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GAUGE-INVARIANT IDEALS IN THE C*-ALGEBRAS OF
FINITELY ALIGNED HIGHER-RANK GRAPHS

AIDAN SIMS

ABSTRACT. We produce a complete descrption of the lattice of gauge-invariant
ideals in C*(A) for a finitely aligned k-graph A. We provide a condition on
A under which every ideal is gauge-invariant. We give conditions on A under
which C*(A) satisfies the hypotheses of the Kirchberg-Phillips classification
theorem.

1. INTRODUCTION

Among the main reasons for the sustained interest in the C*-algebras of directed
graphs and their analogues in recent years are the elementary graph-theoretic con-
ditions under which the associated C*-algebra is simple and purely infinite, and
the relationship between the gauge-invariant ideals in a graph C*-algebra and the
connectivity properties of the underlying graph.

A complete description of the lattice of gauge-invariant ideals of the C*-algebra
C*(E) of a directed graph F was given in [2], and conditions on E were described
under which C*(FE) is simple and purely infinite. Building upon these results,
Hong and Szymanski achieved a description of the primitive ideal space of C*(E)
in [3]. The results of [2] were obtained by a process which builds from a graph
E and a gauge-invariant ideal I in C*(E), a new graph F = F(FE,I) in such a
way that the graph C*-algebra C*(F) is canonically isomorphic to the quotient
algebra C*(E)/I. However, recent work of Muhly and Tomforde shows that the
quotient algebra C*(E) can also be regarded as a relative graph algebra associated
to a subgraph of F.

In this note, we turn our attention to the classification of the gauge-invariant
ideals in the C*-algebra of a finitely aligned higher-rank graph A, and to the formu-
lation of conditions under which these algebras are simple and purely infinite. Be-
cause of the combinatorial peculiarities of higher-rank graphs, constructive methods
such as those employed in [2] are not readily available to us in this setting. How-
ever, the author has studied a class of relative Cuntz-Krieger algebras associated
to a higher-rank graph A in [I3], and we use these results to analyse the gauge-
invariant ideal structure of C*(A). We use the results of [I3] to give conditions
on A under which C*(A) is simple and purely infinite; we also show that relative
graph algebras C*(A; ), and in particular graph algebras C*(A) always belong to
the bootstrap class A/ of [I2], and hence are nuclear and satisfy the UCT.

We begin in Section B by defining higher-rank graphs, and supplying the def-
initions and notation we will need for the remainder of the paper. In Section Bl
we introduce the appropriate analogue in the setting of higher-rank graphs of a
saturated hereditary set of the vertices of A, and show that such sets H give rise
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to gauge-invariant ideals Iy in C*(A). In Section Hl we use the gauge-invariant
uniqueness theorem of [I3] to show that the quotient C*(A)/Iy of C*(A) by the
gauge-invariant ideal associated to a saturated hereditary set H is canonically iso-
morphic to a relative Cuntz-Krieger algebra C*(A \ AH;Ex) associated to a sub-
graph of A. Using this result, we show in Section [l that the gauge-invariant ideals
of C*(A) are in bijective correspondence with pairs (H, B) where H is saturated
and hereditary, and B U &y is satiated as in [[3, Definition 4.1]. In Section B we
describe the lattice order < on pairs (H, B) which corresponds to the lattice order
C on gauge-invariant ideals of C*(A). In Section [d we prove that for a certain
class of higher-rank graphs A, all the ideals of C*(A) are gauge-invariant; however,
whilst this result does generalise similar results of [, [[0], the condition (D) which
we need to impose on A to guarantee that all ideals are gauge-invariant is, in most
instances, more or less uncheckable — the situation is not particulary satisfactory
in this regard. In Section B we show that C*(A) always falls into the bootstrap class
N of [12], and provide graph-theoretic conditions under which C*(A) is simple and
purely infinite.

Warning: for consistency with [, the author has continued to use terminology
such as “hereditary” and “cofinal” in this paper. Readers familiar with graph
algebras should be wary as to the meaning of these terms because of the change of
edge-direction conventions involved in going from directed graphs to k-graphs.

Acknowledgements. This article is based on part of the author’s PhD dis-
sertation, which was written at the University of Newcastle, Australia, under the
supervision of Tain Raeburn. The author would like to thank ITain for his insight
and guidance. The author would also like to thank D. Gwion Evans for direct-
ing his attention to the results of [6] on AF algebras associated to non-row-finite
skew-product k-graphs.

2. HIGHER-RANK GRAPHS AND THEIR REPRESENTATIONS

The definitions in this section are taken more or less wholesale from [T3].

We regard N* as an additive semigroup with identity 0. For m,n € N¥ we
write m V n for their coordinate-wise maximum and m A n for their coordinate-wise
minimum. We write n; for the i*? coordinate of n € N¥, and e; for the i*" generator
of N¥; son = Zle g - €.

Definition 2.1. Let £ € N\ {0}. A k-graph is a pair (A, d) where A is a countable
category and d is a functor from A to N* which satisfies the factorisation property:
For all A € Mor(A) and all m,n € N¥ such that d(\) = m + n, there exist unique
morphisms p and v in Mor(A) such that d(u) = m, d(v) =n and A\ = pv.

Since we are regarding k-graphs as generalised graphs, we refer to elements of
Mor(A) as paths and we write r and s for the codomain and domain maps.

The factorisation property implies that d(A) = 0 if and only if A = id, for some
v € Obj(A). Hence we identify Obj(A) with {A € Mor(A) : d(A\) = 0}, and write
A € A in place of A € Mor(A).

Given A € A and E C A, we define \E := {A\p : p € E,r(n) = s(A\)} and
EX = {uX:p € E s(u) = r(N)}. In particular if d(v) = 0, then vE = {A € E :
r(A) = v}. In analogy with the path-space notation for 1-graphs, we denote by A™
the collecton {\ € A : d(\) = n} of paths of degree n in A.

The factorisation property ensures that if | < m < n € N* and if d(\) = n,
then there exist unique elements, denoted A(0,1), A(l,m) and A(m,n), of A such
that d(A\(0,1)) = I, d(A(I,m)) = m — I, and d(A(m,n)) = n — m and such that
A= A0,D)A(l, m)A(m,n).
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Definition 2.2. Let (A, d) be a k-graph. For u,v € A we denote the collection
{Ae A:dN\) =d(p) Vvdw),\0,d(p) = u, A0,d(v)) = v} of minimal common
extensions of u and v by MCE(u, ). We write A™"(u, v) for the collection

A, v) == {(o, B) € A x A : pa = v € MCE(u, v)}.
If EC A and p € A, then we write Exta (u; E) for the set
Exta(u; E) := {8 € s(u)A : there exists v € E such that ug € MCE(u, v)};

when the ambient k-graph A is clear from context, we write Ext(u; E) in place of
Exta(p; EY). We say that A is finitely aligned if | MCE(u, v)| < oo for all p,v € A.
Let v € A and E C vA. We say E is ezhaustive if Ext(\; E) # () for all A € vA.

