Se(\) : A € A} C B(l*(0(A;E))) of Definition 4.3.5 is a
relative Cuntz-Krieger (A; E)-family which we call the E-relative boundary path

representation.

PROOF. Since {7y : A € A} satisfies (TCK1)-(TCK3) by Lemma 3.7.6, Re-
mark 4.3.6 shows that {Sg(\) : A € A} also satisfies (TCK1)—(TCK3). To check
that {Sg(A\) : A € A} satisfies (CK), fix £ € £ and x € I(\;E). If r(x) # r(E),
then Se(r(E)) [[ep(Se(r(£)) — Se(X)Se(N)*)e, is trivially equal to zero. On the
other hand, if r(x) = r(E), then there exists A € E such that z(0,d(\)) = A
because E € £ C &, and because z € 9(A; E). But then

[1.eu(Se(r(E)) — Se(p)Se(p)*)ex
= (Lo (S (r(2)) — Se(p)Se(0)) ) (Se(r(E)) — S (M) Se(A)) e
which is equal to zero since Sg(A)Sg(A)*e, = Cogfils) = Ca- Since £ € £ and
d(n)
x € O(A; E) were arbitrary, this establishes (CK). O

We now prove a technical lemma which will allow us to show that the £-relative
boundary path representation is always faithful on C*(A)”. To prove this result, we
need to use a lemma due to Farthing, Muhly, and Yeend. The author is grateful to
Trent Yeend for providing him with a draft copy of [10] where this lemma appears.
We give a proof of this lemma (basically that found in the current version of [10],

modified slightly for notation and efficiency) in Appendix A.

LEMMA 4.3.8 ([10, Lemma 1.5]). Let (A,d) be a k-graph. If v € A°, E C vA,
A1 € A and Ay € s(A1)A, then Ext(Ag; Ext(A; E)) = Ext(AAg; E).
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LEMMA 4.3.9. Let (A,d) be a finitely aligned k-graph, and let € be a subset of
FE(A). Then we have
(1) vO(A; E) is nonempty for each v € A°.
(2) vO(A; E)\ FO(A; E) is nonempty whenever v € A° and F € vFE(A) \ v€.

The proofs of both statements of Lemma 4.3.9 proceed by constructing an &-
relative boundary path with the desired properties. The two constructions have a
great deal in common, but the construction for statement (2) is somewhat more
complicated. To avoid duplication, the author has chosen to present the full text
of the proof of statement (2) below, but has typeset those parts of the proof which
are germane only to statement (2) in slanted text, and enclosed them in square
brackets. The idea is that by reading the proof below, but ignoring text [like this],
one obtains a proof of statement (1), whilst by reading the whole proof including

the slanted and bracketed text one obtains a proof of statement (2).

PROOF OF LEMMA 4.3.9. Define a function P : (N\ {0})> — (N'\ {0}) by
(m+4+n—1)(m+n-—2)
2
Then P is the position function corresponding to the diagonal listing

(1,1),
(1,2)
(1,3),
(1,4)

Y

P(m,n) := +m

of (N\{0})2. That is, if (m, n) is the I'® term in the above sequence, then P(m,n) =
[. For all [ € N\ {0}, define (i;,7;) to be the unique element of (N '\ {0})? such
that P(i;, ji) = L.

Fix v € A [and fix F € vFE(A) \ €.

Claim 1: There exist a sequence {); : [ > 1} C vA such that \(0,d(N\_1)) =
A1 for all [ > 2, and listings {E;; : 7 > 1} of s(\)€ for all [ > 1 satisfying

(1) A1 (d(Ny,), d(Mig1)) belongs to B, j,A for all I > 1.
[(ii) Ext(A41; F) belongs to FE(A) \ € for all 1l > 0.]

Proof of Claim 1. We proceed by induction on [. For a base case, we set \; :=
v. For each w € A, the collection of finite subsets of wA is countable because A is
countable. In particular, w€ is countable. Let {E;; : j € N\ {0}} be any listing
of v€. Note that (i) is trivial in this case because | = 0 [and (ii) is trivial because
Ext(v; F) = F|.
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Now suppose as an inductive hypothesis that { > 1, and that A, and {E,; :
j > 1} exist and satisfy (i) [and (ii)] for 1 < n < I. We now construct Ay
satisfying (i) [and (ii)] (noticing that i, <[, so that the set Ej, ; appearing in (i)
has already been defined by the inductive hypothesis), and choose {E;,,, ; : j > 1}
to be any listing of s(\;41)€. The details are as follows.

Let AL := X(d(X;,),d(N)) be the final segment of \; whose range s();,) is equal
A. Then we don’t need
5, forall 7 > 1.
We have that A\, satisfies (i) because we supposed )\él to belong to E;, ;A. [We

to the range of £, j,. Suppose first that )\él belongs to F

i1

14+1,J °

to do anything at this step, so we define A\;1; := \;, and E;

have that Ay, satisfies (ii) because )\, satisfies (ii) by the inductive hypothesis.]

Now suppose that A. does not belong to E; ;A. Then we must extend \; to
Air1 := A\ so that )\ﬁl Vi1 does have an initial segment from Ej, [and we must
do so in such a way as to ensure that Ext(\41; F') belongs to FE(A) but not to € |.
For this, let E := Ext(\,; E; ;). For any element o € E we have that A, o = pf3
for some p1 € E and (o, ) € A™*(XL | p). Tt follows that any choice of vy from
E will ensure that \jyq := A4 satisfies (i).

[To complete the construction of A\;y1, we need only show that there exists a
choice of vj11 € E such that A\.1 = ANy, also satisfies (ii). Since \; satisfies
(i), we have that F; := Ext(\; F) belongs to FE(A) \ £. By the contrapositive
statement of Lemma 4.2.15, it follows that there exists a € E \ F}A such that
Ext(a; F}) does not belong to £. On the other hand, Lemma 4.2.7 ensures that
Ext(a; 1) € FE(A). That is, Ext(a; F;) € FE(A)\ €. Let vy = «, and define

>‘l+1 = /\lVl-i-l- Then
(4.3.1) Ext(A11; F) = Ext(A\yg; F) = Ext(v; Ext(A; F))

by Lemma 4.3.8. But Ext(\;; F') = F; by definition, so (4.3.1) gives Ext(A\j41; F') =
Ext(vy41; F;) which belongs to FE(A)\ € by choice of vj,1. Hence A, satisfies (ii)
as required.}

This choice of A\ satisfies Aj11(0,d(N\;)) = A by definition. O Claim 1

Let m = lim;_ d()\;) € (NU{oo})*. By Lemma 3.7.2, there is a unique graph
morphism x : Q,, — A such that z(0,d()\;)) = A, for all l € N\ {0}. To complete
the proof, we show that x belongs to vO(A;€E) [and that x does not belong to
FO(A; E)].

We have that r(z) = v by definition, so to see that = € vd(A;E), suppose
that M € N* with M < m. Let E € (M)E. We must show that there exists
N > M such that (M, N) € E. By definition of x there exists [ > 1 such that
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M < d(N). If N(M,d(N)) belongs to EA, then we are done, so suppose that
N(M,d(N)) € EA. By (S3), it follows that G := Ext(\(M,d(\)); E) € s(\)E,
and hence that G = E;,; for some j > 1. But then property (i) ensures that
Ap@jy41(M,N) € E for some N, and it follows that x(AM, N) € E as required.
[Final]y we must show that x € FA. Suppose for contradiction that © € FA.
Then z(0,N) € F for some N, and it follows from the definition of x that there
exists | > 1 such that \(0, N) = 2(0,N) € F. Hence s()\;) belongs to Ext(\;; F).
But G € FE(A) implies that G N A° = () by Definition 2.4.3, so s(\;) € Ext(\; F)
contradicts (i). Hence z ¢ FA.] O

COROLLARY 4.3.10. Let (A, d) be a finitely aligned k-graph, and let € C FE(A).
The & -relative boundary-path representation satisfies Sg(v) # 0 for allv € A°, and
[Tier (Se(r(E)) — Se(N)Se(N)*) #0 for all E € FE(A)\ €.

PROOF. Let v € A°. By Lemma 4.3.9(1), there exists z € 9(A;E) such that
r(z) = v. But then Sg(v)e, = e, # 0, and hence Sg(v) # 0. Now let E €
FE(A)\ €. By Lemma 4.3.9(2), there exists x € r(E)9(A; )\ EO(A; £). But then
Se(r(E))e, = ey, while Se(A)Sg(A)*e, = 0 for all A € E. Hence [, 5 (Se(r(E)) —
Se(N)Se (V) )ex = 0 0. n

COROLLARY 4.3.11. Let (A, d) be a finitely aligned k-graph and let € C FE(A).
Let {sg(\) : A € A} be the universal generating relative Cuntz-Kreiger (A; €)-family
in C*(N;E). Then

(1) sg(v) #0 for allv e A°; and
(2) if E € FE(A) then [[cp (se(r(E)) — sg(A)sg(N)*) = 0 if and only if E
belongs to E.

PROOF. Let m§_ : C*(A; &) — B((*(0(A;€))) be the unique representation of
C*(A; €) such that 7§, (sg(X)) = Se(A) for all X € A. Corollary 4.3.10 shows that
for all v € A” and for all E € FE(A)\ &, the projections Sg(v) = 7§, (se(v)) and
[Taer (Se(r(E)) = Se(M)Se(V)*) = 75, ([Thep (se(r(E)) — se(A)se(A)*)) are both
nonzero, establishing condition (1) and the “only if” direction of condition (2).
But Lemma 4.2.13 shows that every relative Cuntz-Krieger (A; £)-family satisfies

the “if” direction of condition (2), and the result follows. O

THEOREM 4.3.12 (The gauge-invariant uniqueness theorem). Let (A, d) be a
finitely aligned k-graph and let £ C FE(A). Suppose that {t) : X\ € A} is a relative
Cuntz-Krieger (A; E)-family. Then the homomorphism w¢ : C*(A; E) — C*({ty :
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A € A}) such that w8 (se(N)) = ty for all X € A is injective on C*(A; €)Y if and
only if

(1) t, #0 for allv € A°; and

(2) [Lieg(trm) — tats) #0 for all E € FE(A)\ €.
Moreover, wf is injective on all of C*(A;E) if and only if (1) and (2) hold and
additionally,

(3) there exists a strongly continuous action 0 : TF — Aut(C*({t, : A € A})
satisfying 0,(ty) = 2"ty for all X € A.

PROOF. If 7¢ is faithful on C*(A;€)?, then (1) and (2) follow immediately
from Corollary 4.3.11. Now suppose that (1) and (2) hold. Lemma 4.2.13 shows
that []\cp(tr(m) — taty) = 0 for all E € £. Combining this with (2), we therefore
have that for & € FE(A), the projection [ ], (t(z) — tat3) is equal to zero if and
only if E € £. By Corollary 4.3.11, we therefore have that for E € FE(A),

[[tw —tt) =0 ifandonly if [ (se(r(E)) — se(A)se(N)*) =0.

\EE \EE
Since assumption (1) and statement (1) of Corollary 4.3.11 show that both ¢, and
s¢(v) are nonzero for all v € A° all the hypotheses of Theorem 3.5.8 are now
satisfied, and we can therefore use Theorem 3.5.8 to deduce that 7f is injective on
C*(N; E).

Now suppose that 7 is faithful on all of C*(A;&). Then setting § := 7f o v
establishes (3), and since ¢ is, in particular, injective on C*(A; )7, (1) and (2)
follow from the previous paragraph. Now suppose that (1), (2) and (3) all hold.
Then the previous paragraph shows that 7¢ is faithful on C*(A;€)?, and then it
follows from Corollary 4.1.8 and (3) that ¢ is injective on all of C*(A;€). O

COROLLARY 4.3.13. Let (A, d) be a finitely aligned k-graph, and let £ C FE(A).
The E-relative boundary-path representation of C*(A\;E) is faithful on the core.

PrOOF. The result follows from Corollary 4.3.10 and Corollary 4.3.11. 0

NOTATION 4.3.14. Let (A, d) be a finitely aligned k-graph, and let £ C FE(A).
Let E C A be finite. We define (d x s)(IIE) to be the set of pairs (n,v) €
N* x A° such that (ILE)v N A™ is nonempty and such that T"#(n,v) ¢ £, where
T"E(n,v) = {v € vA\ A’ : \v € IIE for A € (IIE)vN A"} as in Definition 3.6.1.
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COROLLARY 4.3.15. Let (A,d) be a finitely aligned k-graph, let € C FE(A),

and let E C A be finite. Then
M = @ Mugynan (C).
(n,v)G(dXs)}'(HE)

PROOF. By Corollary 4.3.11(2), we know that when T (n, v) € FE(A), we
have [y ez, ) (se(v) — se(A\)sg(N)*) = 0 if and only if T (n,v) € €. Proposi-
tion 3.5.3 shows that for A, u € (ILE)v N A", the matrix unit ©(s¢)) is nonzero
if TP (n,v) is not in FE(A), and that if 7" (n,v) € FE(A), then ©(sg)) = 0
if and only if J[\cpne(,,) (se(v) — se(A)sg(N\)*) = 0. Hence combining these two
results shows that for X\, € (ILE)v N A", we have O(sg)y = 0 if and only if
T (n,v) € &; that is, if and only if (n,v) ¢ (d x s)f (ILE). Hence the nontriv-
ial direct summands in the decomposition of M}, provided by Lemma 3.6.2 are

precisely those for which (n,v) € (d x s)&(ILE), proving the result. O

4.4. Satiations: a more efficient construction

In this section we develop a somewhat more efficient construction of £ from
& than that provided by Proposition 4.2.12. By more efficient, we mean that to
apply the construction in this section to a given example requires less steps. The
tradeoff is that we must work much harder to prove that the construction given
actually produces £. The additional work we need to do to is quite technical, so
readers who are not interested in applying the satiation construction to specific
examples of k-graphs may wish to skip this section. We finish the section with an

example in which we apply our new construction.

LEMMA 4.4.1. Let (A,d) be a finitely aligned k-graph, and let € be a subset of
FE(A). Then Xs1)(€) satisfies (S1).

PROOF. Suppose that E € ¥g1)(€), and that £ C G where G is a finite subset
of r(E)A\ {r(E)}. Since E € ¥(g), there exists F' C E with F' € £. But now we
have F' C I/ C G and hence G € X(g1) by definition. O

LEMMA 4.4.2. Let (A,d) be a finitely aligned k-graph, and let £ be a subset of
FE(A). Then Xs2)(€) satisfies (S2). If € satisfies (S1) then so does ¥g2)(E).

PROOF. To see that (g (€) satisfies (S2), let E' € ¥(g9)(€), and suppose that
per(E)A\ EA. If E € &, then Ext(u; E) € ¥g2)(€) by definition, so we may
suppose that £ = Ext(\; G) for some G € £ and A € r(G)A\GA. By Lemma 4.3.8,
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we have Ext(u; F) = Ext(Au; G). Since p & EA, we have s(u) & Ext(u; E); that is
s(An) € Ext(Ap; G), so Au € r(G)A\ GA. Tt follows that Ext(u; E) = Ext(Ay; G)
belongs to ¥g2)(£), s0 X(s2)(€) satisfies (52) as required.

Suppose now that £ satisfies (S1), and suppose that G € X(s)(€), and that
E = GUF for some finite F' C r(G)A\A°. If G € £, then E € £ because £ satisfies
(S1), so suppose that G = Ext(u; G") for some G’ € £ and pu € r(G")A\ G’A. Then
G U{p(E\ G)} € € because & satisfies (S1), and hence F = Ext(u; G' U {u(E \
G)}) € S (). a

LEMMA 4.4.3. Let (A,d) be a finitely aligned k-graph, and let £ be a subset of
FE(A). Then Xss3)(€) satisfies (S3). If € satisfies (S1) then so does Xs3)(E). If
& satisfies (S1) and (S2) then so does ¥s3)(E).

Before proving Lemma 4.4.3, we need the following technical lemma:

LEMMA 4.4.4. Let (A,d) be a finitely aligned k-graph, and let £ be a subset of
FE(A). Then Xs3)(€) is equal to the collection

) {{A\0,n)) : A€ G} : G € &,0<ny <dN) for all X € G,

(4.4.1
A0,ny) € G implies ny = d(\)}.

PROOF. Let B € Xg3)(€), say £ = {A(0,ny) : A € E'} where ' € £ and
0 < ny < d(A) for all A € E’. We must show that E belongs to the set (4.4.1).
We proceed by induction on {\ € E'NE :ny #dN}. f [{A € E'NE :ny #
d(A)}| = 0 then E belongs to the set (4.4.1) by definition. Now suppose that E
belongs to (4.4.1) whenever [{\ € E'N E : ny # d(\)} < N where N > 0, and
fix £ = {\0,ny) : A € E'} where £/ € £, 0 < ny < d(A) for all A\ € E such
that [{\ € E'NE : ny # d(A)} = N + 1. We show that there exists a subset
{n) : X € E'} of N* such that
(1) 0 < nf <d(N) for all A € E;
(2) {\(0,n}): A€ F'} = E; and
B) KAe EENE :n\ #d(N)} = N.
This will show that E belongs to (4.4.1) by the inductive hypothesis.
Since N 4+1 > 0, we may fix A € E' N E with ny # d()\). We have A = (0,n,)
for some p € E’, and we must have d(p) > d(\) for if not then n, = ny # d(\)
contradicting 1(0,n,) = A. Furthermore, we have 0 < ny < d()\) because n <
ny < d(\) by definition, and ny # d(\) by assumption. Define n = d(\)n,, and
define nj, :=ny. For o € E"\ {\, u}, let nj, = n,.
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To check (1), note that for o € E’ \ {\, u} we have 0 < n/ < d(o) because
n, = n,. We have 0 < n} < d(\) because A € E’ so d(A\) > 0. We have
0 < n), <d(u) because n;, = ny and 0 < ny < d(A\) < d(u). This establishes (1).

For (2), notice that {c(0,n) : ¢ € E'} = {0(0,n,) : ¢ € E'"\ {\, u}} U
{A0,m)), 1(0,n,)}. But A(0,n}) = A0,d(A)) = A and p(0,n;,) = p(0,n)) =
A(0,ny) because p(0,m,) = A

Finally, for (3), notice that {c € (E'\ {\,u})NE :nl # o} = {0 € (E'\
{Au})NE :n, # o} because o € E'\ {A, u} implies n, = n;,. Since nj, < n, <
d(p) wehave pe {oc e EENE:n, #o}ifandonlyif pe{oc € E'NE :n, # o}
Finally since A € E' N E by choice, we have A € {o € E'NE :n, # d(o)} \ {o €
E'NE:nl #d(o)}. This establishes (3). O

PRrROOF OF LEMMA 4.4.3. To see that X(g3)(£) satisfies (S3), suppose £ €
Y(s3)(€) and that 0 < ny < d(X) for every A € E. Since E € Xg3)(£), there exists
G € & and a collection {m,, : p € G} such that 0 < m, < d(u) for all 4 € G for
which E = {4(0,m,) : p € G}. But now 0 < ny0,m,) < my < d(p) for all p € G,
and {A(0,n5) : A € B} = {p(0, npo,m,)) - 1t € G} € Es3)(€) since G € £.

We now need to show that ¥(g3) preserves (S1) and (S2). Suppose that &
satisfies (S1), let £ € ¥(g3)(£). By Lemma 4.4.4, we have that £ = {\(0,n,) : A €
E'} for some E' € € where 0 < ny < d(A) for all A € E” and such that A € E'NE
implies ny = d(\). Suppose that F'= E UG for some finite G C 7(E)A \ A°, and
suppose without loss of generality that GN E = ().