Notation 2.3. Let (A, d) be a finitely aligned k-graph. Define
FE(A) := Uyepo{E CvA\ {v} : E is finite and exhaustive}.
For E € FE(A) we write r(E) for the vertex v € A? such that E C vA.

Notice that whilst any finite subset of vA which contains v is automatically finite
exhaustive, we don not include such sets in FE(A). Note also that since vA is never
empty (in particular, it always contains v), finite exhausitve sets, and in particular
elements of FE(A), are always nonempty.

Definition 2.4. Let (A, d) be a finitely aligned k-graph, and let £ be a subset of
FE(A). A relative Cuntz-Krieger (A; €)-family is a collection {ty : A € A} of partial
isometries in a C*-algebra satisfying
(TCK1) {t,:v € A} is a collection of mutually orthogonal projections;
(TCK2) tat, = 58(>\)7T(u)t>\u for all A\, u € A;
(TCK3) 3ty = 2 (a,p)ermmn(r,p) talf for all A, € A; and
(CK) erE(tr(E) —txty)=0forall E € €£.
When £ = FE(A), we call {t) : A € A} a Cuntz-Krieger A-family.

For each pair (A, &) there exists a universal C*-algebra C*(A; &), generated by
a universal relative Cuntz-Krieger (A;E)-family {s¢(A\) : A € A} which admits
a gauge-action v of TF satisfying v.(sg(N)) = 2 Msg(N). We write C*(A) for
C*(A;FE(A)), and call it the Cuntz-Krieger algebra, and we denote the universal
Cuntz-Krieger family by {sx : A € A}; this agrees with the definitions given in [IT].

There is also a Toeplitz algebra 7C*(A) associated to each k-graph A. By
definition, this is the universal C*-algebra generated by a family {s7(A) : A € A}
which satisfy (TCK1)—(TCK3), and hence is canonically isomorphic to C*(A; ().
Indeed, each C*(A;E) is a quotient of 7TC*(A):

Lemma 2.5. Let (A,d) be a finitely aligned k-graph, and let £ C FE(A). Let Jg
denote the ideal of TC*(A) generated by the projections

{H)\EE (s7(r(E)) —st(\)sT(\)*) : E € 5}.
Then C*(A;E) is canonically isomorphic to TC*(A)/Js.

Proof. The universal property of 7C*(A) gives a homomorphism 7 : 7C*(A) —
C*(A; €) satistying w(s7(N)) = sg(A) for all A. Since {sg(X) : A € A} satisfy (CK),
we have Jg C ker m and hence 7 descends to a homomorphism 7 : TC*(A)/Js —
C*(A; E) such that 7w(s7(N\) + Jg) = seg(A) for all A.

On the other hand, the family {s7(\) +Jg : A € A} C TC*(A)/Jg satisty (CK)
by definition of Jg, so the universal property of C*(A;€) gives a homomorphism
¢ C*(A;E) — TC*(A)/Jg such that ¢(sg(N)) = s (\) + Jg for all \. We have
that 7 and ¢ are mutually inverse, and the result follows. O
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3. HEREDITARY SUBSETS AND ASSOCIATED IDEALS

Definition 3.1. Let (A,d) be a finitely aligned k-graph. Define a relation < on
A% by v < w if and only if vAw # 0.
(1) We say that a subset H of A° is hereditary if v € H and v < w imply
we H.
(2) We say that H C A® is saturated if, whenever v € A° and there exists a
finite exhaustive subset F' C vA with s(F) C H, we also have v € H.

For H C A° we call the smallest saturated set containing H the saturation of H.

Lemma 3.2. Let (A,d) be a finitely aligned k-graph and let G C A°. Let ©G :=
{v € A%: there exists a finite exhaustive set F C vAG}. Then

(1) G is equal to the saturation of G; and
(2) if G is hereditary, then 3G is hereditary.

Proof. First note that if v € G then {v} C vAG is finite and exhaustive so that
G C XG. Note also that .G is a subset of the saturation of G by definition. To see
that XG is saturated, let v € A? and suppose F' € vA(XG) is finite and exhaustive.
If v € F, then v € ¥G by definition, so suppose that v ¢ F. Let E := {\ € F :
s(A\) ¢ G}. By definition of XG, for each A € E, there exists Ey € s(A\)FE(A)
with s(E\) C G. Then [[3, Lemma 5.3] shows that F' := (F \ E) U (U,cp AEN)
belongs to FE(A). Since F’ C vAG, it follows that v € £G by definition. This
establishes (1).

To prove claim (2), suppose G is hereditary, and suppose v,w € A satisfy
v € BG and v < w; say A € A with r(A) = v, s(A) = w. If v € G then w € G
because G is hereditary, so suppose that v € XG \ G. By definition of ¥ there
exists F' € vFE(A) such that s(F) C G. By [13, Lemma 2.3], Ext(\; F') is a finite
exhaustive subset of wA. Since s(F) C G, and since, for o € Ext(\; F'), we have
s(a) < s(p) for some p € F, we have s(Ext(\; F)) C G. Tt follows that w € XG,
completing the proof. O

Lemma 3.3. Let (A, d) be a finitely aligned k-graph, and let I be an ideal of C*(A).
Then Hy := {v € A°: s, € I} is saturated and hereditary.

To prove Lemma B3 we first need to recall some notation from [9].

Notation 3.4. Let (A, d) be a finitely aligned k-graph and let F be a finite subset
of A. As in [9], we denote by VE the smallest subset of A such that E C VE and
such that if A\, u € VE, then MCE(\, u) C VE. We have that VE is finite and that
A € VE implies A = pp’ for some p € E by [0, Lemma 8.4].

Proof of Lemmal[Z3. Suppose v € Hy and w € A® with v < w. So there exists
A € vAw. Since s, € I, we have s,, = s3s,5x € I, and then w € Hy; consequently
Hi is hereditary. Now suppose that v € A® and there is a finite exhaustive set
F C vA with s(F) C H;. By [, Lemma 3.1], we have s, € span{sys} : A € VF}.
Since A € VF implies A = aa’ for some « € F, and since H; is hereditary, we have
s(VF) C Hj. Consequently, for A € VF, we have sxs} = sxssx)5) € I, 50 5, € 1,
giving v € Hy. (]

Notation 3.5. For H C A% let Iy be the ideal in C*(A) generated by {s, : v € H}.
Let HA denote the subcategory {A € A:r(\) € H} of A.

Lemma 3.6. Let (A,d) be a finitely aligned k-graph, and suppose that H C A° is
saturated and hereditary. Then (HA,d|ga) is also a finitely aligned k-graph, and
C*(HA) = C*({sr:r(N\) € H}) C C*(A). Moreover this subalgebra is a full corner
m IH.
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Proof. One checks that (HA,d|ga) is a k-graph just as in [0, Theorem 5.2], and
it is finitely aligned because (HA)™®(\, ) C A™R(X, p).

The universal property of C*(HA) ensures that there exists a homomorphism
7w C*(HA) — C*({sx : r(\) € H}). Write vy for gauge action on C*(HA) and
~| for the restriction of the gauge action on C*(A) to C*({sx : r(A) € H}). Then
7o (yg). = (7)), o for all z € T*, and [T, Theorem 4.2] shows that 7 is injective.

For the final statement, just use the argument of [l Theorem 4.1(c)] to see
that C*({sx : 7(\) € H}) is the corner of Iy determined by the projection Py :=
Y ven Sv € M(Iy), and that this projection is full. a

4. QUOTIENTS OF C*(A) BY Iy

We now want to show that the quotients of Cuntz-Krieger algebras by the ideals
Iy of section B are relative Cuntz-Krieger algebras associated to A\ AH.

Let (A, d) be a k-graph, and let H C A° be a saturated hereditary set. Consider
the subcategory A\N\AH ={\ € A:s(\) € H}.

Lemma 4.1. Let (A, d) be a finitely aligned k-graph, and let H C A° be saturated
and hereditary. Then (A\ AH,d|x\am) is also a finitely aligned k-graph.

Proof. We first check the factorisation property for (A \ AH,d[y\aq), and then
that (A \ AH,d|s\ap) is finitely aligned. For the factorisation property, let A €
A\ AH, and let m,n € N* m +n = d()\). By the factorisation property for A,
there exist unique p,v € A such that d(u) = m, d(¥) = n and A = pv. Since
s(v) = s(\) ¢ H, we have v € A\ AH. Since, by definition of <, we have r(v) <
s(v) it follows that r(v) € H because H is hereditary. But r(v) = s(u) so it
follows that © € A\ AH. Finite alignedness of the k-graph A \ AH is trivial since
(A\ AH)™D(N\ ) C A™n(\, p) for all A, u € A\ AH. O

Definition 4.2. Let (A, d) be a finitely aligned k-graph and let H be a saturated
hereditary subset of A?. Define £y := {E\ EH : E € FE(A)}.

Lemma 4.3. Let (A, d) be a finitely aligned k-graph, and suppose that H C A is
saturated and hereditary. Then Eg C FE(A\ AH).

Proof. Suppose that E € £y and that p € r(E)(A\AH). Suppose for contradiction
that (A \ AH)™ (X, 1) = () for all A € E. Since E € Eg, there exists F' € FE(A)
such that F'\ FFH = E. We have

(4.1) Exta(u; F) = Exta(w; E) UExtp(u; F\ E) = Exta(p; E) UExtp(u; FH).

Now F'H C AH by definition, and then Ext(u; FH) € AH because H is hereditary.
Since (A \ AH)™n()\, i) = @ for all A € E, we must have A™™(\, u) C AH x AH
for all A € E, and hence we also have Exta(u; E) C AH. Hence ) shows that
Exta(u; F) C AH. But F is exhaustive in A, so Ext(u; F') is also exhaustive by [I3
Lemma 2.3], and then since H is saturated, it follows that s(u) € H, contradicting
our choice of p. O

Theorem 4.4. Let (A, d) be a finitely aligned k-graph, and let H C A° be saturated
and hereditary. Then C*(A)/Iy is canonically isomorphic to C*((A\ AH);Ex).

To prove Theorem EE4L we need to collect some additional results. Recall from
T3, Definition 4.1] that a subset £ of FE(A) is said to be satiated if it satisfies

(S1) if G € € and F € FE(A) with G C E, then E € &;

(52) if G € € with (G) = v and p € vA \ GA, then Ext(u; G) € &;

(S3) if G € & and 0 < ny < d(N) for A € G, then {A\(0,ny) : A € G} € &; and

(84) if G € €, G’ C G and for each X\ € G’, G is an element of £ such that
r(GY) = s(A), then ((G\ G') U (Uyeq AGA)) € €.
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Lemma 4.5. Let (A, d) be a finitely aligned k-graph, and let H C A° be saturated
and hereditary. Then Eg is satiated.

Proof. For (S1), suppose that F € &y and F C A\ AH is finite with E C F.
By definition of £y, there exists E' € FE(A) such that E' \ E'H = E. But then
F':= FUE'H € FE(A) by [13, Lemma 5.3]. Since F' = F’\ F'H, it follows that
Feé&y.

For (S2), suppose that E € Ey, that p € r(E)(A\ AH) and that p ¢ EA. Since
E € &y, there exists E' € FE(A) such that E/ \ E'H = E. Since u € A\ AH, we
have p ¢ E'H, and hence Extp (u; E') € FE(A) by [13, Lemma 2.3]. We also have

Exta(u; E') = Exta(p; E) U Ext(u; E'H)
= Exta\am (15 B) U Exta(u; E)H U Exta(u; B'H).
Since both Ext A(u; E)H and Exta(u; E'H) are subsets of AH, it follows that
Extaan (u; B) = Exta(u; E') \ Exta(u; B H,

and hence belongs to .

For (S3), suppose that E € &y, say E' € FE(A) and E = E'\ E'H. For each
A € E, let ny € N¥ with 0 < ny < d(\). For u € E'H, let n,, := d(u). Since E’ is
exhaustive in A, we have that {{(0,n,) : p € E'} is also a finite exhaustive subset
of A by [13, Lemma 5.3], and since

{AO0,ny) s A€ B} = {/J,(O,TLM) e El} \ {M(O,TLN) AS E/H},

it follows that {\(0,n)) : A € E} € €.

Finally, for (S4), suppose that E € £y, say ' € FE(A) and E = E'\ E'H. Let
F C E, and for each A\ € F, suppose that F € &g with r(F)\) = s()\). We must
show that G := (E\ F) U (Uycp AF)) € En. Since each Fy € &y, for cach A € F,
there exists a set F} € FE(A) with F) = F{\F{H. Let G’ := (E'\F)U(Uycp A\F}).
We will show that G = G\ G’ H, and that G’ is finite and exhaustive in A; it follows
from the definition of £y that G € £, proving the result.

We have G’ € FE(A) by [[3, Lemma 5.3], so it remains only to show that
G =G\ G'H. But since H is hereditary, we have

G'H = ((E'\F)U (Urer AF)) ) H
— (B P U (Upep NELH) = BHU (Uyep A H
because FF C E C A\ AH. Consequently
G\ G'H = (B'\ F)U (Urep A\ (B'H U (Upep AELH)) = G
as required. O

Lemma 4.6. Let (A, d) be a finitely aligned k-graph, and let H C A° be saturated
and hereditary. Let {tx : X € A} be a Cuntz-Krieger A-family, and let I, be the
ideal in C*({tx : X € A}) generated by {t, :v € H}. Then {tx+1} : X € A\ AH}
is a relative Cuntz-Krieger (A\ AH; Ep)-family in C*({tx : X € A})/IL.