We must show that F' € 3g3)(€). Let

H:=((E'\G)U{A0,n)): A€ E'NG}) UG;

the second union is disjoint because £ N G = () by assumption. For A\ € E'\ G,
define my := ny and for p € E'NG and A = p(0,n,), define my := n,. To see
that this is well defined, suppose that A belongs to both E’\ G and {o(0,n,) :
o€ E'NG}; say A = p(0,n,) where p € E' N G. Then we have A € E because
p € E so u(0,d(n)) € E, and we have A € E'\ G C E’ by choice of A\. It
follows from our use of Lemma 4.4.4 in choosing £’ and {n, : ¢ € E'} that
ny = d(A\) = d(p(0,n,)) = n,, so the two expressions given for m, agree. For
A € G, define my = d(\)

Now E' C H by definition of H, and since H C E'UEUG, we have HNA? = ()
definition of £, E and G. Since € satisfies (S1) and £’ € &, it follows that H € .
But then F' = {A(0,m,) : A € H} belongs to ¥s3)(€) by definition.
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Now suppose that £ satisfies (S2). Suppose that G € £ and that {n, : A €
G} C NF satisfies 0 < ny < d()\) for all X € G, so that E := {\(0,ny) : A € G} is
a typical element of ¥g3)(€). Suppose that € r(E)A\ EA. We must show that
Ext(u; E) € Xs3)(€).

First notice that we have p(0,n) ¢ G for all n < d(u); for if u(0,n) € G, then
1(0, ny(0,n)) € E by definition, contradicting our choice of p. Hence Ext(u; G) € €
because £ satisfies (S2). By definition of Ext(u; G), for each § € Ext(u; G), there
exist \g € G and ag € s(A\g)A such that (ag, 3) € A™"(\g, ). For § € Ext(u; G),

set
ng = (d(p) V ny,) — d(p).

Since p ¢ EA, we have d(u) V ny, > d(p), and so ng > 0 for all 3. Moreover,

ng = (d(p) Vna,) = d(p) < (d(p) v d(Ag)) — d(p) = d(5).

It follows that 0 < ng < d(B) for all § € Ext(u; G), giving

(44.2) {8(0,np) : B € Ext(1; G)} € Es3)(€)

by definition.

Claim 1: {8(0,ng) : 5 € Ext(u; G)} C Ext(u; E).

Proof of Claim 1. Suppose 8 € Ext(u;@). Then (ag,3) € A™"(\g, ) for
some \g € G and ag € s(\g)A. Hence \3(0,ny,) € E by definition of £, and
Aﬁ((:)?n)\@))‘ﬂ(n)\md(/\ﬁ)) - :uﬁ- Thus (/"1’/6)(077?‘)\3 \ d(:u)) S MCE<>‘3<07HAB>’M)7
giving 3(0, (n, Vd(u)) — d(p)) € Ext(u; E). Since ng = ny, — d(u) by definition,
it follows that 5(0,ng) € Ext(u; E) for all 5 € Ext(u; G). O Claim 1

We have already established that if £ satisfies (S1), then so does ¥(g3)(E).

Combining this with (4.4.2) and with Claim 1 shows that Ext(u; E) € £ as re-
quired. O

LEMMA 4.4.5. Let (A,d) be a finitely aligned k-graph and let € C FE(A).
Define
(4.4.3) Eigy (&) = {(G\G)YU (Uye AGY) : G € E,G' CG,
o and G\ € s(N)E€ or s(\) € G} for all X € G'}}.
Then & C Xigy)(€) C FE(A). IfE satisfies (S1) then so does ¥ig, (€). If € satisfies
(S1) and (S2) then so does Xig,)(£).
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PrOOF. To see that £ C X(g, (€), take G' = 0 in (4.4.3). To see that
Yy (&) CFE(A), let E:= (G\G')U (Useer AG4) where G € €, G is a subset of
G, and for each A\ € G', the set G\ belongs to s(A\)€ or contains s(A). Let G :=
{A € G': s(\) € G\}. Then Lemma 4.2.9 shows that E' := (G\G")U( U,cqn AGA)
belongs to FE(A), and since £’ C E, lemma 4.2.5 then shows that £ € FE(A).

Next suppose that & satisfies (S1), suppose that £ € (g, (£), say E = (E"\
Fyu (UAeF )\F,\), and suppose that G C A is finite with £ C G. Define G' =
(G\E)UE' Then E' C G, and so G’ € & because & satisfies (S1). For
A€ FNG, let FY := FyU{s(A)} and for A € F\ G, let F{ := F\. Then
G = (G'\ F) U (Uyep AFY) and so belongs to Y(ge)(€) by definition. Hence
Y(s)(€) satisfies (S1).

Now suppose that & satisfies (S1) and (S2). We have that g, () satisfies
(S1) by the previous paragraph, so it suffices to show that g, (€) satisfies (52).
Suppose that E € £, that F' C E, and that for each A € F', either F)\ belongs to

s(A)E€ or s(A) € Fy, so
E = (E\F)U (Uyep AF))

is a typical element of X4, (). Fix p € r(E')A\ E'A. We must show that
Ext(p; E') € ig,)€. We consider two cases.

Case 1: Suppose that p € EA. Then there exists N < d(u) such that
u(0,N) € E. Write £ := p(0,N) and v := u(N,d(n)). Since pu ¢ E'A, we
have £ € F and s(§) ¢ Fe. By definition, we then have F € r(rv)€. We have
v(0,n) & F¢ for all n < d(v) for otherwise we would have ((0, N +n) = £v(0,n) €
EFe € E'. Hence Ext(v; Fy) € € because & satisfies (52). Since p = v, we have
Ext(p; EFe) = Ext(v; Fe) € &, and since £ satisfies (S1) we have Ext(u; E') € &€
because Ext(p; E') € FE(A) with Ext(u; F:) C Ext(u; E'). But we have already
established that £ C Xig, (), so Ext(u; £') € Xig, (€) as required. O Case 1

Case 2: Suppose that p ¢ EA. Since & satisfies (52), we have Ext(u; E) € €.
By definition of E’, we have

Ext(u; E') = Ext(p; (B \ F)) U (Usep Ext(i; AFy)).

We aim to show that for each A € F there exist sets {G} € s(B)A : 3 €
Ext(u; {\})} such that for all § € Ext(u; {A}), either G} € & or 5(8) € G,
and such that
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Suppose that such sets Gg exist. For each § € Ext(u; F'), fix A\g € F such that
B € Ext(u; {\g}), and let Gg := Gg". Then

Ext(u; E') = Ext(u; (B \ F)) U (Usep Ext(u; AFy))
) (EXt(M E)\ Ext(y; F)) U (U)\GF UﬁeExt(u;{)\}) ﬁGé)
(4.4.5) > (Ext(u; B) \ Bxt(1: F)) U (Upensegur 5G5)-

Since & satisfies (52), we have Ext(u; E) € &, and we selected each Gg so that
either Gg € &, or s(3) € Gg. It follows by definition that (4.4.5) belongs to
Yige)(€). Since & satisfies (S1), we have already established that Xig,) () satisfies
(S1). It follows that Ext(u; £') € Xig,) (), so Xig,) () satisfies (S2) as required.

So it suffices to produce sets {G3 : A € F, 3 € Ext(u; {\})} satisfying (4.4.4).
For this, fix A € F. We have F) € € or else s(\) € F\. For each § € Ext(u;{\}),
define Gg = Ext(uf; AF)).

We establish first that for all A € F' and all § € Ext(u;{\}), we have either
G € € or 5(B) € G. We consider three possibilities. First suppose that s(\) € F.
Since § € Ext(p;{\}), we have u8 € AN C FA, and hence we have s(f) €
Ext(uf; A\Fy) = G. Next suppose that s(\) € Fy and that a := (13)(d(\), d(\) V
d(p)) € FaA. Since uf = Aa, we have Ext(uf; A\Fy) = Ext(a; F)) which contains
s(a) by our assumption that v € FyA. Since s(a) = s(53), it follows that 5(3) € G}.
Finally, suppose that s(\) ¢ F\ and that a := (u3)(d(\), d(A\)vd(p)) € FxA. Since
s(A) € F\, we have F\ € £. It follows that since o ¢ F\A and & satisfies (S2),
we have Ext(a; F\) € € as well. But since A\ = uf, we have Ext(a; F)) =
Ext(uf; AF)), and it follows that Gg belongs to £.

It remains to establish (4.4.4). Fix A € F and € Ext(y; {A\}). Then
(4.4.6) o€ Gy <= (p,o) € A" (A1, up) for some 7 € F) and p € s(1)A
a <= A7p = pfo for some 7 € Fy, and d(ufo) = d(A1) V d(up).

We claim that d(A7)Vd(uB) = d(AT)Vd(p). To see this, notice that 5 € Ext(u; ),
so d(pf) = d(N\) V d(p), and hence d(uf); = max{d(A);,d(u);}. But now we have

(d(A7) V d(u3)); = max{d(A7);, d(u3)i}
= max {d(A7);, max{d(\);, d(p);} }
= max{d(Ar)i, d(A)i, ()i}
= max{d(A7);,d(p);} since d(AT) > d(N)
= (d(A7) vV d(p)),
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establishing the claim. But now (4.4.6) shows that o € G} if and only if (A7)p =
u(Bo) and d(u(Bo)) = d(At) V d(u) for some 7 € Fy. That is, o € G} if and only
if fo € Ext(u; {\7}) for some 7 € F\. So we have

(4.4.7) o € G} <= there exists 7 € F) such that 8o € Ext(u; {\7}).

This gives Ugep(uiay) ﬁGg C Ext(u; AF)) immediately. Furthermore, if o €
Ext(u; AFy), then there exists 7 € F) such that po = Arp where d(uo) = d(pu) Vv
d(A7). Taking 3 := o (0, (d(\)Vd(p)) —d(p)), and o’ = o(d(B),d(0)), (4.4.7) gives

o' € G, so Ext(u; \Fy) C UﬁeExt(M{)\}) ﬁGZ\;, establishing (4.4.4). [ Case 2
It follows that g, (€) satisfies (S2) as required, completing the proof of
Lemma 4.4.5. O

NOTATION 4.4.6. We write (2254)2(53))” for the n-fold iterated application of
the composition E’(S4) o ¥(g3). That is,

n terms
7\

Ve

(ElsayZ(s3)"(€) = (Xl(ga) © Ls3)) 0 -+ 0 (Xiga) © Ls3)) (€)
for all n € N. Since Lemmas 4.2.8 and 4.4.5 show that £ C (Xgy) 0 Xs3))(€) for
all (9, we write (2284)2(83))00(5) for UOO:1(E/(S4)E(83))7L(5)‘

n

COROLLARY 4.4.7. Let (A, d) be a finitely aligned k-graph and let € C FE(A).
Then € C (X(gyXs3))>(€) C FE(A) and (Xigy)X(s3))*(€) satisfies (S3) and (S4).

If € satisfies (S1) (respectively (S1) and (S2)) then so does (Xfg, X (s3))™(E).

PrROOF. Lemmas 4.4.5 and 4.4.3 establish everything but the assertion that
(XlsnX(s3))>(€) satisties (S3) and (S4). To see that it satisfies (S3), suppose
that E € (X(g;)X(s3))*(€) and that 0 < ny < d(A) for all A € E. By defini-
tion, we have E € (g, X(s3))"(€) for some n, and then {A(0,n)) : A € E} €
Es3)(XlggXs3))"(€)) by definition. But Lemma 4.4.5 shows that & C X(g, (€)
for all £, and it follows that Sss)((X(gyX(s3))"(€)) C (BlgySis3)" ' (E), giving
{AM0,m0) s X € B} € (BigyEs3)" 1 (E) C (Bigys3)*(€) as required.

Now we must show that (XgyX(s3))>(€) satisfies (S4). So suppose that E €
(Xl X(s3))*(€), that F' C E, and that F\ € s(A)(X(gy)X(s3))>(€) for all A €
F. Then we have E € (2254)2(53))]\7(8) and F) € (2284)2(33))“(5) for some
N,Ny € N. With M := max{N,N, : A\ € F}, Lemmas 4.2.8 and 4.4.5 show
that F, F) € (2284)2(33))]\4(5). By another application of Lemma 4.2.8 it follows
that B, F € Ss3)((Z(gyX(s3)" (£)), and it follows that B\ F U (Uyep AF>) €
(Bl Zs3) M HE) C (BlgyyBs)®(€) by definition of the map Xfg,. O
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PROPOSITION 4.4.8. Let (A, d) be a finitely aligned k-graph and let € C FE(A).
Then 3 = (Z/(S4)Z(53))Oo @) 2(52) 0] E(Sl) (5)

PROOF. The results in this section combined with those in Section 4.2 show
that & C (Xlsa)X(83))™ © Bs2) © Bsy(€). On the other hand the construction
of the maps Y(s1), X(s2), X(s3) ensures that if 7 C FE(A), then Xg)(F) C F,
Ys9)(F) C F, and E(s3)(F) C F. An argument identical to that used in the first
paragraph of the proof of Lemma 4.4.5 shows that 2?54) (F) € F. Hence each
(B(s0S(s3)" 0 Sisz) 0 Dysy(€) € &, giving (Ssay Bs3)) ™ 0 Bszy 0 Bsp(€)) € €. O

EXAMPLE 4.4.9. We now present an example which illustrates the construction
of € from £. The example is quite long, and the calculation of £ is tedious, but
it does demonstrate the effect of each step in the construction, and shows how to
apply the procedure developed in this section to a concrete example. Let (A, d) be

the unique 3-graph with 1-skeleton:

)

Ha,1,-1) Va,1,-1)

To label the edges in this 1-skeleton, and hence the paths in A, we denote solid
edges (that is, those of degree (1,0,0)) by \A,, dashed edges (that is, those of degree
(0,1,0)) by un, and dotted edges (those of degree (0,0, 1)) by o,,. The subscript
n gives the cartesian coordinates of the source of the edge; the origin is located at
the central vertex v common to all four tri-coloured cubes in the 3-graph. A
few of the edges and vertices in the 1-skeleton have been labelled in this fashion
to illustrate the labelling method. To label paths in the k-graph, we use a word in

A, i, o to indicate the degree of the path, and a subscript to indicate its source. For
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example, the path with source v(;,_1,1) and degree (1,0,1) is denoted (Ao)(1,-1,1,
and has range v(,—1,0)-

Let E = {Aaw00), (Auo)c111)}, let B = {pa,-11), ta,11)}, and let £ =
{E E'}. We will apply Proposition 4.4.8 to determine £&. We begin by applying
Y(s1)- That is, we replace € with X(g1)(£) which consists of £’ along with all finite
subsets of v(o0,0)A \ A® which contain F; an application of Y(s1y does not change
E' because E" = v(1,01yA \ A%. So

Z(Sl)(g) = {E UF:F C U(07070)A \ {U(O,O,O)}} U {El}
Next we apply Y(sg). Let & = g ({£}). Since Ext(\; F U G) = Ext(\; F) U
Ext(X; G) for all A, F' and G, we have ¥g2)(Xs1)(€)) = {FUG : F € &,G €
r(E)A\ A’} U{E"}; an application of X gy does not have any effect on E’ because
r(E)A\ E'A is empty. To calculate & explicitly, we list the elements of v(gg0)A \

EA, and the corresponding elements of &:

V(0,0,0) — F

>\(71,0,0) {(#U) 71,1,1)}
(Ar)(=1,1,0) L1}
()\U)(—LO,I) {110 }

1(0,1,0) {>\ 1,1,0)5 ()\0)( 1,1 1)}

I(-

(=

1,
(NU)(O,LI) {>\(1 1,1), A 1,1,1)}
(MU)(O,L—U {/\(1 1,-1 }
1(0,~1,0) {Aa-1,0}
(o) ©,-1,1) A1}
0(0,0,1) {)\(1 0,1) ()\M)( 1,1 1)}
0(0,0,-1) {Aao-n}

Next we apply the iterates of (E )E y)- We do this one step at a time: first
we apply X(gs3). We have that X(g3) has no effect on E’ because £’ contains only
elements of degree e,. Hence, setting & := ¥ (g3)(&2), we have that g3 0 g 0
Sen(€) ={EUF : E €&, F Cr(E)A\{r(£)}} U{E'}. Again, to make this

explicit, we list the elements of £ in the same way as we listed the elements of &

above:
E I {)\(1,0,0)7 )\(—1,0,0)}7 {)\(1,0,0)7 N(O,I,O)}a
{A\100), 7001} {A100), (AM)1,10}
{200 (AT) 100} {Aa,00 (1) 010}, E
{(;w)(_l,l,n} - {N(—l,l,O)}a {0(—1,0,1)}7 {(MU)(—l,Ll)}
{0(71,1,1)} —_— {0(71,1,1)}
{#( 1,1 1)} - {ﬂ(fl,l,l)}

{/\ 1,1,0)» ()\U)( 1,1 1)} — {)\(1,1,0)7 >\(71,1,0)}7 {)\(1,1,0)7 0(0,1,1)},
{)\(1,1,0)7 ()\U>(—1,1,1)}

{/\(1,1,1)7 )\(—1,1,1)} — {)\(1,1,1)7 )\(—1,1,1)}

{A(le—l)} - {)\(1717_1)}



108 4. RELATIVE CUNTZ-KRIEGER ALGEBRAS

A0} — {A
{)\(1,—1,1)} - {)\
{)\(1,0,1)7 (/\M)(—1,1,1)} — {\a 0.1)s A(—1,0,1) H {>‘(170,1)7 M(O,l,l)}»
Aoy, (M) 1,1,1)}
{)\(1,0,71)} - {>\ (1,0,— 1)}
Next we have to apply Z’(S 1) It is once again clear that we need only calculate the
elements of Xiq, (E3UE'), for then X5y (E) = {EUF : E € Ty (& U{E"}), F C

r(E)A}. A quick inspection shows that applying 2284) to sets taken exclusively

1 —1,0)}
1 —1,1)}

e e

from &3 only produces supersets of elements of &, so the only additional sets
obtained from applying Z’(S 4 are those which arise when E’ is appended to a path
in an element of &, or supersets of such sets. The only elements E of £ for which
we can append E’ to a path in £ are the three which contain A o¢y. We list these

additional elements as above:

{)\(1,0,1), )\(—1,0,1)} - {()\M) 1,1,1) ()\M) 1,-1,1) )\( 1,0,1 }
{)\(101) M(011)} — {O\M) 1,1,1) ()\M) 1,-1,1); M(on)}
Ao, M)t — LW ann, A a,-11, A1}

Thus, if we write &, for the collection of all sets appearing in the right-hand columns
of any of the above three tables, together with the set E’, we have (2284)2(33)) o
Yoo Xs)(&) ={FUG: Fe&,GcCr(F)A}

Since &3 satisfied (S1)—(S3), another application of ¥(g3) adds only those sets
obtained from operating on the three sets added in the last table. That is, we
obtain the additional sets

{Aay, AWa-1, Aot — {(A) a0, #o-1,1), A-10)}
{M(o,l,l), ()\M)(l —1,1)s A(—=1,0,1 }7
{r©1,1)5 10,~1,1) )\( 1,0,1)}

{(AM)(1,1,1)7 (/\M)(1,—1,1), ,U(o,1,1)} — {()\M) 1,1,1)5 H(0,—1,1)» K(0,1 1)}7
{,LL 0,1,1) (/\,u)(l —1,1)s H(0,1 1)}
{,U(O,l,l) H0,-1,1)5 H(0,1 )}

{OWann: A1, M) iind — LW @1 0,11 M) 11}
{k©.1,1) ()\M) 1-11) (A~}
{Mon H0,—-1,1) ()\/L)( 111)}

These are not all of the sets obtained when X(g3) is applied to &, \ &s; for example,
{0 (1,1,1), (M) (1,-1,1), A=1,0,1) } also yields {01y, f4(0,-1,1), A(—1,0,1) }. However all
elements of 3(g3)(£4\E3) which are not listed above contain a subset belonging to £
(in the case of {\(1,01), f(0,-1,1), A(—1,0,1)} for example, the subset {101y, A\(~1,0,1)}
belongs to £). Hence the additional sets need not be listed separately.

Write &; for the set obtained by adding the entries in the right-hand column
of the last table to &;. Since all of the new sets have range v(o,1), and since no

elements of & contain any paths with source v(,1), another application of 2I(s4)
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has no further effect, and since Lemma 4.4.3 ensures that Yg3)(F) satisfies (S3)
for all 7 C FE(A), further applications of ¥ g3y will also have no effect. It follows
that € = {EUG : E € &,G C r(E)A}; that is, € consists of all sets containing
either the set E’ or one of the entries in the right-hand column of any one of the

tables in this example.