Proof. Relations (TCK1) and (TCK2) hold automatically since they also hold for
the Cuntz-Krieger A-family {t) : A € A}. For (TCK3), let A\, u € A\ AH and notice
that since {¢x : A € A} is a Cuntz-Krieger A-family, we have

B+t + )= Y tath+ 1.
(e, B) €A™ (A, p)

To show that this is equal to Z(a7ﬁ)e(A\AH)lnin(>\7u) tatg + I}I, we need to show that
(a, B) € A™™(\, ) \ (A \ AH)™™(X, 1) implies tath € Iy
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So fix (o, B) € A™ (A, u) \ (A\ AH)™®(\, i). Then s(a) = s(8) € H, and hence
88 = SaSs(a)Sh € It

It remains to check (CK). Let E € €y, say E' € FE(A) and E = E'\ E'H, and
let v := r(E). We must show that [],_z(t, — tAt}) belongs to I};,. We know that
[Laer (to — taty) = 0, and it follows that

(4.2) her(to = 58 (T (to — tuts)) = 0.
Since H is hereditary, Notation B4l gives V(E'H) C AH, and [[,cypm)(ts —
tut}) < Ilepm(to — tut},). Furthermore by [IT, Proposition 3.5] we have

* V(E'H
ty = HMGV(E/H) (tv — tutu) + Eue\/(E/H) Q(t)u( )

V(E'H) . _ * *
Where Q(t)ﬂ = H,LL,LL’G\/(E,H)\{;L} (tNtM — tNNlt}LlLl)'
Hence we can calculate

[Tt —tat) = (TT 0 - a2 )

AEE \eE
(- 6)( I G-t + X eupe™).
AEE HEV(E'H) pev(E'H)

. . X E'H
Hence 32 gives [[cp(to — trt3) = (HAGE(tU - tAtA))(Eue\/(E’H) Q(t)x( ))’
and hence belongs to Iy because V(E'H) C AH, so each Q(t),\:(E M eIy, O

Finally, before proving Theorem EE4l we need to recall some notation and defi-
nitions from [I1] and [T3].

Let (A, d) be a finitely aligned k-graph, and let G C A. As in [T}, Definition 3.3],
TIG denotes the smallest subset of A which contains G and has the property that if
A, g and o belong to G with d(\) = d(u) and s(\) = s(u) and if (o, 3) € A™"(u, o),
then Aa € G. If follows from [T, Lemma 3.2] that IIG is finite when G is. We denote
by IIG x4, IIG the set of pairs {(\, u) € IIG x IIG : d(X) = d(p), s(A) = s(u)}.

Let {tx : A € A} satisfy (TCK1)—(TCK3). As in [T}, Proposition 3.5], for a finite
set G C A and a path X € IIG, we write Q(t)}1¢ for the projection

(4.3) Q1N = H (EATX — tantin ),
AN e(IIG)\{A}
and for (A, p) € IIG x4 5 IIG, we define

oS =t TI (o —tnti)tr.
AN €(MG)\{ A}

By [T}, Lemma 3.10], we have
QN taty, = O(WNG = trt; Q1)

Finally, recall from [I[3, Definition 4.4] that a graph morphism z : Qg —
A is a boundary path of A if, whenever n < m and F € z(n)FE(A), we have
xz(n,n + d(X)) = A for some A € E. We write r(x) for 2(0) and d(x) for m. The
collection OA := {x : z is a boundary path of A} is called the boundary-path space
of A. For A € A and = € JA with r(x) = s(\), there is a unique boundary path
Az such that (Az)(0,d()\)) = A and (Az)(d()\),d()\) +n) = x(0,n) for all n € Nk,
Likewise, given z € A and n < d(z), there is a unique boundary path x|;‘i<””> such
that (x|ﬁ($))(0,m) = x(n,n + m) for all m € N¥. As in [[3, Definition 4.6], we
define partial isometries {Sy : A € A} C B(£2(0A)) by

S)\ex = 55()),7’@)6)\'
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Lemma 4.7 of [I3] shows that {S : A € A} is a Cuntz-Krieger A-family called the
boundary-path representation and that
ew‘d(m) if CC(O, d()\)) =\
d(n)
0 otherwise.

(4.4) Sien = {

Proof of Theorem [} Fix v € A°\ AH and fix E € FE(A\ AH) \ &x.

Claim 4.7. Claim 1: For all a € span{sys}, : \, u € AH}, we have

(1) ||sy —a| > 1; and

(2) H(HAGE(ST(E) —5x83)) — GH > 1.
Proof of Claim EE7l Express a = ) . p ax,usxs;, where F'is a finite subset of AH,
and {ax, : A\, u € F} C C. Let mg be the boundary-path representation of C*(A)
and let A :=mg(a) =3 ) ,craruSrS).

To check (1), note that since v ¢ H and since H is saturated, we have that
vFNA® = () and that vF € FE(A). Hence there exists 7 € vA such that A™" (7, \) =
() for all A € F. By [13, Lemma 4.7(1)], there exists a boundary path x in s(7)0A.
By choice of 7, we have that 7z € v9A \ FOA. But now

(4.5) 1Sy = Al > [[(So — Aers| = [|Svere — EA7MGF(CL>\,NS>\SZGTJC)|"

Since 7z ¢ FOA by choice, [Q) gives S;e,, = 0 for all u € F, and hence (E3)
gives ||Sy, — Al > ||Sverz]l = llerz|| = 1. Since g is a C*-homomorphism, and
hence norm-decreasing, this establishes (1).

For (2), note that E ¢ €, and F C AH is finite, so we know that EUF ¢ FE(A).
Hence there exists 7 € A such that A™"(o,7) = ) for all 0 € EUF. By [I3
Lemma 4.7(1)], there exists € A such that r(z) = s(7). Set y := 7x € JA. By
choice of 7, we have that y(0,d(c)) # o for all 0 € E U F. Hence S}e, =0 for all
o€ EUG by EJ). In particular, ¢ € F' implies S}e, =0, so Ae, =0, and A € E
implies S§e, = 0. It follows that ([],cp(Srr) — SxS%))ey = Sy(g)ey = €y. Hence

[ (Tae e (Sr(m) = 9385) = A) || = [[(TTacp(Srimy — SxS3) — A)ey || = lleyll = 1.

It follows that H [ (SrE) —SrS3) — AH > 1. Again since g is norm-decreasing,
this establishes (2). O Claim B4

Since Iy C C*(A) is fixed under the gauge action, v descends to a strongly
continuous action ¢ of T on C*(A)/Iy such that 6, o 77, = 751, o+, fo all
z € T*.

It is easy to check using (TCK3) that span{sysy, : A, u € AH} is a dense subset
of Ig. Hence Claim BT shows that neither s, nor [[,cz(sr(m) — sas}) belongs
to Iy. Since v € A°\ H and E € FE(A \ AH) \ £y were arbitrary, and since
Lemma LA shows that £ is satiated, the gauge-invariant uniqueness theorem [13]

Theorem 6.1] shows that 75

si, 1S injective. U

5. GAUGE-INVARIANT IDEALS IN C*(A)

Theorem EEAl and [I3, Theorem 6.1] combine to show that every nontrivial gauge-
invariant ideal in C* (A \ AH; &) which contains no vertex projection sg,, (v) must
contain some collection of projections

{ H)\GE (85H (T(E)) — S€y ()‘>55H (/\)*) VNS B}
where B is a subset of FE(A\ AH)\ &x.
Since C*(A \ AH; Ex) itself is the quotient of C*(A) by Iy, it follows that the
ideals I of C*(A) such that the set Hy defined in Lemma is equal to H should
be indexed by some collection of subsets of FE(A\ AH) \ £x.
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In this section, we show that the gauge-invariant ideals of C*(A) are indexed by
pairs (H, B) where H is a saturated hereditary subset of AY and B is a subset of
FE(A\ AH)\ €y such that B U &y is satiated.