4.5. A generalised Cuntz-Krieger Uniqueness theorem

In this section we develop a Cuntz-Krieger uniqueness theorem for the relative
Cuntz-Krieger algebras C*(A;E). We show that this theorem contains [30, The-
orem 4.5] as a special case. To state our Cuntz-Krieger uniqueness theorem, we

need a definition.

DEFINITION 4.5.1. Let (A,d) be a k-graph, and let z,y € A*. We say that
z € N* is a minimal common extension of x and y if it satisfies
(1) d(z); = max{d(x);,d(y);} for 1 < j < k; and
(2) Z|g(x) =z and z|g(y) =y.
We write MCE(x, y) for the collection of all minimal common extensions of x and

y in A*.

To obtain a Cuntz-Krieger uniqueness theorem for relative Cuntz-Krieger al-

gebras, the appropriate analogue of an aperiodic path is a path x € A* such that
(4.5.1) for distinet A\, u € Ar(z), we have MCE(\z, puz) = 0.

THEOREM 4.5.2 (The Cuntz-Krieger uniqueness theorem). Let (A, d) be a fi-
nitely aligned k-graph and let € C FE(A). Suppose that the pair (A, E) satisfies
For all v € A° there exists v € vO(A; ) satisfying (4.5.1); and for all
(©) F € vFE(A) \ € there exists v € vO(A; E) \ FO(A; E) satisfying (4.5.1).
Let {ty : A € A} be a relative Cuntz-Krieger (A; E)-family such that t, # 0 for all
v € A%, and [[ p(trr) —taty) # 0 for all F € FE(A)\E. Then the representation
7& of C*(A;E) such that w8 (se(N)) =ty for all X € A is faithful.

The remainder of the section is devoted to proving Theorem 4.5.2. We first

need some technical lemmas.

LEMMA 4.5.3. Let (A,d) be a finitely aligned k-graph, and suppose that x € A*
satisfies (4.5.1). Suppose that A and p are distinct elements of Ar(z). Then there
exists nf, , € N* such that n3 , < d(z) and A™™(Ax(0,n5 ), pz(0,n3 ,)) = 0.
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PRrOOF. If d(x) € N* then taking nf , := d(x) suffices, so suppose that d(z); =
oo for at least one j, and suppose for contradiction that for all n € N¥ with
n < d(x), we have A™™(A\z(0,n), uz(0,n)) # 0. For each i € N, define n(i) € N*
by n(i); := min{d(z);,}. Since d(z); = oo for some j, we have n(i) > n(i — 1)
for all 4 > 1.

Claim 1: There exists a strictly increasing sequence {i; : [ € N} C N, and
a sequence of paths {o; € MCE (Az(0,n(i;), px(0,n(i;))) : | € N} such that
0141(0,d(0y)) = o, for all I € N.

Proof of Claim 1. By assumption, for each ¢ € N there is a pair (a4, ;) be-
longing to A™™(Az(0,n(i)), ux(0,n())). Let ig = 0. Since A™™(\, p) is finite,
there must exist a pair (1,(y) belonging to A™"(\ u) and an infinite subset
Iy € N\ {ip} = N\ {0} such that for all i € Iy,

(Az(0,1(1))a;) (0, d(X) V d(p)) = Ao = pco = (nz(0,n(2))3:)(0, d(A) V d(w)).
Let a9 := A\np.
Now suppose that N € N with N > 0 and that we have chosen paths oy, ..., 0N
such that
(1) o, € MCE (Az(0,n(i)), px(0,n(i;))) for 0 < 1 < N where 0 = iy < i1 <
-+ <1y belong to N;
(2) 0141(0,d(0y)) = 0y for 0 <1 < N; and
(3) there exists an infinite subset Iy C {i € N : 4 > iy} with the property
that (Az(0,n(j))e) (0,d(X\) V d(p) + n(iy)) = oy for all j € Iy.
Note that we have already established (1), (2) and (3) for N = 0. We will show
that there exist ¢yy1, on11, and Iy,1 with the same properties.

Let inyyq :=min Iy, and let J := Iy \ {iy+1}. For j € J, we have
(Az(0,n(5))a;) (0,d(A) + n(ins1)) = Az(0,n(iy41))  and
(Ax(0,n(3))a;) (0, d(10) + i) = pr(0,nixs1))

by (1) and (3) because j € J C Iy. Equivalently, (Az(0,n(j))a;)(0,d(X) V d(p) +
n(in+1)) € MCE (Az(0,n(in+1)), px(0,n(ins1))) for all j € J. But A is finitely
aligned, so MCE (Az(0, n(in+1)), (0, n(in41))) is finite. Since J is infinite, it
follows that there exists (nyi1,(ve1) € A™® ()\a:(O,n(z’NH)),um(O,n(iNH))) and

an infinite subset Iy 1 of J such that for all i € Iy,
(Az(0,1(7)) ;) (0,d(N) V d(p) + n(in41)) = Az (0, n(in41))nn41.

Let oni1 = Ax(0,n(in1))0N+1-
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Then oy, satisfies (1) and I satisfies (3) by definition, so we only need to
show that oy satisfies (2). For this, recall that Iy C J C Iy, so taking j to

be any element of Iy, we can calculate

on+1(0,d(on))
= on41(0,d(A) V d(p) +n ( ))
= (A2 (0, n(in41)nn+1))(0,d(N) V d(p) +n(in))
(4.5.2) = (Az(0,n(j))e;)(0,d(N) V d(ﬂ) +n(in+1))(0,d(A) V d(p) + n(in)).

Since iy41 > iy, we have n(iyy1) > n(iy) and hence (4.5.2) gives
on+1(0,d(on)) = (Az(0,n(j))a;)) (0, d(A) V d(p) + n(in))

for any j € Iny1. But if j € Iy, then (Az(0,n(5))a;))(0,d(N) V d(p) +n(iy)) is
equal to on by (3). Hence oy satisfies (2). O Claim 1

By Lemma 3.7.2 and Claim 1, there is a unique graph morphism y € A* such
that

d(y) = lim (d(A) V d(p)) +n(u) = (dX) V d(p)) + d(z) = d(Ar) V d(pz),

l—o0

and such that y(0,d(0;)) = o for all [. We then have
y(0,d(A) + n(ir)) = 01(0,d(A) + n(ur))
= (Az(0,1(i1))m41) (0, d(X) + n(ir)) = Az (0, n(i))).

Since {n(7;) : | € N} is an increasing sequence with limit d(x), it follows from

)+d(x)

the uniqueness claim in Lemma 3.7.2 that y|g = Az. Similarly, we have

s W) — )z, Tt follows that y € MCE(Az, ux), contradicting (4.5.1). O

LEMMA 4.5.4. Let (A,d) be a finitely aligned k-graph and suppose that F €
FE(A)\E. Let x € r(F)O(A;€) \ FO(A;E), and let n € NF with n < d(x). Then
Ext(z(0,n); F) € FE(A)\ €.

PROOF. Since z ¢ FO(A; E), it follows from Lemma 4.2.7 that Ext(z(0,n); F')
belongs to FE(A). Suppose for contradiction that Ext(z(0,n); F) € £. Since
x € O(N\; E), there exists m > n such that m < d(x) and x(n, m) € Ext(z(0,n); F).
So there exists A € F and a € s(A\)A such that (o, x(n,m)) € A™*(\, z(0,n)).
But then x(0,m) = z(0,n)z(n,m) = Aa, contradicting = ¢ FO(A; E). O

COROLLARY 4.5.5. Let (A,d) be a finitely aligned k-graph and suppose that
F € FE(A)\E. Letx € r(F)O(A;E) \ FO(N;E), and let n € NF with n < d(z).
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Let {t) : X € A} be a relative Cuntz-Krieger (A; E)-family such that t, # 0 for all
v €AY, and T],cp(trry — tat}) # 0 for all F € FE(A)\ €. Then

[Tty = 58 om0 n = taom ( I G- tﬁté))tiwm # 0.
AEF BeExt(xz(0,n);F)

Proor. We first calculate:

H(tr(F) — Bt )taom)tron) = H (tx(o,n)t?;(o,n) - Z tz(O,n)ﬁt;(om)ﬁ)
AEF AEF (o, B)€A™In (X 2(0,n))
= Laom) ( 11 (ts(aom) — tﬁt2)>t§£<o,n>

AEF
(a,8)eA™™(N,z(0,n))

= tx(om( I ew- tﬁt2)>t2(o,n>-
BeExt(xz(0,n);F)
Lemma 4.5.4 ensures that Ext(z(0,n); F) € FE(A) \ &, and it then follows by
hypothesis that HﬁeExt(x(O,n); F) (te(n) — tpth) # 0 completing the proof. O

LEMMA 4.5.6. Let (A,d) be a finitely aligned k-graph, let € C FE(A), and
suppose that (A, E) satisfies Condition (C). Let {ty : X € A} be a relative Cuntz-
Krieger (A; E)-family such that t, # 0 for all v € A°, and [,cp(trr) — trt}) #
0 for all F € FE(A)\ €. Let ©¢ be the representation of C*(A;E) such that
7€ (se(N) =ty for all X € A. Let a € span{sg(N)sg(p)* : \,u € A} € C*(A;€).
Then || (®7(a))]| < |I7f (a)]|.

PROOF. Express a = >, cnparuse(AN)se(p)” for some finite £ C A, and

express ®7(a) = Z(,\,u)enExd,snE b/\,u@(SE)l,\TE

o
m(a)= ) arutat, and 7 (®7(a)) = DR WCT(3)

AHETTE (Ap)ETEX o, TIE
By Corollary 4.6.4, there exists (n,v) € (d x s)# (ILE) such that

i@ @i =] Y beni]

Ape(TLE)uNA™

By definition of (d x s){ (ILE), we have that T"Z(n, v) does not belong to £. We
claim that there exists z € vO(A; ) \ THE(n,v)O(A; €) satisfying (4.5.1). To see
this, note that if T (n,v) € FE(A), then such an x exists because (A, &) satisfies
Condition (C). On the other hand, if T"#(n,v) & FE(A), then there exists o0 € vA
with Ext(o; T"¥(n,v)) = 0. Condition (C) implies that there exists 2’ € s(o)A
satisfying (4.5.1). It is then easy to check that z := o2’ also satisfies (4.5.1) and

does not have an initial segment in 7" (n,v). This establishes the claim.

So we have
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For all A € IIE with d(\) < n, p € (IIE)s(\) with d(u) # d()), and v € s(A)A
such that Av € (ITE)v N A™, the factorisation property ensures that Av # puwv.
Hence Lemma 4.5.3 shows that there exists n3, , € N* with n3, ., < d(x) such
that A™™ (\vz(0,n3, ,), pra(ng, ) = 0. Define

N o=\, Aot € TIE, d(N) £ d(n), 5(N) = s(u), v € (IE)w 1 A",
Since each n5, ,, < d(x), we have N < d(z), and for each A, y, v as above, we have

that A™(Avx(0, N), uvz(0, N)) = 0.
Define a projection P; € Mf;z(n,v) by

b= Z)\e(HE)zmA“ @(t)lg,]fa

and define a projection Py € C*({t,t* : d(c) = d(r) =n+ N}) by

P = ZAG(HE)mAn Exa(0.) a0,y

Since the O(t))7] are matrix units by Lemma 3.5.6(2), we have that P7f (®7(a)) =

S petizpon @O, and hence || P (#7(a))]| = |7 (@7(a))]|. Furthermore,

Pz(me(@(a)))PZ:PQ( 3 bA7M®(t)§Iﬁ>P2

A ue(IIE)vNA™
(4.5.3) = Z b,\,ngtA< H (ty, — tutl*/)>t,tp2
Mupe(IIE)vNA™ veTIE (n,v)
by Lemma 3.5.4. For o € A", we have Py, = Zre(HE‘)'UﬂA"(tT$(07N)t$(07N)tit0) =
tox(0,N) 50, ny Py Lemma 3.1.2(3). Taking adjoints gives t* Py = La(0,N) oo Ny 28
well. Applying these equalities on either side of (4.5.3), we obtain

Py(Py (7 (a))) P
= Z <b)\,,ut)\a:(0,N)t;(0,n) ( H (t’U - tVt;)) t$(07N)th(O,N)> :
A pe(IIE)vNA™ veTHE (n,v)

Corollary 4.5.5 then shows that

Py (P (€7(a))) P,
- Z (b/\,,ut)\m((),N) ( H tx(n) - tﬁt;> Zm(O,N)) :
A pe(IE)vNA™ BEExt(z(0,N);TE (n,v))

For A € (IIE)v N A", we have ty,o,.n) € AN Cand it follows from Lemma 3.1.2(3)
that for A\, u € (ILE)v N A™, we have (o n)tua(0,N) = I puteo(v). Hence

{t,\z(o,N)( H ta(n) — tﬁ;) thaoN) P A M E (IIEYv N An}

Be€Ext(z(0,N);THE (nv))
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is a collection of matrix units which are all nonzero by Corollary 4.5.5. Compression
by P, is therefore an isomorphism of M (n,v). Hence ||Py(Pyé(®7(a))) P =
| P (87(a))]| = I (@7(a)].

On the other hand, we have | Py( Py (a)) )| < [|7€(a)|| because P, and P, are
projections. Thus, the proof of Lemma 4.5.6 will be complete if we can establish
that Py(Py7¢(a))Py = Po(Pywé(®7(a)))P,. To do this, it suffices to show that if
A p € TIE with d(A) # d(p) and s(A) = s(u), we have Py(Pitaty) P = 0. So fix
A € ITE with d(X) # d(p) and s(A) = s(u). We consider two cases.

Case 1. Suppose that d(\) £ n. Then for ¢ € (IIE)v N A", we have that
(o, 3) € A™(\, ) implies d(3) > 0 and o3 € IIE by Remark 3.4.3(1). Hence
O(t)1 7ty = 0 for all 0 € (IIE)vNA™, giving Pty = 0, and hence Py(Pytt})Py = 0
as required. [0 Case 1

Case 2. Suppose that d(A) < n. Then

PPyt Py = PQ( > t0< I ¢t - tgzt:‘,,)>t;t,\t;> P,

oe(IIE)vNA™ oo’ €llE
d(c")>0
:P2< > tA,,< T *w —tgftj;,))t;l,)PQ
Ave(IIE)vNA™ Avo' €llE
d(c")>0

(454) = PQ( Z ( H (t)\l/tiy - t)\VO"tiua’)>t)\Vt;V> P2

Ae(IIE)vNA™  Avo'€llE
d(c')>0

by Lemma 3.5.4. Lemma 3.1.2(2) shows that P, commutes with each factor ¢y, t},—

taworth,, i (4.5.4), so we can rewrite (4.5.4) as

(455 BPttR = > (T (b — twetie) ) Pitati,Bs).
Ave(I1E)vNA™ Avo’€llE
d(c’)>0

It therefore suffices to establish that for all v such that Av € (IIE)v N A", we have
Pty ty, Pr = 0. So fix v such that \v € (ITE)v N A™. Lemma 3.1.2(3) to shows
that for 7 € (ILE)v N A", we have tm(O’N)tjw(QN)t)\,, = (57,,\1,15,\”(07]\;)15;(07]\,). Hence
By, = tAV$(07N)t;(O7N). But now

Pytauty, Pr = tava(0.8)t a0, n) Z (tre 0.3t z0.8))
Te(IIE)vNA™

= t)\u:r(O,N) Z (t;V:c(O,N)tTJB(OyN)t;k'x(07N))
Te(IIE)vNA™

(456) = t)\lzx(O,N) Z (tatgtift(O»N))'

Te(IIE)vNA™
(o, ) EA™IN (urx(0,N),72(0,N))
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But d(u) # d(X), so d(pv) # d(Av) = n, and hence uv # 7 for each 7 € (ILE)vNA™.
It follows that A™"(yuvz(0, N),72(0, N)) = 0 for all 7 € (ILE)v N A™ by definition
of x and N. Hence (4.5.6) is equal to zero. [J Case 2
Since PQ(Plt)\tZ)PQ = 0 in both cases, the proof of the lemma is complete. ]

PROOF OF THEOREM 4.5.2. Lemma 4.5.6 shows that the formula

t)\t; — 6d(>\),d(,u) t)\t;

extends to a well-defined norm-decreasing linear map ®° on 7€ (C*(A; £)). Precisely
as in the proof of Corollary 4.1.8, we now suppose that 7€ (a) = 0. Then 7¢(a*a) =
0 and hence 7¢(®7(a*a)) = ®' (7 (a*a)) = 0. Since 7¢ is faithful on C*(A; &) by
Theorem 3.5.8 and Lemma 4.2.2, it follows that ®7(a*a) = 0. But ®7 is faithful on
positive elements by Proposition 4.1.7 so we can deduce that a*a = 0 and hence
that a = 0 by the C*-identity. 0

4.6. The Cuntz-Krieger algebra

As mentioned in Remark 4.1.2; the special case £ = FE(A) allows us to regard
the Cuntz-Krieger algebra C*(A) associated to a finitely aligned k-graph A as in
[30] as a relative Cuntz-Krieger algebra. In this section, we use the results proved
so far in this chapter to recover the gauge-invariant uniqueness theorem and prove

a new version of the Cuntz-Krieger uniqueness theorem for C*(A).

DEFINITION 4.6.1. Let (A, d) be a finitely aligned k-graph. By a Cuntz-Krieger
A-family, we mean a relative Cuntz-Krieger (A; FE(A))-family. Define C*(A) :=
C*(A;FE(A)), and sy := spg(ay(A) for all X € A. Define A := 9(A; FE(A)), and
for each A € A, define Sy := Spg(a)(A) € B((2(0A)); we call DA the boundary-path
space and we call {S) : A € A} the boundary-path representation.

THEOREM 4.6.2 ([30, Corollary 4.3]). Let (A, d) be a finitely aligned k-graph.
And let {ty : A € A} be a Cuntz-Krieger A-family. The homomorphism m of C*(A)
such that m(sy) =ty for all X € A is injective on C*(AN)Y if and only if

(1) t, is nonzero for all v € A°.
Moreover, m; is injective on all of C*(A) if and only if (1) holds and in addition
(2) there is a strongly continuous action 6 : TF — Aut(C*({t) : X € A}))
satisfying 0.(ty) = 2Nty for all X € A.

PROOF. We have that FE(A) \ FE(A) = 0 by definition, so condition (2) of

Theorem 4.3.12 is vacuous, and the result is a special case of Theorem 4.3.12. [
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NOTATION 4.6.3. Let (A, d) be a finitely aligned k-graph, let £ C A be finite.
We define (d x s)*(IIE) := (d X 8)gy ) (ILE) where (d X 8) ) (ILE) is as defined
in Notation 4.3.14.

COROLLARY 4.6.4. Let (A,d) be a finitely aligned k-graph, and let E C A be
finite. Then

Mgg = @ Muig)oran (C).
(n,v)e(dxs)T (IIE)

PRrooOF. This is a special case of Corollary 4.3.15. Il

THEOREM 4.6.5. Let (A, d) be a finitely aligned k-graph which satisfies
(4.6.1) for all v € A° there exists x € vVOA satisfying (4.5.1).

There ezists a Cuntz-Krieger A-family {tx : X € A} such that t, # 0 for all
v € A°. Furthermore, any two such Cuntz-Krieger A-families generate canonically

isomorphic C*-algebras.

PrROOF. We have that FE(A) \ FE(A) = (0 by definition. Condition (C)
therefore reduces to Condition (4.6.1), so the result is a special case of Theo-
rem 4.5.2. 0J

COROLLARY 4.6.6. Let (A, d) be a finitely aligned k-graph. The boundary-path
representation mg is faithful on C*(A)Y. If A satisfies Condition (4.6.1) then wg is
faithful.