Definition 5.1. Let (A,d) be a finitely aligned k-graph and let H C A° be satu-
rated and hereditary. Let B be a subset of FE(A\ AH). We define Jy g to be the
ideal of C*(A) generated by

{sv:ve H} U{ILcp(srm) —srsy) : E € B}.
We define I(A\ AH)p to be the ideal of C*(A\ AH; Ex) generated by
{Irep(sen (r(B)) = sey(N)se, (V) : E € B}

If H C AY is saturated and hereditary, and if B is a subset of FE(A \ AH) \ £y
such that £y U B is satiated, then ¢(Jg ) = I(A\ AH)p where ¢ is the quotient
map from C*(A) to C*(A) /Iy = C*(A\ AH;Ew).

We now investigate the structure of C*(A)/Ju, 5.

Lemma 5.2. Let (A,d) be a finitely aligned k-graph and let H C A° be saturated
and hereditary. Let B be a subset of FE(A\ AH)\ Eg such that Eg U B is satiated.
Then
C* (AN AH; 1) /T(M\ AH) 5 = C*(A\ AH; (€47 U B)).
Proof. By Lemma ZI we have that C*(A\ AH;Ey) = TC*(A\ AH)/Jg,, and
C*(A\AH;(Eg UB)) 2 TC*(A\ AH)/Jg,up. Hence we just need to show that
a € TC*(A\ AH) belongs to Je,up if and only if ¢(a) € I(A\ AH)p where
q:TC*(A\AH) — C*(A\ AH;Ey) is the quotient map.
By definition of I(A \ AH)p, the inverse image ¢~ '(I(A \ AH)p) under the
quotient map is precisely the ideal in 7C*(A \ AH) generated by
{Ihep(s7(r(E)) — s7(N)s7 (X)) : E € B}
U {Ilxep(s7(r(E)) —st(N)sz(N)*) : E € En};
that is, ¢ 1 (I(A\ AH)B) = Je,up as required. O

Corollary 5.3. Let (A,d) be a finitely aligned k-graph, let H C A° be saturated
and hereditary, and let B C FE(A\ AH)\ Ey. Then
C*(AN)/Ju,g = C*(A\ AH; (Ex U B)).
Proof. We will show that C*(A)/Ju,g = (C*(A)/Iux)/I(A\ AH)p; the result then
follows from Lemma Let
qu,z 1 C*(A) — C*(A)/Jn,B,

qm : C*(A) — C*(A)/In,

qp : C*(N) /Iy — (C*(A)/In)/I(A\ AH)p
be the quotient maps. It is clear that the kernel of ¢, p is contained in that of
gpoq, giving a canonical homomorphism my of C*(A)/Jg g onto (C*(A)/I)/I(A\
AH)p. On the other hand, since Iy C Jg, B, there is a canonical homomorphism
7o of C*(A)/Ig onto C*(A)/Ju, whose kernel contains I(A\ AH)p by definition.

It follows that my descends to a canonical homomorphism 79 of (C*(A)/Ig)/I(A\
AH)p onto C*(A)/Jy,p which is inverse to 7. O

Definition 5.4. Let (A, d) be a finitely aligned k-graph. For each gauge-invariant
ideal I in C*(A), recall that H; denotes {v € A° : s, € I'}, and define

By = {E € FE(A\AH)\ En; « [[hep(sen, (1(E)) = sey, (Msey, (V) € qm, (1)},
where qg, is the quotient map from C*(A) to C*(A)/Iy,.
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Theorem 5.5. Let (A,d) be a finitely aligned k-graph.

(1) Let I be a gauge-invariant ideal of C*(A). Then Hy C A° is nonempty
saturated and hereditary, Eg, UBy is a satiated subset of FE(A\ AHy), and
I=Jy, -

(2) Let H C A° be nonempty, saturated and hereditary, and let B be a subset of
FE(A\AH)\ &y such that Eg U B is satiated in A\AH. Then Hy, , = H
and By, , = B.

Proof. Theorem 6.1 of [I3] shows that H; is nonempty, and Lemma shows
that it is saturated and hereditary. That &y U By is satiated follows from [I3]
Corollary 4.10].

Let I be a gauge-invariant ideal of C*(A). We have Jg, g, C I by definition, so
there is a canonical homomorphism 7 of C*(A)/Jy, g, onto C*(A)/I. By Corol-
lary B3 this gives us a homomorphism, also denoted 7 of C*(A\ AH;; Ex, U By)
onto C*(A)/I. Since I is gauge-invariant, the gauge action on C*(A) descends to
an action § of T* on C*(A)/I such that 6, o ™ = o, where 7 is the gauge action
on C*(A \ AHyp; (‘:HI @] B[)

Suppose that 7(sg,, up, (v)) is equal to 0 in C*(A)/I. Then s, € I by definition,
so v € Hy. Hence 7(sg, up, (v)) # 0 for all v € (A\ AH;)°.

Now suppose that E € FE(A \ AH/) satisfies

7T(l_[)\EE(Sf:HIUBI (T(E)) - SSHIUBI ()\)SgHIUBI (/\)*)) = OC*(A)/I-

Then either £ € g, , orelse £ € By by the definition of B;. But then [ [, 5 (s,(z)—
sxs) € Ju; B;, so that

11 e, 0B, (r(E)) = se,08: (N sew, 08, (AN)*) = Oc (a\A 1180, uB1)-
ANEE

Hence 7 ( [Thep (e, s (F(E) = ey, 08, (\sen, us, (\))) # 0 for all B € FE(A)\
(SH U B)

By the previous three paragraphs we can apply [I3, Theorem 6.1] to see that =
is faithful, and hence that I = Jy, g, as required.

Now let H C A be saturated and hereditary, and let B be a subset of FE(A \
AH)\ €y such that £y U B is satiated.

We have H C Hy, , and B C By, , by definition. If v € Hj,, ,, then s, € Jy B
and hence its image in C*(A\ AH;Ey U B) is trivial. Tt follows that either v € H
or sgyup(v) = 0. But sg,up(v) # 0 for all v € (A\ AH)? by [13, Theorem 4.3],
giving v € H.

If E € By, , then we have

[T Gsen (@) = s (N)sen (\)) € IIA\AH) 5 € C*(A\ AH; Epr).

AEE
Hence [ [ ¢ p(senuB(v) —se4uB(N)se,un(A)*) is equal to the zero element of C*(A\
AH; Ex)/I(A\AH)p = C*(A\AH;EygUB). Since £y UB is satiated, it follows that
either E € €y or E € B by [I3, Theorem 4.3]. But By, , Ny = () by definition,
and it follows that E' € B as required. (]

Remark 5.6. (1) Given a saturated hereditary H C A°, the ideal Iy (see No-
tation B3) is listed by Theorem B as Jy g.
(2) It seems difficult to establish an analogue of Lemma B8 for arbitrary Ju p.
A good strategy would be to aim to describe I(A\ AH)p = Ju,g/In as
(Morita equivalent to) a k-graph algebra. But this seems difficult even
when B is “singly generated:” i.e. when &y U B is the satiation (see [I3|
Definition 5.1]) of Eg U {E} where E € FE(A\ AH)\ &x.
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6. THE LATTICE ORDER

In this section we describe the lattice ordering of the gauge-invariant ideals of
C*(A) in terms of a lattice order on the pairs (H, B) where H C A is saturated
and hereditary, and B is a subset of FE(A\ AH) \ g such that £y U B is satiated.