REMARK 4.6.7. Let # € A* belong to the collection of boundary paths AS>
of [30, Definition 2.8]; that is, there exists n, € N* with n, < d(z) such that if
m € N¥ with n, < m < d(z), and if m; = d(z); is finite, then z(m)A% is empty.
It is easy to check from this that if A\, u € Ar(z), then MCE(Az, ux) is nonempty
if and only if Ax = px. It follows that Theorem 4.6.5 is formally stronger than
[30, Theorem 4.5]. However, we do not have any examples in which Theorem 4.6.5
applies but [30, Theorem 4.5] does not, and it seems likely that the two theorems

are equivalent.
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4.7. A faithful representation of the relative Cuntz-Krieger algebra

We have shown that the £-relative boundary-path representation is faithful on
the core of C*(A;E). It would be nice to know that the E-relative boundary-path
representation is faithful on all of C*(A;E), but the following example shows that

this is not necessarily the case.

ExAMPLE 4.7.1. Consider the unique 2-graph =, with 1-skeleton

A1 A2 A3
— < — < - — < <

1}0 - \’Ul - \’(}2 - \/1)3
K1 H2 U3

The set v;0Z, is a singleton for every vertex v;. Namely, 1,02, = {x;} where

Ti : {19 (00,00) — Z2 is the unique graph morphism satisfying

ml(o, n) = )\i+1)\i+2 e )"i+n1 /,Li+nl+1/,bi+n1+2 e ,U/7,'+?’Ll+’n2 fOI‘ aﬂ n e N2

provided by Lemma 3.7.2.

The factorisation property ensures that A\jx; = xg = pyz1. Since s(A;)0=, =
{x1} = s(p1)0=s, it follows that the partial isometries Sy, and S, in the boundary
path representation are both equal to the rank-one operator e,, ® €,,.

To see why this implies that the boundary-path representation is not faithful,
set 2 = (—1,1) € T2 Since 7, € Aut(C*(Z,)) is isometric, we have

H8>\1 - SMlH = HPYZ<3>\1 + 8#1)” = H3>\1 + 3#1” > HSM + SMlH = H2e$1 ®EI0H = 2.

However,
Ts(Sa1 — Spy) = Sy — Spy = €y @ €gy — €3, @ €4y = 0.
It follows that mg is not faithful.
We can describe both the universal Cuntz-Krieger algebra of =y and the C*-
algebra generated by the boundary-path representation for =, as follows. Let
=1 = )« be the 1-graph which consists of a one-way infinite path:

Up A UL g U2 A3 Uz Ay U4
P—<—0@—<—0—<—0—<—0

Let f:N? — N be given by f(i,7) := i+ j. It is straightforward to check that =,
is isomorphic to the 2-graph f*(=Z;) obtained from [18, Definition 1.9]. Since f is
surjective, it follows from [18, Corollary 3.5(iii)] that C*(Z,) = C*(Z,) @ C(T*™1);
since it is well-known that C*(Z;) is isomorphic to I, it follows that C*(Z;) =
K ® C(T).

By contrast, since for each ¢« € N we have that x; is the unique boundary path

with range v; in =, it follows that for 7 € =5, the partial isometry S is precisely
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ee; ® €, where v; = 7(7) and v; = s(7). That is, C*({S\ : A € Z,}) is generated
by {€s, ® €, : 1,5 € N}, and hence C*({Sy : A € Z5}) = K.

The problem in Example 4.7.1 is that the formula 0,(S,) = 2%°)S, is not
well-defined in C*({S, : 0 € A}); for z = (—1,1), it simultaneously specifies

92(6901 ®é$0> = 92<S>\1> = (_1)0 ’ (1)1S>\1 = S/\l = €z, & €gy and
0.(ey @ o) = 0:(Su) = (=1)' - (1)°S; = =S, = —€uy @ .
Thus there is no action 6 of T* on C*({S) : A € Z5}) such that 7g is equivariant in
0 and . Theorem 4.6.2 therefore implies that mg is not faithful. In order to avoid

this problem we need to augment the boundary path representation in such a way

that partial isometries associated to paths of different degrees are always distinct.

REMARK 4.7.2. The 2-graph =, of Example 4.7.1 is the prototypical 2-graph
which fails Condition (4.6.1): x; is the unique element of v;0A and yet we have
o € MCE(A1, 121). Thus this example sheds some light on the significance of

the aperiodicity condition.

DEFINITION 4.7.3. Let (A, d) be a finitely aligned k-graph and let £ C FE(A).
For n € N* let L, € B(¢*(Z*)) be the shift by n. So L,e,, = €pn for all m € Z*.
For A € A, define (Sg ® L)) := Se(\) ® Lan) € B(2(9(A;E))) @ B(E*(ZF)). That
is, (Se ® L)x(ez ® €m) = Os(0),r(x) €Az @ Cmtd(\)-

LEMMA 4.7.4. Let (A,d) be a finitely aligned k-graph and let £ C FE(A). The
collection {(Se ® L)\ : A € A} is a relative Cuntz-Krieger (A\; E)-family which we

call the augmented &-relative boundary path representation.

PROOF. For (TCK1), notice that for v € A% we have (S¢ ® L), = Sg(v) ®
ids2(zx), and since the Sg(v) are mutually orthogonal projections, it follows that

the (Sg ® L), are also mutually orthogonal projections.
For (TCK2), we calculate

(Se ® L)A(Se @ L), = Se(M)Se () @ Lax L)
= 050, () S (A1) @ Laoy+a(u)
= O5(0),r() (Se ® L)ap-
Now we must check (TCK3). For this, fix A,z € A. Then
(Se ® L)3(Se @ L), = Se(A)"Se (1) @ Lyony Lagu
(4.7.1) = ) Se(@)Se(B) ® Luguy-aoy-

(a,B)eA™m(A,p)



4.7. A FAITHFUL REPRESENTATION 119

But for (a,8) € A™®(\, u), we have d(Aa) = d(uf) and hence d(u) — d()\) =
d(a) — d(3). Substituting this in (4.7.1), we obtain

(Se@L3(Se@L)u= Y (Sela)Se(B) ® Laa)-ars))
(a,B)eA™in (A1)

= Y (Se()Se(B)" @ LagayLis)

(a,B)EA™IN (A1)

= ) (Se@L)a(Se® L),

(a,ﬁ)EAmin(/\,,LL)
verifying (TCK3).
Finally, to check (CK), let £ € v&€. Since L,L; = idspz+), and since tensor

products are bilinear,

H ((Se ® L)y — (Se ® L)x(Se @ L))

AEE
= H (Sg(v) - Sg(/\)Sg(/\)*> X idﬁ(zk) =0® idp(zk)
AEE
because {Sg(N) : A € A} is a relative Cuntz-Krieger (A; £)-family. O

ExAMPLE 4.7.5 (Example 4.7.1 continued). Recall the 2-graph =, of Exam-
ple 4.7.1, and recall that C*(Z) = K @ C(T), whereas C*({S\ : A € Z»}) = K.

Suppose r(A) = r(p) = v; and s(A) = s(p). Then Sy = 5, =€, ® e,
and hence S,\SZ = e;, €y, = S,,. On the other hand Ld(,\)LL’;(#) = La(\)—d(u)- Now
|d(N)| = |d(p)[; that is, d(A)y + d(X)2 = d(u)1 + d(p)2, and hence (d(\) —d(p))1 =
—(d(A) — d(p))2. 1t follows that Ly L)) = Ln—n where n = d(X); — d(p)1 € Z.

By varying our choices of A and p in the preceding paragraph, we have that
Sy; @ Ly, belongs to C*({(S® L)y : A € Zy}) for all ¢ € N and all n € Z.
Consequently, for all o € Z and all n € Z, we have that S, ® Lao)+(n,—n) =
(S ® L)o(Ss(0) ® L(n,—n)) also belongs to C*({(S ®@ L)y : X € Z}).

Identifying C*({L(n,—n) : n € Z}) with C*(Z), we have that C*({(S® L)\ : X €
Es}) generates a copy of C*({Sy: A € Z3}) ® C*(Z) = K @ C(T) = C*(=Z2).

Indeed, let =5 be the unique k-graph with 1-skeleton

A1 ALz AL

—\< '~ —\< '~ — -
Vo -~ ~\U1 -~ ~Uy -~ ~\U
g, o1 ‘1/ )\2,2 f/ )\2,3 x_?’

i+[d(M)]?

A1 A2 k3
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where, in this 1-skeleton, the dotted edges have degree e,. So Z is the k-

dimensional analogue of =,. Algebraically, = is described as follows:
(Ek)o = {Ui NS N}, (Ek)ei = {Ai,j 1] € N},
r(Nij) =v; and s(\; ;) =vj4 for all ¢, 7,
>\i,j/\i’,j+l = Ai’,j/\i,j—i—l for all i, ’i,,j.

With f : N¥ — N given by f(n) = S5, n;, we have Zj, = f*(Z,) as in [18,
Definition 1.9], and [18, Corollary 3.5(iii)] shows that C*(Z;) & K ® C(T*"!). On
the other hand, each v;0Z;, consists of just a single morphism x¥ so the boundary-
path representation generates a copy of K just as in Example 4.7.1. As for =,,

the augmented-boundary path representation contains all elements of the form

Se(0) ® Ly(s)4+n where o € Zj and n € 7ZF satisfies Zle n; = 0. Identifying

.....

C*(Zy).

In fact, for any k-graph A and any & C FE(A), the augmented E-relative
boundary-path representation is faithful on C*(A; ).

THEOREM 4.7.6. Let (A,d) be a finitely aligned k-graph and let € C FE(A).
The representation 75, o, : C*(A;E) — B((2(O(A; €)) ® B((*(ZF)) determined by

the augmented &-relative boundary-path representation is faithful.

PROOF. By Corollary 4.3.10, we have that Sg(v) # 0 for all v € A°, and hence
forve A, (Se®L), = Se(v)®idgpezx) is also nonzero. Similarly, for £ € FE(A)\E,
we have

[T ((Ss@L)imy— (Se@La(Se 1)3) = ( T] (Se(r(E)=Ss(N)Se()) ) @idaqany

\eE \eE
which is nonzero because [, p (Se(r(E)) — Se(A)SE(N)) is nonzero by Corol-
lary 4.3.10.

Let D denote the diagonal action D, (e,,,®e,,) := 2™ "e,,®e, of T* on B(F*(Z*)).

Since each L, is equal to the strong operator sum

Ln = ZmENk Emin & Em,

we have D,(L,) = 2"L,, for all z € T* and n € N*. Define an action 6 of T* on
B(2(O(A; €))) @ B(A(ZF)) by 6, :=id ®D,. That is 0.(A® B) := (A® D.(B)) for
all A € B((?(0(A;€))) and B € B((*(Z¥)). Then for z € T*,

0-((Se @ L)») = Se(A) @ D-(Lag)) = Se(V) ® 2N Lyiry = 29V (S @ L),
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It follows that 0, o 7§, o, = 7§ 5, 07, for all z € T*. It is clear that D is strongly
continuous, and hence € is strongly continuous as well. Hence Theorem 4.3.12

implies that & er 18 faithful. O

REMARK 4.7.7. Periodic boundary paths in k-graphs take the place of loops
in 1-graphs in the higher-rank versions of the Cuntz-Krieger uniqueness theorem
(see for example [18, Theorem 4.6, [30, Theorem 4.5]). The k-graph Zj is one
of the prototypical examples of a k-dimensional infinite periodic path. So how do
the graphs Zj resemble rank-£ loops?

Let £ be the graph with a single vertex w and a single edge p with r(u) =
s(p) = w. The Cuntz-Krieger algebra of £ is the universal algebra generated by
a unitary, namely C(T). It is therefore easy to see using [30, Corollary 4.4] that
C*(Ek) is canonically isomorphic to the C*-algebra C*(L x --- x £ x Z;) of the
cartesian product of kK — 1 copies of £ with a copy of Z;; that is, the k-graph with

1-skeleton

where dotted edges have degree ex. To write this isomorphism down explicitly,
consider 0,7 € Z; with |d(o)| > |d(7)| and (o) = v;. Then s,sf € C*(Z) is

mapped to the element

S(M(d(fhfd(oh)7w,,..7wyvi) cee S(w7..,7u(d(7—)k—17d<o-)k—1)71)1-)8(w7"'7w7)‘i+1"')\i+\d(o-)|—\d(7)|)

where if n < 0 then s}, = (s.;")". If |d(0)| < |d(7)], then s,s} = (s.s})*, so the

above formula completely determines a map from C*(Z) onto C*(L X -+ - X LXZ1).

It is not hard to check that this map is an isomorphism.

4.8. Augmented representations

The trick employed in the previous section to jack up the boundary-path rep-
resentation of C*(A; ) to a faithful representation works for arbitrary homomor-

phisms of relative Cuntz-Krieger algebras which are injective on the core.

DEFINITION 4.8.1. Let (A,d) be a finitely aligned k-graph, let £ C FE(A),
and let {t) : A € A} be a relative Cuntz-Krieger (A; €)-family. Define a family
{E@x)r: A€ A} CC({tr: X € A}) ® C*(ZF) by (1 @ x)x := A @ Xxa(n) Where
X @ ZF — C*(ZF) is the canonical inclusion that takes n to the characteristic

function of n. We call this collection the augmented t-famaly.
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THEOREM 4.8.2. Let (A,d) be a finitely aligned k-graph, let € C FE(A), and
let {ty : X € A} be a relative Cuntz-Krieger (A; E)-family. The augmented t-family
is also a relative Cuntz-Krieger (A\; E)-family. Furthermore, the homomorphism
71—66@)() that takes sg(\) to (t ® x)x is injective if and only if ©€ is injective on
C*(A).

Proor. Calculations identical to those in the proof of Lemma 4.7.4 show
that the augmented t-family is a relative Cuntz-Krieger (A;E)-family. Let 6 :
TF — Aut (C*({tx : A € A}) ® C*(Z*)) be the action determined by 6,
ide(ftaaenp) @@, where @ is the dual action of TF on C*(ZF). As in the proof

of Theorem 4.7.6, we have 6, o 77(5 oy because &,(x,) = 2"y, for all

_ &

tex) — T(tex)
k . . A . . .

n € Z". Moreover, 6 is strongly continuous because & is strongly continuous. Since

70 (C*(A)) = TE(CH(A)) ® Lowamy = 78(C*(A)Y),

an

the result now follows from Theorem 4.3.12.

4.9. The Cuntz-Krieger relation: some examples

In this section we explain why relation (CK) is the right relation for defining
an appropriate analogue of a Cuntz-Krieger algebra for finitely aligned k-graphs.
In particular, we explain why it has to be expressed in terms of products, rather
than sums, of range projections. This section is taken almost verbatim from [30,
Appendix A].

The objective of the Cuntz-Krieger relations is to associate to each finitely
aligned k-graph A a universal C*-algebra C*(A) generated by a collection {s, :

A € A} of partial isometries in such a way that

(a

(b) Connectivity in A is modelled by multiplication in C*(A);

The partial isometries sy are all nonzero;

(d) The core, span{sys; : A\, p € A, d(\) = d(p)}, is AF; and
(e) A representation m of C*(A) is faithful on the core if and only if 7(s,) # 0
for v € A°.
Relations (TCK1) and (TCK2) address property (b). Relation (TCK3) ensures
that property (c) is satisfied. Proposition 3.4.1 shows that relations (TCK1)-
(TCK3) also guarantee property (d).

)
)
(c) C*(A) is spanned by the elements {sxs} : A\, u € A};
)
)

We must now produce a relation (CK) which guarantees that C*(A) satisfies
(a) and (e); in the following discussion, therefore, we assume (TCK1)—(TCK3)
hold.
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Recall from [29] that given a k-graph A and an element n of N¥, we write AS"
for the collection of paths A € A such that d(\) < n and such that for all Av € A
with d(v) > 0, we have d(Av) € n. The analyses of [12] and [29] suggest that a

suitable relation might be
(4.9.1) ty = Y seon<n talh whenever vA=" is finite.

However, this relation fails to guarantee (a), even for row-finite k-graphs, as can

be seen from the following example:

EXAMPLE 4.9.1. Consider the row-finite 2-graph A; with 1-skeleton

’

|
|
|
|
pa¥

|
|
|
|
|
U1 )\1

If {tn : A € A} satisfy (TCK1)-(TCK3) and (4.9.1), then the range projections
s 83, and sy, 5% are orthogonal by (4.9.1) for n = (1,1), but must both be equal
to sy, by (4.9.1) with n = (0,1) and n = (1,0). Consequently s,, = 0, so (4.9.1)

fails to ensure condition (a) for C*(A;).

For the row-finite k-graphs of [29] in which vA% is always finite, the prob-
lem illustrated by this example was avoided by imposing the condition that the
k-graphs in question be locally convexr. The k-graph (A,d) is locally convex if
whenever v € A°, i # j, A € vA% and pu € vA%, we have both s(A\)A% and s(u)A®
nonempty [29, Definition 3.9].

For locally convex row-finite k-graphs, the Cuntz-Krieger relations used in [29)]
are equivalent to (TCK1)—(TCK3) and (4.9.2). It is shown in [29, Theorem 3.15]
that these relations imply (a), and the discussion of [29, page 109] shows that they
imply (e). However, Example 4.9.2 demonstrates that for non-row-finite k-graphs,

local convexity is not enough to ensure that (4.9.1) implies (e).



124 4. RELATIVE CUNTZ-KRIEGER ALGEBRAS

ExaMPLE 4.9.2. Consider the locally convex finitely aligned 2-graph As with

1-skeleton

|
|
|
|
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|
|

|

|

vy

Relation (4.9.1) does not impose any equalities at v, because v,A5™ is infinite for
all n # 0. The Cuntz-Krieger family {S) : A € Ay} provided by the boundary-path
representation satisfies S,, — (S),5%, + 5,,95;;,) = 0. However, for any nontrivial
projection P, taking T,, := S,, ® P and T, = S, @ 0 for 0 € Ay \ {v2} gives a
Cuntz-Krieger As-family satisfying (TCK1)—-(TCK3) and (4.9.1) in which 7, —
(T2, Ty, +T,,,T,) # 0. In particular, {Sy : A € A%} satisfies (TCK1)-(TCK3) and

(4.9.1), but the representation determined by {S\ : A € A?} is not faithful on the
core, even though S, # 0 for all v € AS.

Relation (4.9.1) does not work for Ay because there exists a finite subset E of
voAy (namely E = {)g, p2}) with the property that the sum of the range projec-
tions of paths in £ dominates all range projections from in vyAy \ {vy}, but there
is no such subset of the form v,A5"™. For a finitely aligned k-graph A and v € A°,
we can use (TCK3) to characterise the finite subsets of E of vA with this property:
they are precisely the finite exhaustive sets of Definition 2.4.3.

Example 4.9.2 therefore suggests that relation (CK) should be

(4.9.2) t,=>,cptaty for every v € A° and finite exhaustive E C vA \ {v}.

ExaMPLE 4.9.3 (Example 4.9.1 continued). The only finite exhaustive subset
of v1A; which does not contain v; is the set {1, u1}. In particular, (4.9.2) does
not insist that either ¢y 3 or ¢,,t; is equal to t,,. Hence replacing (4.9.1) with

(4.9.2) eliminates the pathology associated to the non-local-convexity of A;.
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EXAMPLE 4.9.4 (Example 4.9.2 continued). Every family {t) : A € Ay} satis-
fying (TCK1)-(TCK3) and (4.9.2) satisfies t,, = 5,1}, + t,,t},. Since the partial
isometries {S, : 0 € Ay} satisfy (TCK1)—-(TCK3) and (4.9.2) and since S, is
nonzero for each v € AY, (4.9.2) ensures that (a) holds for C*(Ay). In fact, for As,
relation 4.9.2 is equivalent to relation (CK), so Theorem 4.6.2 shows that for the
2-graph Ay, (4.9.2) guarantees both (a) and (e). It follows that (4.9.2) is exactly
the right relation for As.

Since the left-hand side of (4.9.2) is a projection, the relation only makes sense
if the projections in the sum on the right-hand side are mutually orthogonal. Hence
in general, (4.9.2) is predicated on the notion that the range projections associated
to paths in a finite exhaustive subset of vA\ {v} are mutually orthogonal. However,
A5 shows that we cannot expect finite exhaustive sets always to consist of paths of a
single degree, so there is no reason to think that the range projections associated to
paths in an arbitrary finite exhausitve set are mutually orthogonal. The following
example shows that indeed it is necessary to formulate a relation which takes into

account the possibility that they are not.