Definition 6.1. Let (A, d) be a finitely aligned k-graph. Define
SHXS(A) := {(H,B) : 0 # H C A° H is saturated and hereditary,
B CFE(A\ AH)\ &y and Ex U B is satiated}.

Define a relation < on SHXS(A) by (Hy, By) < (Haz, B2) if and only if
(1) H1 C HQ; and
(2) if E € By and r(E) ¢ Hs, then E'\ EH, belongs to g, U Bs.

Theorem 6.2. Let (A,d) be a finitely aligned k-graph. The map (H,B) — Ju.p
is a lattice isomorphism between (SHXS(A), =) and (I7(A), C) where I7(A) denotes
the collection of gauge-invariant ideals of C*(A).

Proof. TheoremBbDimplies that (H, B) — Jg p is a bijection between SHXS(A) and
I7(C*(A)). Hence, we need only establish that for (Hy, By), (Hz, B2) € SHXS(A),

(61) JH17Bl C JH2732 if and only if (Hl,Bl) = (HQ,BQ).

First suppose that Jg, B, C Ju, B,. Theorem BAshows immediately that Hy C
Hs, so if we can show that F' € By with r(F') € Hy implies F'\ FHs € £y, U Bo, it
will follow that (Hl, Bl) j (HQ, BQ)

Suppose that E = F'\ F'Hs for some F € B; with r(F) ¢ Hy. Suppose further
for contradiction that E ¢ Eu, UBs. Let q; : C*(A) — C*(A)/Ju, B, where i = 1,2
denote the quotient maps; by Corollary B3 we can regard ¢; as a homomorphism
of C*(A) onto C*(A\ AH;;Eh, U B;) for i = 1,2. Since Ju, B, C Ju,, B,, there is
a homomorphism 7 : C*(A\ AH1;El, U B1) — C*(A\ AHg;El, U By) such that
Toqi = qz. Since F € By, we have q1([[\cp(sr(r) — 5xs})) = 0, and hence

62)  ao(Ter (e —5253) = (a1 (Thaer (e = 5253)) ) = 0.

Since s(A\) € Hy implies g2(sxs}) = 0 by definition, we have that
(6.3)

Q2(H)\EF(8T(F) - SAS;)) = H)\EE (55H2U32 (T(E)) — SEn,UB; ()‘)85112 UB; ()‘)*)7

We consider two cases:

Case 1: FE belongs to FE(A\ AH3). Then since E & £, UBs, [13, Corollary 4.10]
ensures that [, p (85H2 UB, (T(E)) = Se,0B,(N)Sen,uB, (A)*) is nonzero.

Case 2: E ¢ FE(A\AH3). Then there exists u € r(E)A\AHy with Ext(u; E) = (;
we then have

HAGE (85H2 UB> (T(E)) — S€m,UB, (/\)85H2 UBs> (/\)*)551{2 UBs> (H)3£H2 UB2 (:u)*
= S8€n,UB; (M)SSHQ UB» (/‘)*

by (TCK3). Since sey,,uB, (1)sem,uB,(11)* # 0 by [I3, Corollary 4.10], it follows
that

H (55H2U32 (r(E)) — SEm,UB: ()‘)55H2UB2 (/\)*)85H2U32 (#)55H2UB2 (1)* #0.
AeE

In either case, [B3) shows that g2 ([]ycr(sr(r) — Sx5})) is nonzero, contradict-
ing (@2)). This establishes the “only if” assertion of (B1).

Now suppose that (Hy,Bi) = (Hz,B2) € SHXS(A). Let v € Hy. Since
(H1, B1) = (Hg, Ba), we have that Hy C Ha, and hence v € Hj giving s, € Ju,,B,
by definition. Now let £ € By. If 7(E) € Ha, then s,(g) € Jg,, B, by definition, and
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hence [[ycp(sr(m) — $25%) = (ILier(Srm) — $x83))Sr(B) € JHs,B,- I 7(E) € Ha,
then since (Hy, By) = (Ha, Ba), we have that E\ EHy € £y, U By. For A € AHo,
we have s)s3 = sx550)8y € JH,,B, and hence g2(sxs}) = 0, so

64) e TTem—s0) =TI (ew0m (r(E)—sew,0m Nsew,um ().
A€E AEE\EH;

Since E'\ EHy € £, U By, and since {sgy,uB,(\) : A € A\ AHa} is a relative

Cuntz-Krieger (A \ AHz; Epy, U By)-family, relation (CK) gives

H)\EE\EHz (85H2UB2 (T(E)) — 5€u,UBs (/\)85H2 UB2 (/\)*) =0.

Hence [[\cp(sr(m) — sa8}) € ker g2 = Ju,, B, by [E4) and Corollary B3
Since all the generating projections of Jy, p, belong to Jg,, p,, it follows that
Juy .8, C Ju,, B,, establishing the “if” assertion of (G1I). O

7. k-GRAPHS IN WHICH ALL IDEALS ARE GAUGE-INVARIANT

In this section we use the Cuntz-Krieger uniqueness theorem of [I3] to show that
for a certain class of k-graphs, the ideals Jg p identified in Section Bl are all the
ideals in C*(A); that is, every ideal in C*(A) is gauge-invariant.

Recall from [[3, Definition 6.2] that if x : Q4 4y — A and y : Qp gy — A
are graph morphisms, then MCE(x,y) is the collection of all graph morphisms
z 1 Qi q(z) — A such that d(z); = maxd(z);,d(y); for 1 < i < k, and such that
Z|Qk,d(z) =z and Z|Qk,d(y) =Y.

Recall also from [I3, Theorem 6.3] that if (A, d) is a finitely aligned k-graph and
£ is a subset of FE(A), then (A, &) is said to satisfy condition (C) if

(1) For all v € A° there exists z € vO(A; £) such that for distinet A, p in Ar(z),
we have MCE(\z, ux) = 0; and

(2) for each F € vFE(A)\&, there is a path x as in (1) such that = € v9(A; )\
FO(A;€E).

Definition 7.1. Let (A,d) be a finitely aligned k-graph. We say that A satisfies
condition (D)) if

(D) (A\ AH,&p) satisfies condition (C) for each saturated, hereditary H c A°.

Theorem 7.2. Let (A,d) be a finitely aligned k-graph which satisfies condition (D).

(1) Let I be an ideal of C*(A). Then Hj is nonempty, saturated and hereditary,
BrU&n, is satiated in A\ AHy, and I = Ju, B,

(2) Let H C A° be nonempty, saturated and hereditary, and let B C FE(A \
AH)\ Ey be such that BUEy is satiated in A\ AH. Then Hy, , = H and
By, ,=B.