ExAMPLE 4.9.5. Consider the locally convex 2-graph A3 with 1-skeleton

/
/ /

v ﬁ?,;v/
/

As in Example 4.9.2, relation (CK) must insist that the range projections associ-
ated to A3 and 3 together fill up ¢,,, or else (e) will fail because {3, 13} is finite and
exhaustive. However, the range projections ¢,,t3, and ¢,,t;. can only be orthogo-
nal if (a) is not satisfied: Lemma 3.1.2(1) ensures that ;23 t,,t%. = taza5ti;0,0 SO
if #5t3 and t,t;, are mutually orthogonal, then we must have ¢y, = 0, and hence
ts(a) = 0. Indeed there is no finite exhaustive subset of vA whose range projections
are orthogonal. It follows that (4.9.2) fails to ensure condition (a) for the k-graph
A3 because in any family {t, : ¢ € A3} satisfying (TCK1)—-(TCK3) and (4.9.2),

we have ty4) = 0.
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The solution to the problem illustrated in Example 4.9.5 is to use products

rather than sums to express relation (CK).

EXAMPLE 4.9.6 (Example 4.9.5 continued). Lemma 3.1.2(2) says that in any
family satisfying (TCK1)-(TCK3), the projections t,t3, and t,,t;  commute.

137 s
Consequently, the relation

(493) (tv3 - t)\3t§3)(t1)3 — tust, ) =0.

H3 73
is a well-defined replacement for (4.9.2). Relation 4.9.3 insists that the range
projections associated to A3 and pg fill up ¢,, without the undesirable side-effect

of forcing t4o) = 0.

Relation (CK), namely
[Lier(ts —taty) =0 for every v € A and finite exhaustive £ C vA,

is the generalisation of (4.9.3) to arbitrary finite exhaustive sets in an arbitrary
finitely aligned k-graph. Note that (CK) reduces to (4.9.2) when the range projec-
tions associated to paths in E are mutually orthogonal (as in As). Theorem 4.6.2
shows that (CK) ensures (a) and (e).



CHAPTER 5

Gauge-invariant ideals in Cuntz-Krieger algebras

In this chapter, we analyse the gauge-invariant ideal structure of C*(A). We be-
gin by defining saturated hereditary sets of vertices. Our definitions and techniques
for this draw on the corresponding ideas in [29] and [2], though our definition of a
saturated set looks different from the definitions in previous work because of the
new relation (CK). We are able to show using methods similar to those of [2] that
the collection of vertex projections associated to a saturated hereditary set H C A°
generates a gauge-invariant ideal Iy in C*(A), and that Iy contains C*(AH) as
a full corner. However, to answer the question of what the quotient C*(A)/Iy
looks like, we have to use a different approach than in [2] because it is not clear
how to carry the construction in [2] of the quotient graph of a 1-graph F to the
setting of k-graphs. Our approach is to show that C*(A)/Iy is isomorphic to a
relative Cuntz-Krieger algebra associated to A\ AH. We then use Theorem 4.3.12
to characterise all the gauge-invariant ideals of C*(A) and the associated quotients.

Muhly and Tomforde arrive indirectly at the same identification of quotients
of the Cuntz-Krieger algebra with relative graph algebras of associated subgraphs
for directed graphs in [23]. Given a directed graph E and a subset V of E°,
Muhly and Tomforde identify the relative Cuntz-Krieger algebra C*(FE, V') with
the Cuntz-Krieger algebra of a modified graph Ey. Let E be a directed graph, let
H C E° be saturated and hereditary, let ' = E\ s7}(H), and let V = Hi". Then
the modified graph Fy of [23] is identical to the quotient graph E/H of [2] showing
that C*(E)/Ig = C*(F,V). This method is attractive since it allows results
from the theory of Cuntz-Krieger algebras to be applied to relative Cuntz-Krieger
algebras. The question of whether there exists a similar construction of a modified
k-graph Ag from a k-graph A and a subset &€ C FE(A) so that C*(Ag) = C*(A;€)
remains unanswered. The results in this chapter do indicate, though, that such
a construction would be significantly more complicated for k-graphs than it is for
1-graphs.

Throughout this chapter, when we talk about an ideal in a C*-algebra, we
always mean a closed two-sided ideal.

127
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5.1. Hereditary subsets and associated ideals

In this section, we define saturated hereditary sets of vertices. We show that
given a finitely aligned k-graph A, and a saturated hereditary set H C A°, the ideal
in C*(A) generated by the vertex projections associated to H C A° is strongly
Morita equivalent to the Cuntz-Krieger algebra of the subgraph HA.

DEFINITION 5.1.1. Let (A,d) be a finitely aligned k-graph. Define a relation
< on AY by v < w if and only if vAw # 0.
(1) A set H C A% is hereditary if v € H and v < w imply w € H.
(2) A set H C A is saturated if for every finite exhaustive set F' such that
s(F) C H, we have r(F) € H.
Given H C A°, we write ©H for the smallest saturated set containing H. We call
Y H the saturation of H.

We want to show that the saturation of a hereditary set H is also hereditary.

LEMMA 5.1.2. Let (A, d) be a finitely aligned k-graph and let G C A°. Then

(1) Let Sg := {v € A° : there exists F C vAG with F finite exhaustive}.
Then Sq = XG.
(2) If G is hereditary, then 3G is hereditary.

PROOF. For claim (1), we show first that S is saturated. To see this, let
v € AY, and suppose that £ C vA is finite exhaustive with s(E) C Sg. If v € E,
then v = s(v) € s(E) C Sg, so there is nothing to do. Hence we may assume that
E € vFE(A). By definition of S, for each A € E there exists a finite exhaustive
set F\ C s(A\)Asuch that s(F\) C G. Let F:={\ € E : s(\) & F)\}. For A € E\F,
we have s(\) € s(F)) C G, so s(E\ F) C G. On the other hand, for A € F', we
have s(\) = r(F)\) € F\, so Fx € FE(A). Let E' := (E\ F) U (Uycr AF)).
Then Lemma 4.2.9 applied to the set £ := {E, F\ : A € F'} C FE(A) shows that
E’" € FE(A), and we have s(E') C G by definition. Since r(E') = r(E) = v, it
follows that v € S by definition of Sg. Since v and F' were arbitrary, it follows
that Sg is saturated.

We have G C Sg by definition, and S is saturated by the previous paragraph.
It therefore follows from the definition of ¥G that X.G C Sg. On the other hand,
every element of Sg must belong to G by Definition 5.1.1(2), giving Sg C 2G.
It follows that ¥G = Sg, establishing (1).

To prove claim (2), let v € ¥G and v < w; say A € vAw. If v € G then
w € G because G is hereditary, so suppose that v € ¥G \ G. Then there exists
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F € vFE(A) such that s(F) C G. If A € FA, then A = puu’ for some p € F. But
then s(u) € G by definition of F, and it follows that s(\) = s(u') € G because
G is hereditary. On the other hand, if A ¢ FA, then Lemma 4.2.7 shows that,
Ext(\; F') € wFE(A). We claim that s(Ext(A; F')) C G; it will then follow that
w € XG, completing the proof.

To see that s(Ext()\; F')) C G, note that a € Ext(\; F') implies that there exist
p € Fand § € A such that A\ = pf. But then s(a) = s(Aa) = s(uf) which
belongs to G because s(u) € G and G is hereditary. O

LEMMA 5.1.3. Let (A, d) be a finitely aligned k-graph, and let I be an ideal of
C*(AN). Then Hy :={v € A°: s, € I} is saturated and hereditary.

PROOF. Suppose v € H; and w € A with v < w. So there exists A € A with
r(A) = v and s(A) = w. Then s, € I, so s, = sis,sn € I, and then w € Hy;
consequently H; is hereditary. Now suppose that v € A® and there exists a finite
exhaustive set F' C vA such that s(F') C H;. If v € F, then v = s(v) € s(F) C Hy
and we are done, so we may assume that F' € v FE(A). Proposition 3.3.3 shows
that s, = (H/\evF(sv — s,\s’;)> + (Z/\evF Q(S)XF>. Since F' € FE(A), we have
VF € FE(A) as well, and since {s) : A € A} is a Cuntz-Krieger A-family, it follows
that [T c,r(s0 — sasy) = 0, giving s, = >y, Q(s)YF, and we need only show
that A € VF implies Q(s)YF € I.

If A\ € VF, then A = py for some p € F. Since Hj is hereditary and s(F') C Hy,
it follows that A € VF implies s(A\) € H;. Hence for A € VF, we have s, € I,
and then Definition 3.3.1 gives

Qs)\" = 5ASs()S) ( HA,\'evF,d(A)>o(3/\5§ - SM’ST\A/)>7

which belongs to I because sy\) € I and [ is an ideal. ]

For H C A% let Iy be the ideal in C*(A) generated by {s, : v € H}.

LEMMA 5.1.4. Let (A,d) be a finitely aligned k-graph, and let H C A° be
saturated and hereditary. Then g = span{sAs; A\ € AHY.

PRrROOF. For convenience, we denote span{sw; N\ pu € AH} by Xy through-
out this proof. If A\, € AH and sys;, # 0, then s(\) = s(u) € H, and then

*

“w
For the reverse containment, we just need to show that Xy is an ideal and

S)S SASs(\)Sy, € In because Iy is an ideal. It follows that Xy C Iy.

contains the projections {s, : v € H}. We have that Xy is norm-closed, that Xy
is closed under taking adjoints, and that the projections {s, : v € H} belong to
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Xy by definition, so we only need to show that X is closed under multiplication,
and that for a,b € C*(A), and = € Xy, we have axb € Xy.

To see that for a,b € C*(A) and = € Xy, we have axb € Xy, note that by
Lemma 3.1.2(5) and the definition of X, it suffices to show that for A, u € A and
o,7 € AH, we have s,\sZs(,sj € Xy and sgsjsAs; € Xpg. Indeed since Xy is closed

under taking adjoints, it suffices to show that
(5.1.1) A€ Aand 0,7 € AH imply s)s,5,8; € Xp.

Taking A\, u € AH, (5.1.1) also establishes that X is closed under multiplication.
Hence the proof will be complete once we have established (5.1.1). Solet A\, u € A
and 0,7 € AH. Then s)s7,5,8; = Z(a,ﬁ)é/\mi“(u,o‘) s,\.asjﬁ. But since H is hereditary
and s(o) belongs to H, we have that (a, ) € A™"(u, o) implies that s(a) € H,

and it follows that s 28, S0Sy € Xy as required. O

Given a finitely aligned k-graph A and a saturated hereditary subset H C A°,
consider the subcategory HA ={A € A:r(A\) € H} C A.

LEMMA 5.1.5. Let (A, d) be a finitely aligned k-graph, and suppose that H C A°
is saturated and hereditary. Then (HA,d|gy) is also a finitely aligned k-graph, and
C*(HA) = C*({sr: A € HA}) C C*(A). Moreover, this subalgebra is a full corner

PROOF. First we show that (HA, d|g,) is a finitely aligned k-graph. We begin
by establishing the factorisation property; this shows in particular that r|y, and
s|ga both have range in (HA)° so HA is a k-graph. Let A € HA, and suppose
that d(\) = m+n for m,n € N¥. Since A is a k-graph, there exist unique pu,v € A
with d(p) = m, d(v) = n and A = pv. Since r(u) = r(\) € H, we have u € HA.
Since H is hereditary and r(u) € H, we then have s(u) € H. Since s(u) = r(v)
it follows that v € HA, and so HA satisfies the factorisation property as required.
To see that HA is finitely aligned, let \,u € HA. If (o, 3) € A™" (), i), then
r(a) = s(\) which belongs to H since H is hereditary; likewise, r(3) € H. That
is to say, A™™(\, u) C (HA)™"(\, u). Since the reverse inclusion is trivial, we

therefore have
(5.1.2) (HA)™2 (X, ) = A™8(A, p).

Since A is finitely aligned, A™"(\, i) is finite, and it follows that HA is also finitely
aligned.

Next we show that {s) : A € HA} is a Cuntz-Krieger HA-family. To see this,
notice that (TCK1) and (TCK2) follow directly from (TCK1) and (TCK2) for the
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Cuntz-Krieger A-family {s) : A € A}, and (TCK3) follows from the combination
of (5.1.2) and (TCK3) for the Cuntz-Krieger A-family {s) : A € A}. For (CK), let
E € FE(HA). Then r(E) € H, and hence r(E)A C HA. Now pick an arbitrary
A € r(E)A. Then there exists 4 € E such that (HA)™*(\,u) # 0 because
A € HA and E € FE(HA). Consequently A™"(\, 1) # (. Since A € r(E)A was
arbitrary, it follows that £ € FE(A). But then (CK) for the Cuntz-Krieger A-
family {s) : A € A} implies that [],cp(s-(m) — sus;) = 0, establishing (CK) for
{sx: A € HA}.

The universal property of C*(HA) now gives a homomorphism 7 : C*(HA) —
C*({sx : 7(A\) € H}). Write vy for the gauge action on C*(HA) and ~| for the
restriction of the gauge action on C*(A) to C*({sy : 7(\) € H}). Since the gauge
acton on C*(A) is strongly continuous, so is y|. We have 7o (vg), = (7]), o for
all z € T* by definition, and since {s, : v € A’} are nonzero by Corollary 4.3.10,
Theorem 4.6.2 implies that 7 is injective.

For the final statement, just use the argument of [3, Theorem 4.1(c)] to see
that C*({sx : r(A\) € H}) is the corner of Iy determined by the projection Py :=
Y ven Sv € M(Ix), and that this projection is full in I5. O

5.2. Quotients of Cuntz-Krieger algebras

We want to identify the structure of C*(A) /Iy for a saturated hereditary H C
A% Let (A, d) be a k-graph, and let H C A° be a saturated hereditary set. Consider
the subcategory A\ AH ={\A € A:s(\) € H}.

LEMMA 5.2.1. Let (A,d) be a finitely aligned k-graph, and let H C A° be
saturated and hereditary. Then (A\ AH, d|x\an) is also a finitely aligned k-graph.

ProoFr. We first check the factorisation property for (A \ AH,d|a\am), and
then that (A \ AH,d|a\ag) is finitely aligned. For the factorisation property, let
A € A\ AH, and suppose that m +n = d(\). By the factorisation property
for A, there exist unique p,v € A such that d(u) = m, d(v) = n and uv = A
Since s(v) = s(\) € H, we have v € A\ AH. Since, by definition of <, we have
r(v) < s(v) it follows that r(v) ¢ H because H is hereditary. But r(v) = s(u)
so it follows that p € A\ AH. Finite alignedness of the k-graph A\ AH is trivial
since (A \ AH)™™(\, u) C A™P(\, p) for all A\, u € A\ AH. O

We now want to show that the quotient of C*(A) by an ideal I as in Section 5.1
is a relative Cuntz-Krieger algebra associated to the subgraph A\ AH.
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DEFINITION 5.2.2. Let (A,d) be a finitely aligned k-graph and let H C A° be
saturated and hereditary. Define £y := {E\ EH : E € FE(A)}.

LEMMA 5.2.3. Let (A, d) be a finitely aligned k-graph, and suppose that H C A°
is saturated and hereditary. Then Eg C FE(A\ AH).

PROOF. Suppose that E € £y and that u € r(E)A \ AH. Suppose for con-
tradiction that Extaam(p; E) = 0; that is, A € E and («, §) € A™*(), p) imply
s(a) = s(B) € H. Since E € &y, there exists F' € FE(A) such that £ = F'\ FH.
To prove the lemma we establish two claims.

Claim 1: Exty(p; F)) € FE(A). To see this, note that by Lemma 4.2.7, we need
only show that y & FA. Since H is hereditary, we automatically have u & (FH)A,
so it suffices to show that u ¢ EA. So suppose for contradiction that u € FA.
Then s(p) € Exta(u; E). Since p was chosen from r(E)A \ AH, we have that
s(p) & H, giving s(u) € Exta(p; £) N (A\ AH) = Extaam(p; E), contradicting
Extaan (i E) = 0. O Claim 1

Claim 2: Exta(u; F) C AH. To see this, note that we have

(5.2.1) Exta(p; F) = Exta(u; EU FH) = Exta(u; E) U Exty(u; FH).

Since Extaam(p; E) = 0 by assumption, we have Exty(y; E) C AH. Moreover,
we have Extp(u; FH) C AH because H is hereditary. Hence (5.2.1) ensures that
Exta(p; F') C AH as required. O Claim 2

Combining Claim 1 and Claim 2, we have that s(u) = r(Exty(u; F')) belongs
to H by Definition 5.1.1(2) because H is saturated. But this contradicts u €
r(E)A\ AH. O

THEOREM 5.2.4. Let (A, d) be a finitely aligned k-graph, and let H C A° be
saturated and hereditary. Then {sy+ Iy : X € A\ AH} is a relative Cuntz-Krieger
(A\AH; Ey)-family in C*(A) /Iy, and the canonical homomorphism ﬂffIH : C*(A\
AH;Ey) — C*(N) /Iy is an isomorphism.

To prove Theorem 5.2.4, we need to collect some additional results.

LEMMA 5.2.5. Let (A,d) be a finitely aligned k-graph, and let H C A° be

saturated and hereditary. Then Ey s satiated.

PrROOF. For (S1), let £ € £y and suppose that F' C A\ AH is finite with
E C F and FN A" = (. By definition of £y there exists £’ € FE(A) such that
E'\E'H = E. But then F’ := FUE'H contains E’, and hence is exhaustive, and is
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clearly finite because both F and E’ are. We have FNA° = () by assumption, and
E'HN A" = () because r(E) € (A\ AH)", and s(E'"H) C H. Since F = F'\ I'H,
it follows that F € Eg.

For (S2), let E € &y, and suppose that p € r(E)(A\ AH) with u ¢ EA.
Since £ € &g there exists £’ € FE(A) such that £\ E'H = E. We have
Exta(p; £') € FE(A) by Lemma 4.2.7, and we also have

Exta(p; E') = Exta(p; E) U Exta(u; E'H)
= Extaam (i E) U Exty (p; E)H U Exty(p; E'H).
Since both Ext A(u; E)H and Exta(u; E'H) are subsets of AH, it follows that
Extaan(1; E) = Exta(p; E') \ (Exta(u; E)H UExty(u; E'H))
= Exta(u; B') \ (Exta(u; E')H),
and hence belongs to £y.

For (S3), let E € &g, suppose that 0 < ny < d(\) for all A € E, and let
F = {\(0,n)) : A € E}. Since E € &y, there exists £’ € FE(A) such that F =
E'\ E'H. For n € E'H, let n, := d(p). Since £’ € FE(A), Lemma 4.2.8 applied
to the set & = {E'} shows that {p(0,n,) : p € E'} € FE(A) also. Moreover,
FNEH =0 because E C A\ AH and H is hereditary. Hence

F={u0,n,) : p € E'}\ ({0, ) - p € E'H).

It follows that F' € &x.

Finally, for (S4), suppose that F € y; say B € FE(A) and E = E'\ E'H. Let
G C E, and for each X\ € G, suppose that G € &y with r(G)) = s(A). We must
show that F := (E\ G)U (Uyeq AG2) € En. Since each G, € &y, for each X € G,
there exists G € FE(A) with Gy = G4 \ GAH. Let F' := (E'\ G) U (U AG)).
We will show that F = F'\ F'H, and that I’ € FE(A); it follows from the
definition of £y that F' € £y, proving the result.

Lemma 4.2.9 applied to the collection £ := {E’, G : A € G} C FE(A) shows
that F' € FE(A). Hence it remains only to show that I = F'\ F’H. But since H

is hereditary, we have
F'H = (E'\G) U (Upee AG3) ) H = (B'\ O)H U (Uyeo MGAH))
= E'HU (Uyee A\GA) H
because G C E C A\ AH. Consequently
FAFH = (B G)U (Ue AGU) \ (EH U (Uyeg \GAH)) = F

as required. [l
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LEMMA 5.2.6. Let (A,d) be a finitely aligned k-graph, and let H C A° be
saturated and hereditary. Let {ty : A € A} be a Cuntz-Krieger A-family, and let
It be the ideal in C*({ty : X € A}) generated by {t, :v € H}. Then {tx+1Ik: X €
A\ AH} is a relative Cuntz-Krieger (A\ AH; Ex)-family.