Proof. The proof of (1) is the same as the proof of of Theorem BH(1) except that,
since we do not know a priori that I is gauge-invariant, we do not automatically
have an action m on C*(A)/I such that , o m = w0 ,. Consequently, we cannot
apply [I3, Theorem 6.1] to deduce that 7 is faithful; instead, we use our assumption
that (A \ AH, Ex) satisfies condition (C) to apply [I3, Theorem 6.3].

The proof of (2) is identical the to proof of part (2) of Theorem BH O

8. CLASSIFIABILITY

In this section we investigate when C*(A) is a Kirchberg-Phillips algebra. We
show that all relative k-graph algebras C*(A; ) fall into the bootstrap class N of
[T2]. We show that if A satisfies condition (C), then C*(A) is simple if and only if
A is cofinal. Finally, we show that if in addition every vertex of A can be reached
from a loop with an entrance, then C*(A) is purely infinite.
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The main results in this section are generalisations to arbitrary finitely aligned
k-graphs of the corresponding results of Kumjian and Pask for row-finite k-graphs
with no sources in [4].

The author would like to thank D. Gwion Evans for drawing his attention to
the results of [6] which provide the necessary technical machinery for the proof of
Proposition

Proposition 8.1. Let (A,d) be a finitely aligned k-graph and let £ be a subset of
FE(A). Then C*(A;E) is stably isomorphic to a crossed product of an AF' algebra
by Z¥, and hence falls into the bootstrap class N of [12]; in particular, C*(A; ) is
nuclear and satisfies the Universal Coefficient Theorem.

This proposition generalises [d, Theorem 5.5], and the overall strategy of the
proof is the same, but the technical details are more complicated, and draw on [IT]
and [6]. We first need to establish some preliminary lemmas, the first of which
generalises [ Lemma 5.4].

Lemma 8.2. Let (A,d) be a finitely aligned k-graph and let £ C FE(A). Suppose
there is a function b : A° — ZF such that d(\) = b(s(\)) — b(r(X\)) for all X € A.
Then C*(A;E) is AF.

Proof. The proof is based heavily on that of [T, Lemma 3.2].

It suffices to show that for E C A finite, we have that C*({sg(\) : A € E}) is
finite dimensional. Recalling the definition of VE from Notation B4l define a map
M on finite subsets of A by

<1 M(E) :={(A(0,d(A1))A2(n2,d(A2)) .. . Ni(ng, d(Nr)) :
We claim that

(a) M(E) is finite;

(b) ECVE C M(E)

(©) Vaen(m) b(5(N) =V e p bls(w));

(d) A\ p,0,7 € E implies sg(N)sg(u)*sg(0)ss(m)* € span{sg(n)sc(C)* : n,¢ €

M(E)}; and
(e) if M3(E) # M(E), then min{ZfZl b(s(\))i : A € M?(E)\M(E)} is strictly
greater than min{zfz1 b(s(u)); : n € M(E)\ E}.

For (a), note that each path in M(E) can be factorised as aj...aq)qn) where
each a; = p(n,n + ¢;) for some n € N¥, 1 < < k, and p € VE. Moreover,
i <j = b(s(as)) < (b(s()) +d(ay)) < b(s(aj)) = o # ;. Since VE is
finite, the number of possible values for «; is finite, and it follows that M(E) is
finite.

We have E C VE by definition, and VE C M(E) by taking | = 1 in &II),
establishing (b).

For (c), first note that A € M(E) = s(\) = s(u) for some p € VE, so

(8.2) Viemm bsN) £V evp b(s(p).
Next recall from [9, Definition 8.3] that for finite FF C A
MCE(F):={AeA:d(\) = \/ d(p), A0,d(n)) = p for all p € F},
peFr

and that VE = |J{MCE(F) : F C E}. So A € VE = X € MCE(F) for some
subset F' of E. In particular, MCE(F') is nonempty, so we must have F' C vA for
some v € A®. Write n for b(v), and calculate:

b(s(N) =n+V,epd(p) =n+V,epblsp) —n) =V cpbls(p)-
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Hence V¢, 5 b(s(A)) < \/,ueE b(s(p)), so \/)\GM(E) b(s(A)) < \/,ueE b(s(n)) by B2).
The reverse inequality follows from (b), establishing (c).

Claim (d) follows from () and (TCK3). Finally, (e) follows from an argument
identical to the proof of (e) in [II, Lemma 3.2] but with d(\) replaced with b(\)
throughout. This establishes the claim.

It now follows as in [[1, Lemma 3.2] that M>(E) := |J;=, M*(E) is finite
and that span{sg(A)sg(p)* : A\,u € M>(E)} is a finite-dimensional subalgebra
of C*(A; E) containing C*({sg(A) : A € E}). O

Let A x 47" be the skew-product k-graph which is equal, as a set, to A x Z* and
has range, source and degree maps given by r(\,n) := (r(A),n — d(N\)), s(A\,n) :=
(s(A),n), and d(A\,n) := d(\) (see [A Definition 5.1]). For E € £ and n € Z*, let
Exg{n}:={(A\n+d(N\): € E}, and let £ x4Z% := {Ex4{n}: E € &,n € ZF}.

Recall that a coaction § of a group G on a C*-algebra A is an injective unital
homomorphism ¢ : A — A ® C*(G) satistying the cocycle identity (id ®0g) 0§ =
(6 ®id) 0 6. The fized point algebra is the subspace A° := {a € A: (a) = a® e}.
There is a universal crossed product algebra A x ;G associated to the triple (4, G, d),
and this algebra admits a dual action § of G. Crossed product duality says that
AxsG XSG%A(X)EZ(G),

The following lemma generalises [6, Theorem 7.1] to relative k-graph algebras.

Lemma 8.3. Let (A, d) be a finitely aligned k-graph, and let £ be a subset of FE(A).
Then
(1) € xqZF is a subset of FE(A x4 ZF);
(2) C*(A xqZF; & x4 7F) is AF;
(3) there is a unique coaction § of ZF on C*(A; E) such that 5(sg(N)) = s¢(\)®
d(X) for all X € A; and
(4) the crossed product algebra C* (A; €) x sZF is isomorphic to C*(Ax 4ZF; € x 4
7F).

Proof. For part (1), fix Exg{n} € &x4ZF, and suppose that r(\,m) = r(E x4{n}).
Then m = n+d(A) and r(A) = r(E). Since E € FE(A), there exists o € Ext(\; E).
It is straightforward to check that (a,m + d(a)) € Ext((A,m); E xq {n}). Since
(A, m) was arbitrary, it follows that E x4 {n} € FE(A x4 Z*), and since E x4 {n}
was itself arbitrary in £ x4 Z*, this establishes (1).

For (2), define b : (A x4 ZF)° — ZF by b(A\,n) := n. Then the pair (A x4 Z*, b)
satisfies the hypotheses of Lemma B2, so C*(A x4 ZF; € x4 ZF) is AF.