PROOF. Relations (TCK1) and (TCK2) hold for {ty + I : A € A\ AH}
because the quotient map is a homomorphism. For (TCK3), let \,u € A\ AH
and notice that since {t, : A € A} is a Cuntz-Krieger A-family, we have

I+ T G+ T = > tath+ 1
(a,B)eA™ (A, )

To show that this is equal to Z(a,ﬁ)e(A\AH)min(/\,,u) tath + Iy, we need to show that
(a, B) € A™™ (X, ) \ (A \ AH)™™(X, p) implies tot} € I},
So fix (a, 8) € A™(\, ) \ (A\ AH)™™ (X, i). Then s(a) = s(3) € H, and it

follows that SaSh = SaSs(a)Sh belongs to It because I} is an ideal.

It remains to check (CK). Let E € €y, say F' € FE(A) and E = F\ FH, and
let v :=r(E). We must show that J],_(t, — tAt}) belongs to Ij;. We know that
[Lep(to = tat3) = 0, and it follows that
(5.2.2) ( I - w;)) ( I1 . - t#t;)> —0.

AeE pEFH
Next notice that [[,cypp)(to = tut)) < I1,cpn(to —tut},) by definition of V(FH).
Combining this with (5.2.2) gives
(5.2.3) ( [ - m;)) ( IT - tut:)) =0.

\eE peV(FH)
Furthermore, by Proposition 3.3.3, we have
b= ] -+ > QW
neV(FH) HEV(FH)

Hence we can calculate

[Tttt = (Tt~ 6t

AEE AEE
- ( It - w;)) ( I ¢-ti)+ Y Q(t)yFH)).
AEE peV(FH) peV(FH)

By (5.2.3), this collapses to

[ —ttn) = (H(tv - w’;))( 3 Q(t)wa))

AEE AEE HEV(FH)

(5.2.4) = ¥ ((H’f —tm) () (FH))

peV(FH)  XeE



5.2. QUOTIENTS OF CUNTZ-KRIEGER ALGEBRAS 135

Since H is hereditary, we have V(FH) C AH, and hence for p € V(FH), we
have Q(t), " = t“ts(#)t;Q(t),\f(FH) € Iy because ty,) € Ij; by definition, and
IL; is an ideal. It follows that each summand in (5.2.4) belongs to I%, and hence

[Ler(te — trt}) € Ij; as required. O

PROOF OF THEOREM 5.2.4. The first claim of the theorem is an immediate
consequence of Lemma 5.2.6. For the second statement, note that since Iy C
C*(A) is fixed under the gauge action, v descends to a strongly continuous action
6 of T* on C*(A)/Iy such that Wff 1, 18 equivariant in v and 6. Hence we need only
show that s, + Iy and [],cp(srE) — sasy) + Ig are nonzero in C*(A)/Iy for each
v € A\ H and each E € FE(A\ AH) \ 5. By Lemma 5.2.5, we have 5 = &y,
so we must show that for all v € A°\ H and for all E € FE(A\ AH)\ £y, we have
that s, & Iy and [],cp(srm) — sasy) € Iu. To see this, fix v € A\ AH and fix
E e FE(A\AH)\ &y.

Claim 1: For all a € span{sys}, : A\, u € AH }, we have

(1) ||sy —al| > 1; and
(2) H(H/\GE(ST(E) - stf\)) — a|| >1.

Proof of Claim 1. Expressa =), axuS\8;, where F'is a finite subset of AH,
and {ay, : A\, u € F} C C. Let mg be the boundary-path representation of C*(A)
and let A :=mg(a) =3, ,cparuSrS).

To check (1), note that since v ¢ H and since H is saturated, we have that vF'N
A® = (0 and that vF ¢ FE(A). Hence there exists 7 € vA such that A™" (7, \) =0
for all A € F. By Lemma 4.3.9, we can choose a boundary path x in s(7)0A. By
choice of 7, we have that 7oz € vOA \ FOA. But now

(5.2.5) 1Sy = All 2 (S0 = Aerall = 1Svers = Y (aruSrSpera)ll-

MUEFR
Since S%ery = Oy (ra)(0.d() € (a7 and since 7z ¢ FOA by choice, we have Sje,, =
0 for all p € F, and hence (5.2.5) gives ||ms(s, — A)|| = [|Sy — Al > ||Sverz]] =
llerz|l = 1. Since mg is a C*-homomorphism, and hence norm-decreasing, this

establishes (1).

For (2), note that E' ¢ £y, and F' C AH is finite, so we know that £ U F' &
FE(A). Hence there exists 7 € A such that A™"(g,7) = () for all 0 € EUF. By
Lemma 4.3.9, there exists x € JA such that r(z) = s(7). Set y := 72 € OA. By
choice of 7, we have that y(0,d(0)) # o for all o € EU F. Hence Ske, = 0 for all
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o € FUG. In particular, o € F' implies S}e, = 0, so Ae, = 0, and A € E implies
Sie, = 0. It follows that (HAeE(ST(E) — S,\Si))ey = Sy(p)ey = e,. Hence

[(TTen(Sre) — SxS3) = A)|| = [[(TTher(Sre — SxS3) — A)ey || = lleyll = 1.

It follows that || [T cp(Sre) — SaS3) — A|| = 1. Again since 7y is automatically
norm-decreasing, this establishes (2). O Claim 1

Since span{sys, : A\, € AH} is a dense subset of Iy by Lemma 5.1.4, Claim 1
shows that neither s, nor [, 5 (sr(z) — sxsy) belongs to Iy. Since v € A%\ H and

E € FE(A\ AH)\ € were arbitrary, this completes the proof of Theorem 5.2.4. [

ExAMPLE 5.2.7. Let (A, d) be the unique 2-graph with 1-skeleton

&
_ p

g—i

—_——— - —— - -
- <« — — — —

____6__

%;2’
=

IN

Note that A is isomorphic to the cartesian product graph F; x E, where F; and

E5 are the graphs drawn below:

Ey g Ey

Hence [30, Corollary 4.4] shows that C*(A) = C*(F;) ® C*(E2). Calculating by
hand, one can see that C*(FEs) = My(C), while C*(F;) is equal to (D ® My(C)) +
CP C B(f*(N)) ® My(C) where D is the diagonal subalgebra span{e; ® ¢; : i €
N} C K(*(N)), and P is the projection

. 1 0
1d£2(N)® < 0 0 )
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onto the first coordinate in each copy of C* in ¢?(N) ® C%. For the remainder of
this example, we write M, for M, (C), and K for K(¢*(N)). By the above, we have

C*(A) = (D @ Ms) + CP) ® M.

The Cuntz-Krieger A-family which implements this isomorphism is:

o) r)e (o)
o) ror)e o)
Jor)e (i

o) ror)e (D)

We have not listed the vertex projections explicitly here because they can be

_o O O

OO0 N~ o0 O

recovered from the partial isometries listed above using relations (TCK3) and
(CK). Specifically (TCK3) gives t,, = t;t,, t,, = 3 t, foralli € N, and ¢, =t} t5,
for all i € N, while (CK) applied to the set {1} € uFE(A) gives t, = t,t},.

To make sense of what each of the component parts in this Cuntz-Krieger

family is for, regard them as follows:

e The factor of D keeps track of the infinitely many \,—0; pairs.

e The first copy of M, corresponds to the first coordinate in N?, and hence
to horizontal position in the 1-skeleton as drawn above.

e The second copy of M, corresponds to the second coordinate in N2, and
hence to vertical position in the 1-skeleton as drawn above.

e The projection P models t¢,, and t,, which contain infinitely many mutually

orthogonal range projections.

Let a be the action of Z on M, such that 0,(e; ® &) = ze; ® €. Then setting
021,2) = (g2 ®az,) @ o, gives a strongly continuous action of T? which
implements the gauge action. Since all the vertex projections are nonzero, it
follows from Theorem 4.6.2 that 7 : s) +— t) is a faithful representation of C*(A).
Now let H := {v;,z; : i > 2} C A°. Tt is easy to check that H is saturated and
hereditary. Lemma 5.1.5 shows that I is Morita equivalent to the C*-algebra of
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the 2-graph

LI
| | | |
| | | |
| | | |
| | | |
\4 \l ] \4
| | | |
| | | |
| | | |
| | | |

) ) ) ¢

which is just D ® Ms. Indeed, using the fact that [y is spanned by the partial
isometries sys;, with A\, u € AH, one can see that [y = (D ® M) @ Ms. To see
how Iy fits inside C*(A), notice that it does not contain ty,, t,,, ts, or t,, and

that these elements generate the subalgebra
(((e1 ®@ &) ® My) + CP) @ M,

of m(C*(A)). Writing (1 — P,,) for the orthogonal projection (idgz(N) —(e1 ® El))
onto span{e; : i > 2} in (?(N), we have that (1 — P,,) belongs to the commutant
of the diagonal algebra D C K. Hence the image of Iy in the representation of
C*(A) is

() = ((1 = P.,) @ idas,) @ idas, )m(C*(A)).

Theorem 5.2.4 implies that C*(A)/Iy is canonically isomorphic to C*(A \
AH;Ey), where &y = {{u},{a1}}, and A \ AH is the 2-graph whose 1-skeleton
consists of the vertices {u, vy, w,z1} C AY and the edges {\1, i, oy, 51} C A.

To finish off the example, we describe the quotient algebra directly. Using
the above analysis, it is easy to see that C*(A)/Iy is canonically isomorphic to
((e1 ®€) ® My +CP) ® My = My ® M.

REMARK 5.2.8. Let E be a directed graph. Then the relative graph algebras
C*(E,V) associated to F are determined by subsets V of E° rather than collections
& of finite exhaustive sets [23]. The idea is that the relative graph algebra C*(E, V)
is the universal algebra generated by a Toeplitz-Cuntz-Krieger E-family {s., p, :
e € E',v € E°} in which p, = 3 .,

[23]. In this thesis we have specified relative Cuntz-Krieger algebras in terms of

») SeS; whenever v € V and r~1(v) is finite

subsets £ of FE(A), but we have not yet demonstrated that this extra complexity
is necessary. That is, we have not yet showed that not every relative Cuntz-Krieger
algebra is of the form C*(A; V FE(A)) for some V' C A°.

For the 2-graph A and the saturated hereditary set H = {v;,x; : i > 2} C A°
of Example 5.2.7, we have that p € u€g, but {\;} € FE(A\ AH) \ £y. Hence
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Ey # VFE(A\ AH) for any subset V of (A\ AH)°. Hence relative Cuntz-Krieger
algebras of the form C*(A, V) := C*(A; V FE(A)) where V is a subset of A° are not
general enough even to capture all the quotients of C*(A) by its gauge-invariant
ideals as relative algebras associated to subgraphs. In particular, relative Cuntz-
Krieger algebras of this form do not embody all relative Cuntz-Krieger algebras.
In other words, we really do need to associate a relative Cuntz-Krieger algebra to
each subset £ of FE(A), and not just to each subset V' of A°.

It is important to notice, however, that if A is a 1-graph, then every rela-
tive Cuntz-Krieger algebra is of the form C*(A, V) for an appropriate choice of
V. C AY. Specifically, if £ C FE(A) is satiated, we define Ve := {v € A" :
v = r(F) for some E € £}. It is straightforward to check that for this choice
of Ve € A% the relative Cuntz-Krieger algebra C*(A; ) defined in this thesis is
canonically isomorphic to the relative graph algebra C*(A, Ve) defined in [23].

REMARK 5.2.9. It is worth noticing that for the 2-graph A and the saturated
hereditary set [ of Example 5.2.7, C*(A) /Iy and hence the relative Cuntz-Krieger
algebra C*(A\ AH;Ey) can be viewed as the Cuntz-Krieger algebra of a modified
graph reminiscent of the quotient graph in [3] and the adjusted graph used to
study relative graph algebras in [23]. Let I' be the unique 2-graph with 1-skeleton

B e
SO ”
Lo .
Then the formulas
So — Se(A)se(A)* Sm > sg(v1)
Sy — se(u) — sg(M)se(M\)* $n — se(x1)
Sp 5(#)*8 (A1)se(A1)"se () s se(Bh)
sy se(p)*(se(u) — se(M)se(M)*)se(p) sy > sg(an)
s; = sg(A1)se( A1) se () ss > sg(Ar)
Sy ( e(u) = sg(M)se(M)*) se(p)
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5.3. The gauge-invariant ideal structure of the Cuntz-Krieger algebra

Theorem 4.3.12 shows that every nontrivial gauge-invariant ideal in C*(A; )
which contains no vertex projection sg, (v) must contain some collection of pro-
jections

{ H (5, (r(E)) — sg,(N)se,(\)*) - E € B}
\eE
where B is a subset of FE(A\ AH) \ £y. In this section, we show that the gauge-

invariant ideals of C*(A) are indexed by pairs (H, B) where H is a saturated
hereditary subset of A’ and B C FE(A\ AH) \ £y is such that BUEy is satiated.

DEFINITION 5.3.1. Let (A,d) be a finitely aligned k-graph and let H C A° be
saturated and hereditary. Let B be a subset of FE(A\ AH) \ £5. We define Jy
to be the ideal of C*(A) generated by the projections

{SU:UEH}U{H(ST(E)—S)\Si) :EEB}.

\eE
We denote the ideal of C*(A\ AH;Ey) generated by the projections

{ H (sey (r(E)) = sgy(N)se,(N)) - E € B}.

AEE

by IB-

Suppose that H C A” is saturated and hereditary and that B C FE(A\AH)\&x
is such that £y U B is satiated. Then I = ¢(Jg ) where ¢ is the quotient map
from C*(A) to C*(A)/Ig = C*(A\ AH; Ey).

LEMMA 5.3.2. Let (A,d) be a finitely aligned k-graph and let H C A° be sat-
urated and hereditary. Let B be a subset of FE(A\ AH) \ €y, and suppose that
En U B is satiated in A\ AH. Then Jy g is equal to

span {s,\sz, sg< H (S,«(E) — sl,s,t)>sj ANpu€eANH EeéygUB,o,7 € Ar(E)}.
vel

PROOF. For convenience, we will denote

span {SASZ, Sg< H (ST(E) — s,,sji))si \NuEMNH E ey UB,o,7 € AT(E)}
vek
by Xp p for the duration of this proof.

Since {s, : v € H} and {[],cp(sr(r) — 5v5;) : £ € Eg U B} are subsets of Jy 5
by definition, and since Jy p is an ideal, it is clear that each sys}, where A, u € AH,
and each 50<HueE(5r(E) - s,,s’;))ﬂ where £ € £ U B and 0,7 € Ar(E), belongs
to Ju p. It follows immediately that Xy g C Ju p.
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On the other hand, since C*(A) = span{sys}, : A, u € A}, we have that Jy p is
generated as a C*-algebra by
{s,\sssg )\M,JTEAUGH}
U {s,\sZ( H(ST(E) — sys;))sasj N\ pu,o,TeENE€EyU B}.

vEE
Since Xy p is manifestly closed under involution, we can establish that Jgp C
Xp p and thereby complete the proof of the lemma by showing that:
(1) Xpu g is closed under multiplication; and
(2) each sysys,8,5; where v € H and each 3/\32<HueE(3r(E) - sl,s’,j)>sasi
where E € £ U B belongs to Xy p.
For (1) we note that if A, i, 0,7 € AH then $15;,5,57 = >, g)camin(.0) SAaS7o-

Since H is hereditary, each o and 8 belong to AH, and it follows that sys}s,s; €

Xup A peAH, E €&y UB, and 0,7 € r(E)A, then

(5.3.1) sAs:sJ< H(ST(E) — s,,si)) sk = Z s,\as;< H(ST(E) — Sl,s,f)>s:
veE a,BeAmin(y o) Vel

Let 3 be any path in A, and let E C r(3)A be finite. Since Lemma 3.1.2(2) ensures

that $psj commutes with s,(g) — s,s;, for each v € E, we have

(5.3.2) s H(ST(E) — 8,8,) = S5 H(SﬁSE(ST(E) — 5,8))).

velE veER

If v € E and (n1,¢), (2, C2) € A™(3,v), then d(n;) = d(n2) by definition, and it
follows from Lemma 3.1.2(3) that t,,t5, and tg,,t5, are orthogonal so that

(533) (t ( ) tﬁnltﬁnl)( ( ) tﬁth,@ng) = tr(ﬁ) - (tﬁmtgm _I_ tﬁnthng)'
Applying (TCK3) to (5.3.2), and then using (5.3.3), we can therefore calculate

S5 H Sr(B) ~ 5v5,) = 5p H(Sﬁsz - Z Sﬁnsgn)

veEE vel (mOeA™™(B,v)

=55 H (5585 — Spy55,)
n€Ext(B;E)

=siss ] (ss0) = sus)s
nEExt(8;E)

= H (8s(8) = 5n5y)S5-

nEExt(B;E)

(5.3.4)

Combining (5.3.4) with (5.3.1) gives
(5.3.5) s,\5280< H(ST(E) — s,,sZ)) sr = Z Sxa H (8s(8) — SnSy)S7s-

veE a,BeEA™IN(y o) nEExt(8;E)
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The terms in the right-hand side of (5.3.5) for which  belongs to EA are equal
to zero because for these terms, s(5) € Ext(f3; E). For all the other terms in the
right-hand side of (5.3.5) Ext(8: E) € &4 U B by (S2), so 3)\5;30<HV€E(5T(E) -

sl,s’;)> st € Xy p as required. Since Xy p is closed under involution, it follows
that SJ<HV6E(ST(E) - s,,s,’i))sis)\sz also belongs to Xy 5. Finally, suppose that
E,E" € &y U B and that A\, € r(E)A and 0,7 € r(E')A. Then

su( TG = i) )siso ( TT (v = sosi))s;

veE v'eE’

= Z (s,\( H(ST(E) — s,,sli))sa(s“;( H (Sr(ry — syrsl’i,))si>

a,BEA™In (1 o) vEE V'EE!
— Z (s)\a< H (8p(m) — s§sz)> S:ﬁ)

a,BEA™IN (p,0) £€Ext(a; E)UExt(B;E")
by two applications of (5.3.4). The terms in the sum on the previous line for which
a belongs to EA or (8 belongs to E'A are equal to zero because for these terms,
s(a) = s(B) belongs to either Ext(a; E) or Ext(3; E'). For the remaining terms, we
have Ext(a; E) and Ext(5; E') in Eg U B by (S2). Hence Ext(o; E) UExt(5; E') €
En U B by (S1), so the product belongs to Xy 5. We have now established (1).

To establish (2), note that if v € H and sysys,5,5; # 0, then r(u) = (o) = v,

and since H is hereditary, it follows that for (o, 3) € A™"(u, o), we have s(a) =
s(0) € H. Consequently, SAS)SuSsSy = Z(aﬁ)e[\mm(#’o) SxaSis belongs to Xp p as
required. Finally, if £ € &4 U B, and 3A3;<HV6E(3r(E) — sysl’j)>sgsj # 0, then
p,o € r(E)A\ EA, so two applications of (5.3.4), separated by an application of
(TCK3) give

SASZ( H(ST(E) — sys;)) So Sk
velk
= S,\< H (Ss(u) — SV/S’;,))s;sasj

V' €Ext(1; E)
= 2 (5A< 11 (st)—SV'Si/))SaSESi)
(a,B)eA™in (y,0) V' €Ext(u;E)
Y (ol T )
(a,B)eA™in (1, 0) E€Ext(a;Ext(w;E))

Once again, for the nonzero terms in this sum we have o ¢ Ext(p; E)A, so two
applications of (S2) give Ext(a; Ext(u; F)) € £y U B. Hence SASZ<HV6E(3r(E) —

sl,sj)> Sos% belongs to Xy g, establishing (2). O
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We now investigate the structure of C*(A)/Jy g.

LEMMA 5.3.3. Let (A, d) be a finitely aligned k-graph and let H C A° be satu-
rated and hereditary. Let B be a subset of FE(A\ AH) \ Ey. Then

C*(A\ AH; Ex) /I = C*(A\ AH; (€4 U B)).

PROOF. Let qg : C*(A\ AH;E) — C*(A\ AH;El) /I be the quotient map.
Since every relative (A\AH; EgUB)-family is in particular a relative Cuntz-Krieger
(A \ AH; Ep)-family, Theorem 4.1.4 implies that there exists a homomorphism
wggHUB : C*(A\AH;Ey) — C*(A\ AH; Ey U B) determined by ngHUB (s, (N) =
seyup(A) for all A € A\ AH. Since (CK) for C*(A\ AH;Ex U B) ensures that I
belongs to the kernel of ngHUB, it follows that wngUB descends to a homomorphism

ﬁ?HUB from C*(A\ AH;Ex)/Ip to C*(A\ AH;Ey U B) such that
(5.3.6) %ggHUB(qB(SgH()\))) = seup(A) forall A € A\ AH.

We claim that {gg(sg, (A)) : A € A\AH} is a relative Cuntz-Krieger (A\AH;Ey U
B)-family. To see this, observe first that (TCK1)—(TCK3) hold because ¢p is a
homomorphism. For (CK) note that if £ € &y U B, then either £ € &y or
E€B. If B €&y, then QB<H>\6E (s (r(E)) — SeH(A)SeH(A)*» = q5(0) = 0 by
(CK) for C*(A\ AH;&y). On the other hand, if E € B then [],_, (se, (r(E)) —
e (N)se, (A)*) belongs to Iy by definition, and since Iz = kergp, it follows
that ¢p([T,cp (5eu(T1(E)) — se;(N)se, (N)*)) = 0. This establishes (CK), so
{gB(se; (M) : A € A\ AH} is a relative Cuntz-Krieger (A\ AH; Eg U B)-family as
claimed.

It follows from the previous paragraph and Theorem 4.1.4 that there exists a
homomorphism 7¢#“5 )t C"(ANAH; Eg U B) — C*(A\ AH; Ey) /15 such that

qB(sey
(5.3.7) wjg(ng)(SSHUB(A)) = qp(se, () for all X € A\ AH.
Equations (5.3.6) and (5.3.7) show that %E?HUB and ﬁ(fg(%i) are mutually in-
verse, completing the proof. 0

COROLLARY 5.3.4. Let (A,d) be a finitely aligned k-graph, let H C A° be
saturated and hereditary, and let B be a subset of FE(A\AH)\Ex. Then there is an
isomorphism ¢ : C*(N)/Ju g — C*(A\AH; (EgUB)) determined by ¢(sx+Ju ) =
sepuB(A) for all X € A\ AH.
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PrOOF. The result will follow from Lemma 5.3.3 if we can demonstrate that
C*(A)/Ju p is canonically isomorphic to (C*(A)/Iy)/Ip. Let
qup: C"(A) = C*(A)/Jn.s,

qu : C*(A) — C*(N) /Iy,

qp - C*(A)/ Iy — (C"(A)/In)/ 15
be the quotient maps. Lemma 5.3.2 and the definitions of Iy and Iz show that
Ju p is contained in the kernel of gp o ¢, giving a canonical homomorphism 7; of
C*(A)/Jup onto (C*(A)/Iy)/Ig. On the other hand, since Iy C Jy g, there is a
canonical homomorphism my of C*(A)/Ig onto C*(A)/Ju g whose kernel contains

I by definition. It follows that 7y descends to a canonical homomorphism 75 of

(C*(A)/Ig)/Ip onto C*(A)/Ju p which is inverse to . O
DEFINITION 5.3.5. Let (A,d) be a finitely aligned k-graph. For each gauge-
invariant ideal I in C*(A), let
Hy={veA :s,€l} and

B = {E € FE(A\ AH))\ &y, : H (SgHI (r(E)) — Sen, ()\)SgHI()\)*) € QH[(]>}>
\EE

where qp, is the quotient map from C*(A) to C*(A)/ 1y, .

THEOREM 5.3.6. Let (A,d) be a finitely aligned k-graph.

(1) Let I be a gauge-invariant ideal of C*(A). Then Hj is nonempty, saturated
and hereditary, £y, U By is satiated in A\ AHy, and I = Jy, p, .

(2) Let H C A° be nonempty, saturated and hereditary, and let B C FE(A \
AH) \ Eg be such that Eg U B is satiated in A\ AH. Then Hy, , = H
and By, , = B.

PROOF OF PART (1) oF THEOREM 5.3.6. Theorem 4.6.2 shows that Hj is
nonempty, and Lemma 5.1.3 shows that H; is saturated and hereditary. We have
that £y, U By is satiated by Lemma 4.2.2.

We have Jy, g, C I by definition, so there is a canonical homomorphism 7 of
C*(A)/Ju, g, onto C*(A)/I. By Corollary 5.3.4, this gives us a homomorphism,
also denoted 7, of C*(A\ AH;Ex, UBy) onto C*(A)/I. Since I is gauge-invariant,
the gauge action on C*(A) descends to a strongly continuous action 6 of T* on
C*(A)/I such that 6, om = wo~, where 7 is the gauge action on C*(A\ AH; Ex, U
By).
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If w(sey,um,(v)) is equal to 0 in C*(A)/1, then s, € I by definition, so v € H.
Hence 7(sg,; up, (v)) # Oc=(a)/1 for all v € A°\ Hy.
Now suppose that E € FE(A \ AH/) satisfies

7 (e (6,08 (M(E)) = sty (Nse,um, (A)) ) = Oy
Then either £ € Ey,, or else E € By by the definition of B;. But then [],_p(srm)—
sxsy) € Ju,.B,, so that

H(SSHIUBI (T(E>> - SEHIUBI(/\)SEHIUBI()‘)*) = OC*(A\AHI;EHIUBI)-
AEE

Since £y, U By is satiated, it follows that 7 is nonzero on gap projections associated
to sets in FE(A\ AH[) \ (Ex, U By).
Theorem 4.3.12 now shows that 7 is faithful, and hence that I = Jy, p, as

required. [l

PROOF OF PART (2) OF THEOREM 5.3.6. We have H C Hy, , and B C
By p by definition. If v € H Jup, then s, € Jgp and hence its image in
C*(A\ AH;Ex U B) is trivial. It follows that either v € H or sg,up(v) = 0.
But sg,up(v) # 0 for all v € (A\ AH)° by Corollary 4.3.10, giving v € H.

If E € By, ,, then we have

I (sex (@) = s, (Nse, (M) € Ip € C*(A\ AH; ).

\eE
Hence [T,z (Se,uB(v) —se un(N)se up(A)*) is trivial in C*(A\AH; EgUB). Since
Ep U B is satiated, it follows that either ' € £y or £ € B. But By, ,NEy =0
by definition, and it follows that E € B as required. O

We can use Theorem 5.3.6 to describe the lattice of gauge-invariant ideals in
terms of pairs (H, B); to do this, however, we need to define a partial order on
pairs (H, B) which matches up with the partial order amongst gauge-invariant

ideals given by inclusion.

DEFINITION 5.3.7. Let (A, d) be a finitely aligned k-graph. Define
SHxS(A) := {(H,B) : ) # H C A°, H saturated and hereditary,
B C FE(A\ AH)\ &y, Eg U B satiated}.
Define a relation < on SHXS(A) by (Hy, By) = (Hz, By) if and only if
(1) Hy C Hy; and
(2) if E € By and r(E) € Hs, then E'\ EH, belongs to g, U Bs.
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The notation SHXS(A) is supposed to suggest ordered pairs consisting of a
saturated hereditary set followed by a satiated one. Whilst this notation is admit-
tedly clumsy, the author could not think of a more elegant alternative that was

equally suggestive.

THEOREM 5.3.8. Let (A,d) be a finitely aligned k-graph. The map (H, B) —
Jup s a bijection between SHXS(A) and the gauge-invariant ideals of C*(A).
Moreover, for (Hy, By), (Hs, B2) € SHXS(A), we have Jg, g, C Ju, B, if and only
if (Hy,B1) = (Hy, By). Hence the map (H,B) — Jup is a lattice isomorphism
from SHXS(A) ordered by =< to the collection of gauge-invariant ideals of C*(A)

ordered by inclusion.

PRrOOF. For the first statement of the Proposition, we use Theorem 5.3.6 to
see that the maps I — (H;, By) and (H, B) — Jg p have the appropriate domains
and ranges and are mutually inverse.

Hence, we need only establish that for (Hy, By), (Hs, B2) € SHXS(A), we have
Ju, B, C Ju,. B, if and only if (Hy, By) < (Ha, Bs).

First suppose that Jg, B, C Ju, B,- Theorem 5.3.6 shows immediately that
H, C H,, so if we can show that F' € B; with r(F) ¢ Hs implies F'\ FHy €
En, U By, it will follow that (Hy, By) = (Hs, By). Suppose that E = F \ FHy
for some F' € By with r(F) ¢ H,. Suppose further for contradiction that E ¢
Em, U By, Let ¢; : C*(A) — C*(A)/Ju, p, where i = 1,2 denote the quotient
maps; by Corollary 5.3.4, we can regard ¢; as a homomorphism of C*(A) onto
C*(A\ AH;;Ep, U B;) for i = 1,2. Since Jy, g, C Ju,.B,, we have that g, factors
through ¢;; that is, there is a homomorphism 7 : C*(A\ AHy;Ep, UBy) — C*(A\
AHy;Ep, U By) such that m o ¢ = ¢qo. Since F' € Bj, we have QI(HAGF(ST(F) —
sAsi)) = H/\eF(SgHQUgQ (r(F))— 55H2U32(/\)5gH2U32 (A)*) = 0 by (CK). But we have
T o ¢, = ¢z, and hence we have the desired contradiction if we can establish that
@ ([Taep(srry — sas})) # 0. Since s(A) € Hy implies go(sys}) = 0 by definition,
we have that

0 (TT(seim = 9350)) = TT (semom(r(B)) = ses,om(Nsen,um(A)°).
AEF \eE
so it suffices to show that [], p (35H2U32 (r(E)) — SgHZUBZ()\)SgHQUB2()\)*) # 0. We
consider two cases.

Case 1: E belongs to FE(A \ AH). Then Lemma 4.3.9(2) ensures that

[Lex (3£H2uB2 (r(E)) — Sey,uB, (A)55H2u32()\)*) is nonzero as required. [ Case 1
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Case 2: E ¢ FE(A\AH,). Then there exists p € r(E)A\AH, with Ext(u; E) =

(; we then have
H)\GE (SSHQUBZ (T(E)) - SgHQUBQ ()\>S£H2UBZ<)\)*)SgH2UB2 ('LL>S£H2UB2 <ILL)*
T e

by (TCK?)) Since ||S€H2UB2(ILL)85H2UB2(p’)*H = ||55H2U32(M)*35H2UB2(M)|| = 1 by
Lemma 4.3.9(1), it follows that

T (Sen,u8:(r(E)) = e, 08, (N e, 08, (A)) Sew, 08, (1) Se1, um, (1) # 0

AEE
as required. (1 Case 2

In either case, we have that (Hy, By) =< (Hj, B2) establishing the “only if”
assertion of the theorem.

Now suppose that (Hy, By) = (Hz, By) € SHXS(A). We must show that
Ji,.B, C Ju,,- To do so, it suffices to show that the projections which gen-
erate Jy, B, all belong to Jy, p,. That is, we must show that v € H; implies
Sy € Juy,B,, and that E € By implies [[,.z(s0 — 5283) € Ju,,p,. First suppose
that v € H;. Since (Hy, By) =< (Hj, Bs), we have that H; C H,, and hence
v € Hy giving s, € Jy, p, by definition. Now suppose that £ € By. If r(E) € H,
then since Hj is hereditary we have F C AH, and it follows immediately that
[Leg(srm) — 528%) € Jm,,B, as required. On the other hand, if r(E) ¢ H,, then
since (Hy, By) =X (Hz, By), we have that F \ EHy € £y, U By. Notice that if
A € AH,, then sys3 € Jg, p, automatically, and hence

(538) QQ( H (ST(E) - SAS§)> = H (55H2U32 (T(E)) - 85H2UB2 (/\)85H2U32()‘)*)'

\eE AEE\EH,
If £\ EH, € Ep,, then Lemma 5.2.6 guarantees that [ [\ p\ gy, (Seu,us, (1(E)) —
SSHZUBQ()\)SSHQUBQ()\)*) = 0 and hence that [[,.5(s,5) — 5253) € Jm,,B, by (5.3.8)
combined with Corollary 5.3.4. Finally, if £\ EHs € Bs, then Corollary 5.3.4
again shows that [[\cp\ g, (Sew,uB, (1(E)) — Sgy,up, (A)sey,up,(A)7) = 0, and it
follows once again from (5.3.8) and another application of Corollary 5.3.4 that
[Ler(srE) — 5x83) € Ju,,B,, completing the proof. O

REMARK 5.3.9. Given a k-graph A and a saturated hereditary H C A°,
the ideal Iy associated to H in Section 5.1 occurs in the above listing as Jp p;

Lemma 5.2.5 shows that £z U 0 is satiated.
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ExXAMPLE 5.3.10. We return to considering the 2-graph A of Example 5.2.7;
that is, the unique 2-graph with 1-skeleton

Bi lwi
é |
|

[
w [
| | oL
| P .
: P TOtz‘
I I T I
Hy \ | |
| | oL
| . N
| )\Z .. 1
[
U

We will list all the gauge-invariant ideals in C*(A). For this, we need only identify
all the pairs (H, B) where H C A is saturated and hereditary and B C FE(A \
AH) \ &y has the property that £y U B is satiated. To do this, note that any
saturated and hereditary H C A" which contains either u or w must be all of
A%, Moreover, if H C A° is saturated and hereditary then x; € H if and only
if v; € H. Hence the saturated hereditary sets are A°, () and all sets of the form
Hg :={z;,v; : i € S} for some S C N. For all S C N, we have £y, = {{u}, {a;} :
i€ N\ S}, and so FE(A\ AHg) \ €y, is empty if N\ S is infinite, and is equal to
{{N\i 11 € N\ S},{f; : i € N\ S}}if N\ S is finite. Moreover if N\ S is finite, and
if £y, U B is satiated, then {)\; : i € N\ S} € Bif and only if {3, : i € N\ S} € B.
For S C N with N\ S finite, we write Bg for {{)\; : i € N\ S}, {5;: i € N\ S}}.

Hence the ideals
Igg = Jugp where 0 #S C N  and  Jy, g, where § # .5 ¢ N with N\ S finite

are distinct, and this is a complete listing of the non-trivial gauge-invariant ideals
in C*(A).

It is easy to identify the form of each of these ideals and the associated quotient
using calculations similar to those employed in Example 5.2.7. There are three
cases to consider:

Case 1: S is finite and N\ S is infinite. Then Jp 9 = My ® (BiesMs) and
(M) T = C*(A).

Case 2: Both S and N\ S are infinite. Then Jy ¢ = My ® (D ® M) where D
is the diagonal subalgebra of IC as in Example 5.2.7, and C*(A)/Jyg 9 = C*(A).
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Case 3: S is infinite and N\ S is finite. Then we have
JHS,@ =~ MQ X (D X Mg) and C*(A)/JHS,Q = MQ &P (@iEN\S M4>,
JH57BS = Mz & (D ® MQ + CP) and C*(A)/JHS,BS = ®i€N\S M4.

5.4. Higher-rank graphs for which all ideals are gauge-invariant

In this section we use the Cuntz-Krieger uniqueness theorem for relative Cuntz-
Krieger algebras to identify a class of k-graphs A for which every ideal of C*(A) is
of the form Jy g where (H, B) € SHXS(A).

DEFINITION 5.4.1. Let (A,d) be a finitely aligned k-graph. We say that A
satisfies Condition (D) if the pair (A \ AH,Ey U B) satisfies Condition (C) for
every (H, B) € SHXS(A).

THEOREM 5.4.2. Let (A, d) be a finitely aligned k-graph which satisfies Condi-
tion (D).

(1) Let I be an ideal of C*(A). Then Hjp is nonempty, saturated and heredi-
tary, BrU &y, is satiated in A\ AHy, and I = Jy, g, .

(2) Let H C A° be nonempty, saturated and hereditary, and let B C FE(A '\
AH)\ €y be such that B U Ey is satiated in A\ AH. Then Hy, , = H
and By, , = B.

Hence every ideal of C*(A) is gauge-invariant, and (H,B) — Juyp is a lattice-
isomorphism from SHXS(A) ordered by =< to the collection of closed two-sided ideals
in C*(A) ordered by inclusion.

PRrROOF. The proof of (1) is the same as the proof of part (1) of Theorem 5.3.6
except that, since we do not know that [ is gauge-invariant, we do not automati-
cally have a strongly continuous action # on C*(A)/I such that 6,0m = mwo~y,. Con-
sequently, we cannot apply Theorem 4.3.12 in the final line of the proof to deduce
that 7 is faithful. However, since A satisfies Condition (D), the pair (A\AH, EgUB)
satisfies Condition (C), so Theorem 4.5.2 shows that 7 is faithful.

Statement (2) is precisely statement (2) of Theorem 5.3.6.

Statements (1) and (2) now combine to show that every ideal of C*(A) is

gauge-invariant. The final statement now follows from Theorem 5.3.8. U



150 5. GAUGE-INVARIANT IDEALS IN CUNTZ-KRIEGER ALGEBRAS

5.5. Maximal tails

In this section we take a first step towards deciding precisely which (H, B) €

SHXS(A) correspond to gauge-invariant ideals which are primitive.

LEMMA 5.5.1. Let (A, d) be a finitely aligned k-graph and suppose that Hy, Hy C
A° are hereditary. Then X(Hy, N Hy) = X Hy N Y Hy.

PROOF. Since the intersection of two saturated sets is clearly saturated, we
have > H; N X Hy a saturated set which contains H; N Hy by definition. Hence
S(H, N H,y) © SH, NS H,.

For the reverse direction, fix v € ¥ H; N X Hy. We must show that v € X(H; N
H,). To do this we consider three cases:

Case 1: v € Hy N Hy. Then v belongs to 3(H; N Hy) because (Hy N Hy) C
Y(Hy N Hy) by definition. O Case 1

Case 2: ve€ HiN(Xy, \ He) orv e (XH, \ H)NHy. Ifve H N (X, \ Hy),
then there exists £ € v FE(A) with s(F) C Hy and r(F) = v € H;. But H; is
hereditary, so s(E) C Hy, giving F € v FE(A)(H;NH;), and hence v € X(H1NH,).
By symmetry, we have that v € (XH; \ Hy) N Hy implies v € 3(H;, N Hy) as well.

O Case 2

Case 3: v € (XH; \ H1) N (XH2 \ Hy). Then there exist £y, By € v FE(A) such
that s(Ey) C Hy and s(Ey) C Hy. Let E := [J{MCE(\, pu) : A € Ey,u € Eq}.
Since A is finitely aligned and the F; are finite, we have that E is finite. If 0 € F,
then 0 = Aa = pf for some A\ € E; and p € E,. Since s(\) € s(Ey) C H;
and s(u) € s(Ey) C Hy, and since H; and H, are hereditary, it follows that
s(E) C Hy N Hy. It therefore suffices to show that F € v FE(A).

We have that E C vA by definition. We have E N A° = () because 7(E) = v ¢
H, N Hy by assumption, and s(E) C H; N Hy. To see that E is exhaustive, fix
o € vA. Since E; is exhaustive, there exists A € E; such that A™*(\, o) # (), say
(o, 3) € A™n(\, o). Furthermore, since Ext(\; Ey) is exhaustive by Lemma 4.2.7,
there exists p € Ey and (n,¢) € A™™(\, u) such that A™"(a,n) # 0, say (1,p) €
A™ (o ). But we now have o317 = lat = A\np = ulp; in particular, A\n = u¢
belongs to F by definition, and ¢ and An have at least one common extension, so
that A™" (g, An) # (0. Since 0 € vA was arbitrary, it follows that E is exhaustive
as required. (] Case 3

We therefore have v € X(H; N Hy). But v € ¥H; N XH, was arbitrary, so it
follows that Y H; N ¥ Hy C X(Hy N Hy), completing the proof. O
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LEMMA 5.5.2. Let (A,d) be a finitely aligned k-graph, and let Hy and Hy be

saturated hereditary subsets of A°. Then Iy, N Iy, = Iy nm,-

PROOF. Since Iy, N Iy, is an ideal of C*(A) which contains the projections
{sy : v € Hy N Hy}, we automatically have that Iy,ng, C Ig, N Ig,. For the
reverse inclusion, first note that Iy, NIy, = Iy, Iy,. By Lemma 5.1.4, it therefore
suffices to show that if \, u € AH; and 0,7 € AH,, then 5288087 € lmnm,- So
let \,u € AHy and 0,7 € AH,y. Then s)s,5,87 = 3, geamin(uo) SraSpo- FOI
(o, B) € A™™(p, o), we have r(a) = s(u) € Hy, so s(a) also belongs to Hy because
H, is hereditary. Likewise, () = s(o) € Hs, and hence s(3) € Hy because Hy is
hereditary. So for each (o, 3) € A™™(u, o), we have that s(a) = s(3) belongs to
both H; and Hj, and hence s)s,s,5; € span{spsz :p, & € A(Hy N Hy)} which is a
subset of Iy,~m, by another application of Lemma 5.1.4. O

PROPOSITION 5.5.3. Let (A, d) be a finitely aligned k-graph, and let I C C*(A)
be an ideal. Then Mj := A°\ Hj satisfies

(MT1) ifv e A°, w e My and vAw # 0, then v € My; and
(MT2) ifv e My and E € vFE(A), then there ezists A € E with s(\) € M.

If I is a primitive ideal of C*(A), then M| satisfies the additional condition that
(MT3) for all vi,ve € My, there exists w € My such that both viAw and veAw

are nonempty.

We call My the maximal tail associated to I.

Proor. Condition (MT1) is equivalent to the statement that H; is hereditary,
and (MT2) is equivalent to the statement that H; is saturated. This proves the
first statement of the proposition.

For the second statement, let I be a primitive ideal in C*(A). Suppose for
contradiction that there exist v; and vs in M7 such that there is no w € M7 with
both v; Aw and ve Aw nonempty.

Let Hy := s(vjA) = {v/ € A : vAv' # 0}. Likewise, let Hy = s(veA). We
have that H; and H, are hereditary by their definition, so Lemma 5.5.1 shows
that XH; N XHy = X(Hy N Hy). The statement that v;Aw and veAw are never
simultaneously nonempty for w € M is equivalent to the statement that HiNHy C
Hj. Since Hj is saturated, it follows that 3 (H; N Hy) C Hy, so Isgnm,) C 1.

Combining all this with Lemma 5.5.2, we therefore have

Isg, NIsy, = Isgrsm, = Is(anm,) C 1



152 5. GAUGE-INVARIANT IDEALS IN CUNTZ-KRIEGER ALGEBRAS

But both v; and vy belong to M; = A°\ Hy, and hence s,, € I, \I and s,, € I, \I.
That is, neither Iy, nor Iy, is a subset of I, which is a contradiction because I is

a primitive ideal in C*(A). O



CHAPTER 6

Simple, purely infinite, nuclear Cuntz-Krieger algebras

In this chapter we investigate which finitely aligned k-graphs A have simple,
purely infinite and nuclear C*-algebras. We show that all relative Cuntz-Krieger
algebras are nuclear. We show that if A satisfies Condition (C) and is cofinal,
then C*(A) is simple. Finally, we show that if A satisfies Condition (C) and every
vertex of A can be reached from a loop with an entrance in A, then every nontrivial
hereditary subalgebra of C*(A) contains an infinite projection. We begin with a

short section in which we establish a little notation and a technical lemma.

6.1. A technical lemma

The definitions in this section and the proof of Lemma 6.1.4 are based almost
entirely on the definitions and techniques appearing between [30, Notation 3.12]
and the proof of [30, Proposition 3.13] inclusive. They are presented separately
here only because the conclusion of Lemma 6.1.4 is not stated explicitly in [30].

For the remainder of this section, fix a finitely aligned k-graph (A, d), a finite

set £ C A, and a linear combination a = 3, . axusasy, in C*(A). Express ®7(a)

as Z)\,MEHE al)\,p@(s)g\lﬁ'

NOTATION 6.1.1. For A € I1E we will write 7'(\) as short-hand notation for the
set TE(d(N), s(\)) introduced in Definition 3.6.1. We must bear in mind, however,
that T'(\) depends only on d(\) and s(\) so that for (A, p) € IIE x4 I1E, we have
TO) = T(w).

DEFINITION 6.1.2. For n,v such that TW¥(n,v) € FE(A), we fix a path
1B (n,v) € vA such that A™P(EME(n v),0) = 0 for all o € T"E(n,v). As with
TU®(n,v), for A\ € IIE such that T'(\) = TUE(d()), s()\)) is not exhaustive, we
will write £()\) as short-hand notation for ¢1£(d()), s(\)). Like T'(\), the path
£(\) depends only on s(\) and d(\), so that for (A, u) € IIE x4, IIE, we have

§A) = &(w)-

153
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DEFINITION 6.1.3. Define projections
P = Z SAEN)SA¢(N)
AE(TIE)vNA™

for each n and v such that (ITE)v N A™ is nonempty and T (n,v) € FE(A).

LEMMA 6.1.4. For n € N* and v € A°, let
Fue(n,v) == Span{syms,eo) : A p € (HE)u N A"}

For n,v such that (ILE)v N A" is nonempty, P,,®(a) € Fug(n,v). Furthermore,
there exist ng, vy such that (ILE)vg N A™ is nonempty and || Py ., P (a)| = ||®(a)]].
If [|®(a)|| > 0, then T"E (ng,vg) is non-ezhaustive.

PROOF. By [30, Lemma 3.15], we have that each sye(x)s} () < Q(s)IF. Since

the Q(s)'F are mutually orthogonal projections, this gives s,\g(,\)sﬁ\f()\)Q(s)EE =

OxuSre(N)Se()- Hence, for (A, ) € IIE x4, IIE, we have
(6.1.1) Pn,v@(s)lfﬁ = Pn,vQ(s)EEs)\sZ = sAg(A)sf\f(A)s,\sz = s,\g(,\)s:ﬂ)\),
and it follows from the definition of Fyg(n,v) that P, ,®(a) € Fug(n,v).

If |®(a)|| = 0, then we trivially have that || P,, ., ®(a)|| = ||®(a)|| for any choice
of ng, vy for which the expression makes sense. On the other hand, if ||®(a)|| # 0,
then Corollary 4.3.15 shows that there exists a vertex vy and a degree ng such that

@l =| Y aweEis

A€ (ILE)voNAT0

Clearly for this ng, vg we must have (ITE)vg N A™ nonempty and T (ng, vy) non-
exhaustive. But {sx¢()8y¢(y) 1 A € (ILE)vgNA™ } is the collection of nonzero matrix
units which spans Frg(ng, vg). Since for A\, u € (IIE)vy N A™, equation (6.1.1)
shows that P, ,,O(s))); = Sxe(n)Shen), it follows that b — P, b maps nonzero
matrix units in Mfz(ng, vo) to nonzero matrix units in Frg(ng,vo), and hence
implements an isomorphism of Mf;(ng,v9) onto Frg(ng,ve), giving ||®(a)|| =

H EA,ue(HE‘)voﬂA"O a/\,u@(s)gﬁu = || Prgvo ®(a)|| as required. O
6.2. Nuclearity, simplicity, and pure infinity
We can use a general result of Quigg to show that C*(A; ) is always nuclear.

PROPOSITION 6.2.1. Let (A,d) be a finitely aligned k-graph and let € be a
subset of FE(A). Then C*(A;E) is AF and C*(A;E) is nuclear. In particular,
both TC*(A) and C*(A) are nuclear.
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PROOF. Since C*(A;&)7 is the closure of the increasing union of the finite-
dimensional algebras {Mf : E C A is finite}, we have that C*(A;&)Y is AF.
Since T* is the dual of Z*, the triple (C*(A; £),Z*,v) is a discrete cosystem in the
sense of [27]. Since Z* is amenable and since C*(A; €)Y is AF and hence nuclear,
it now follows from [27, Corollary 2.17] that C*(A; &) is also nuclear. O

To give a simplicity condition for C*(A) we adapt the methods of [3, Proposi-

tion 5.1] to our situation.

DEFINITION 6.2.2. Let (A,d) be a finitely aligned k-graph. We say that A is
cofinal if for all v € A° and z € OA, there exists n < d(x) such that vAz(n) is

nonempty.

PROPOSITION 6.2.3. Let (A,d) be a finitely aligned k-graph, suppose that A
satisfies Condition (C). Then C*(A) is simple if and only if A is cofinal.

PRrooOF. First suppose that A is cofinal and that I is an ideal in C*(A). If
s, € I for all v € A% then I = C*(A) by (TCK2). Suppose that v € A° with
sy & I. We must show that H; is empty, for then Theorem 4.5.2 shows that [
is trivial. Since H; is saturated, we have that if v ¢ H; and F € v FE(A), then
there exists A € F such that s(A\) € Hy. It follows that the \; in the proof of
statement (1) of Lemma 4.3.9 can always be chosen so that s()\;) ¢ H;. Since
Hj is hereditary, it follows that \;(n) ¢ H; for all i € N and n < d(\;). Hence
there is an element = of vOA such that z(n) ¢ Hy for all n. Now suppose for
contradiction that there exists w € H;. By cofinality of A, there exists n € N*
such that wAxz(n) is nonempty. But since H; is hereditary, this implies that z(n)
belongs to H; contradicting the construction of z.

Now suppose that C*(A) is simple. Let z € A, and let

H, = {w e A" : wAz(n) = 0 for all n}.

We must show that H, is empty. It is clear that H, is hereditary. We claim
that H, is saturated: suppose that F € v FE(A) with s(E) C H,, and suppose
for contradiction that A € vAz(n). If A = pu' for p € E, then p' € s(u)Az(n),
contradicting s(u) € H,. On the other hand, if A € EA, then Ext(\; E) € FE(A)
by Lemma 4.2.7. Since z € 9(A;E), it follows that z(n,n + d(«)) = « for some
a € Ext(\; E); say (o, 8) € A™(\, ) where € E. Then 3 € s(u)Az(n + d(a)),

again contradicting s(u) € H,. This proves our claim.
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Now H, # A° because, in particular, r(x) ¢ H,. It follows from Theorem 5.3.6
that if H, is nonempty then Jy, ¢ is a nontrivial ideal in C*(A) which is impossible
since C*(A) is simple by assumption. O

To give a condition under which C*(A) is purely infinite, we draw upon [18]

for an appropriate graph-theoretic condition, and then upon [3] for our argument.

DEFINITION 6.2.4. Let (A, d) be a k-graph and let © € A. We call p a loop with
an entrance if d(p) > 0, s(u) = r(p), and there exists o € s(u)A with d(a) < d(u)

and 1(0,d(a)) # a.

PROPOSITION 6.2.5. Let (A, d) be a finitely aligned k-graph, and suppose that
A satisfies Condition (C). Suppose also that for every v € A°, there exist A € vA
and p € s(A\)As(X) such that u is a loop with an entrance. Then every hereditary
subalgebra of C*(A) contains an infinite projection. In particular, if A is also
cofinal, then C*(A) is purely infinite.

DISCLAIMER 6.2.6. There is some contention regarding the use of the term
“purely infinite” in relation to C*-algebras which are not simple. The author has
no axe to grind on the subject, and the wording of Proposition 6.2.5 merely reflects

that for simple C*-algebras the term is not under debate.

To prove the proposition we need two lemmas.

LEMMA 6.2.7. Let (A,d) be a finitely aligned k-graph, and suppose that A sat-
isfies Condition (C). Suppose also that for every v € A°, there exist A\ € vA and
p € s(A)As(N\) such that u is a loop with an entrance. Then for each v € A°, the

projection s, s infinite.

PROOF. Let v € A and let A € vA and p € s(A)As(\) such that p is a loop
with an entrance. Since sy is a partial isometry, we have s, > s\s} ~ s1sx = Sy,
so that s, is infinite if s,, is infinite. By definition of a loop with an entrance, there
exists © € wdA such that x(0,d(pn)) # p. It follows that in the boundary path
representation we have 5,5;e, = 0 so that (Sw— SMSZ)% = e, # 0. The universal
property of C*(A) now implies that s, — 5,5}, # 0 as well, so that s,, > s,s},. But
we now have s, = s;;s# ~ susz < Sw, SO that s, is infinite, and it follows that s,

is infinite as required. 0J

LEMMA 6.2.8. Let E C A" be finite, let w € s(F), and let t be a positive
element of Fp(w) = span{sys;, : A\,u € Ew}. Then there is a projection r in
C*(t) C Fr(w) such that rtr = ||t||r.
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PRrROOF. The proof is formally identical to that of [3, Lemma 5.4]. O

PROOF OF PROPOSITION 6.2.5. Our proof follows that of [3, Proposition 5.3]
very closely, though we need to use some results from Section 6.1 to circumvent the
technical issues which arise because the k-graphs here are not row-finite whereas
the directed graphs in [3] are.

Fix a nontrivial hereditary subalgebra A of C*(A), and a positive element a € A
such that ®7(a) € C*(A)” satisfies [[®7(a)|| = 1. Let b = >, cpbrusas), be a
finite linear combination such that b > 0 and ||a — b|| < 1. Such a b exists because
span{sysy : A, ju € A} is a dense *-subalgebra of C*(A). Let by := ®(b). Since ® is

norm-decreasing and linear, we have

1

L= [lboll = [l[@(@)]l = [@)lI] < lI®(a—b)] < fla—b] < 7,
and hence |[by|| > 2. Furthermore, by > 0 because ® is positive. Applying
Lemma 6.1.4, we obtain a projection P, ., such that b; := P, ,bo satisfies
by € Fur(no,vo) and ||b1]| = ||bo]|. Notice that b, > 0. By Lemma 6.2.8 there

exists a projection r € C*(by) with rbyr = ||b1||r. Recalling the definitions of T'(\)
from Notation 6.1.1 and of £(\) from Definition 6.1.2, let vy := s(£(\)) for any
AE (HE)’U() N A™. Let

S :={X\): A€ (IIE)vg N A™} C Avy.

Since b; € span{s,\sz : A\, ;o € S}, which is a matrix algebra indexed by S, we can
express r as a finite sum r = Z/\,ues TAuSAS,, and the S x S matrix (ry,) is a
projection.

Since (A,d) satisfies Condition (C), there exists x € v,0A which satisfies
(4.5.1). By Lemma 4.5.3, for distinct A,u € S, there exists nf , such that
A™ (A (0,75 ), pr(0,n3 ) = 0. Let

M= \{ng , : A\, p € S, \# u},

and let zpr := (0, M). Let q == >\ coTxuSrrrSpa,,- Since the matrix (ry )

is a projection in Mg(C), we know that ¢ is a projection in Fn, t4(a,,), and since

M
*

SZIW SCE}\/[

is a subprojection of s,,, we have ¢ < r. Using the defining property of
xpr as in the proof of Lemma 4.5.6, we have that ¢P,, ,,0¢ = ¢Pn,.v,009 = qbi1q.
Combining this with our choice of r, and with the fact that ¢ < P, ,, by definition,

we obtain

3
qbq = qb1q = qrbirq = ||b1|lrq = [|bollq > 17
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Since |la —b|| < %l, we have gaq > gbq — iq > %q— iq = %q, and it follows that gagq
is invertible in ¢C*(A)g. Write ¢ for the inverse of qag in ¢C*(A)q, and let

t:= cl/zqal/z.

Then tt* = ¢/2gqagc'/? = 1,0+(a)y = ¢, and t*t = a'/?qcga’’? < ||c||a, and hence t*t
belongs to the hereditary subalgebra A of C*(A).

We now need only show that ¢*¢ is an infinite projection. Let w := s(zp).
We have that s, is an infinite projection by Lemma 6.2.7. Furthermore, by the
hypothesis of the proposition, there exist paths A, u such that d(u) > 0, r(A) = w,
and s(A\) = r(u) = s(u). Since by is nonzero, we know that S is nonempty. For
o € S, we have oxy A € Aw, so that

* * * _
SoxnSoxyy > SoxmASoay ™ SoxyrSorur = Sw

is also infinite. Since Sy4,,55,,, 1 a minimal projection in the finite-dimensional

C*-algebra span{sy;,,s : 0,7 € S} to which ¢ belongs, we have $y4,,s

T M ox N
equivalent to a subprojection of ¢ so that ¢ is infinite as well. But now t*t ~ tt* = ¢

is infinite, completing the proof. O

REMARK 6.2.9. We would like to know when C*(A) satisfies the Universal Co-
efficient Theorem of [36] as well as being simple purely infinite and nuclear, because
such algebras are completely determined by their K-theory [26, Theorem 4.2.4].
It has been relatively straightforward to establish that the Cuntz-Krieger algebras
studied in previous treatments satisfy the UCT under fairly mild conditions on
the underlying graph, but the usual arguments (see for example [24, 18, 31]) do

not carry over easily to non-row-finite higher rank graphs.




APPENDIX A

Proof of a lemma due to Farthing, Muhly, and Yeend

In this appendix we present a proof of [10, Lemma 1.5] which is stated as
Lemma 4.3.8, but is not proved there. At the time of writing, [10] is in draft form,
so is not yet available as a preprint. The proof here differs slightly in detail, but
not at all in general form or idea, from that appearing in the current draft of [10].

We state the lemma again here for convenience.

LEMMA ([10, Lemma 1.5]). Let (A,d) be a k-graph. For v € A°, E C vA,
A1 € VA and Ag € s(A1)A,

Ext(Ag; Ext(A; E)) = Ext(AAg; E).
PRrOOF. For the inclusion Ext(Ao; Ext(A1; £)) C Ext(AAg; E) suppose that

a € Ext(Ay; Ext(A\;; E)). Then there exist ¢ € E and (n,¢() € A™"(\;,0) such
that there exists 3 € A with (a, 3) € A™"(\y, 7). We then have

(AOl) )\1)\20& = )\17”]5 = O'C/B
and
d()\l/\QOé)i = d()\l)z + max{d()\g)i, d(’f])z} since (Oé, ﬁ) € Amin(>\27 T])
= max{d(\); + d(A2);, d(A1); + d(n);}
= max{d(\); + d(X2);, max{d(\);, d(c);}} since (n,¢) € A™™ (A, 0)
= HlaX{d()q)\g)i, d(O’)Z} since d()\l/\g)l 2 d()\l)z
so that d(AAaa) = d(AA2) V d(o). Combining this with (A.0.1) gives (a, () €
A™R()\; )y, o) and hence a € Ext(A\g; E) as required.
For the reverse inclusion, suppose that a € Ext(AjAqg; E). So there exists
o € E and 8 € s(o)A such that (o, 3) € A™®(A\\g,0). By definition, we have
d(AMAear) = d(MA2) Vd(o) > d(A\) Vd(o), so we may define
1= (MA2a)(d(A), d(X) V d(0)) = (A20)(0, (d(A1) V d(0)) = d(M))
¢ = (Mh)(d(0),d(M) V d(o)) = 5(0, (d(M) V d(0)) — d(0)),
giving (n,¢) € A™"()\;,0) and hence € Ext(\;; E) by definition. Let ' :=
(M) (d(n),d(Aa)); so nn' = Aea. Since n € Ext(A; E) we will have a €
159
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Ext(Ag; Ext(A1; E)), completing the proof, if we can establish that d(nn') = d(Ay)V
d(n). But for this, we calculate
d(nn)i = d(Ann'); — d(M);
= d(MA2a); —d()\1); by definition of 0,7
= max{d(AX2);, d(0);} — d(A\1); since (a, ) € A™* (A Ay, 0)
= max{d(M\2);, max{d(\1);,d(0);}} — d(\); since d(A1A2); > d(A1);
= max{d(\1); + d(A2)i, d(Min)i} — d(N);  since (1,¢) € A™ (A, 0)
= max{d(Az)i, d(Ain)i — d(M)i}
= max{d(As);, d(n):},
giving d(nn') = d(A\2) V d(n) as required.
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