Parts (3) and (4) now follow exactly as (i) and (ii) of 6, Theorem 7.1]. O

Proof of Proposition 8l We have that C*(A; &) x5 ZF = C*(A xq ZF; € x4 ZF) is
AF. But crossed product duality gives C*(A; €) ® (2(Z%) = C*(A; E) x5 ZF x5 Z*,
so C*(A; ) is stably isomorphic to a crossed product of an AF algebra by Z*. O

Our simplicity result is a direct generalisation of [, Proposition 4.8], though our
proof is based on that of [T, Proposition 5.1].

Definition 8.4. Let (A,d) be a finitely aligned k-graph. We say that A is cofinal
if for all v € A and x € dA, there exists n < d(z) such that vAx(n) # 0.

Proposition 8.5. Let (A,d) be a finitely aligned k-graph, and suppose that A sat-
isfies condition (C). Then C*(A) is simple if and only if A is cofinal.

Proof. First suppose that A is cofinal, and suppose that I is an ideal in C*(A). If
sy € I for all v € A% then I = C*(A) by (TCK2). Suppose that v € A® with
sy & I. We must show that Hy is empty, for if so then [I3, Theorem 6.3] shows
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that I is trivial. Since Hj is saturated, we have that

(8.3) ifv' € Hy and E € vFE(A), then there exists A € F such that s(\) € Hy.
To prove the proposition, we first establish the following claim:

Claim 8.6. There exists a path x € O\ such that x(n) & H; for all n < d(z).

Proof of Claim[84 The proof of the claim is very similar to the proof of [I3|
Lemma 4.7(1)], but with minor technical changes needed to establish that we can
obtain z(n) ¢ Hy for all n. Consequently, we give a proof sketch with frequent
references to the proof in [T3].

As in the proof of [[3, Lemma 4.7(1)], let P : N> — N be the position function
associated to the diagonal listing of N2:

P(0,0)=0, P(0,1)=1, P(1,0)=2, P(0,2)=3, P(1,1)=4,

For I € N, let (i, j;) be the unique element of N? such that P(ij,j;) = I.

We will show by induction that there exists a sequence {\; : I > 0} C vA and

enumerations {E; ; : j > 0} of s(\;) FE(A) for all [ > 0 such that
(i) s(A\) & Hy for all [
(il) Ai4+1(0,d(N)) = A for all I > 1; and

(111) /\l+1(d()\1’l)7 d(/\l—i-l)) S Eil,jLA for all I > 0.

As in the proof of [I3], Lemma 4.7(1)], we proceed by induction on /; for I = 0 we take
Ao :=v and fix {Ey ; : j > 0} to be any enumeration of {E € FE(A) : r(E) = v}.
These satisty (i) by definition of Hj, and trivially satisfy (ii) and (iii).

Now as an inductive hypothesis, suppose that [ > 0 and that A;,...,\; and
{E1;:j>1},....,{E;; : j > 1} have been chosen and satisfy (i)-(iii). Just as in
the proof of I3, Lemma 4.7(1)], we have that [ > ¢; so that E;, j, has already been
defined. If \(d(Xi,,,,d(N))) € Ei, ., already, then I > 0 because £ € FE(A)
implies ENA® = 0, so A1 := N and Ej4q; := Eyp; for all j satisfy (i)-(iii) by
the inductive hypothesis. On the other hand, if \;(d(X;,.,,d(N))) € Ei., j,..,, then
E = Ext (A(d(Xijy1,d(N))); Biyyyina) € FE(A) by [0, Lemma C.5]. By (B3),
there exists v;41 € F such that s(v) € H;. But now A1 := N4 satisfies (i)
by choice of v;41, and taking {Ej11,; : 7 > 1} to be any enumeration of {E €
FE(A) : r(E) = s(vi41)} we have (ii) and (iii) satisfied just as in the proof of [I3]
Lemma 4.7(1)].

The remainder of the proof of [I3, Lemma 4.7(1)] shows that x(0,d()\;)) := A
for all | defines an element of vOA, and since H is hereditary, condition (i) shows
that xz(n) ¢ Hy for all n < d(z). O Claim

Now fix w € A%, Let € vdA with z(n) ¢ Hy for all n as in Claim Since
A is cofinal, there exists n < d(z) such that wAxz(n) # 0. Since z(n) ¢ H; by
construction of z, and since H; is hereditary, it follows that w ¢ H;. Consequently
H; = () as required.

Now suppose that C*(A) is simple. Let z € A, and let

H, :={w € A" : wAz(n) = 0 for all n}.

It is clear that H, is hereditary. We claim that H, is saturated: suppose that E €
vFE(A) with s(E) € H,, and suppose for contradiction that A € vAz(n). If A = pu’
for p € FE, then u' € s(u)Az(n), contradicting s(u) € H,. On the other hand, if
A ¢ EA, then Ext(\; E) is exhaustive by [I3, Lemma 2.3]. Since z € 9(A;E), it
follows that z(n,n + d(a)) = « for some o € Ext(\; E); say (o, 8) € A™R() p)
where o € E. Then § € s(u)Axz(n + d(«)), again contradicting s(p) € Hy. This
proves our claim.
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Now H, # A° because, in particular, 7(x) ¢ H,. It follows that if H, is
nonempty then it corresponds to a nontrivial ideal Iy, which is impossible since
C*(A) is simple by assumption. Hence A is cofinal as required. O

Definition 8.7. Let (A, d) be a finitely aligned k-graph. We say that a path pu € A
is a loop with an entrance if s(u) = r(u) and there exists o € s(u)A such that
d(p) > d(a) and p(0,d(a)) # . We say that a vertex v € AY can be reached from
a loop with an entrance if there exists a loop with an entrance p € A such that

vAs(p1) # 0.

The following proposition rectifies a slight error in [d, Proposition 4.9], specif-
ically in the argument that G, is locally contracting. Our condition that every
vertex can be reached from a loop with an entrance is slightly than that in ] that
every vertex can be reached from a nontrivial loop, and this stronger condition is
needed to make both our argument and that of [4] run.

Proposition 8.8. Let (A, d) be a finitely aligned k-graph, and suppose that A satis-
fies condition (C). Suppose also that every v € A° can be reached from a loop with an
entrance. Then every nontrivial hereditary subalgebra of C*(A) contains an infinite
projection. In particular, if A is also cofinal, then C*(A) is purely infinite.

The proof of Proposition B is based heavily on the proof of [I, Proposition 5.3].
First we need to recall some definitions and establish some technical results and
notation. Definitions and and the proof of Lemma are based almost
entirely on the definitions and techniques used in [I1] from [I1), Notation 3.12] to
the proof of [I1l, Proposition 3.13]. We present them seperately here because the
conclusion of Lemma is not stated explicitly in [I1].

Definition 8.9. Let (A,d) be a finitely aligned k-graph, and let £ C A be finite.
As in [T, Notation 3.12], for all n and v such that (ILE)v N A™ is nonempty, we
write TUE (n,v) for the set {v € vA \ {v} : \v € IIE for some \ € (IIE)v N A"}.
By the properties of IIE, the set T'(A) := {v € s(A)A\ {s(N)} : v € IIE} is
equal to T'¥(n,v) for all A\ € (ILE)v N A™ [I1, Remark 3.4]. If, in addition to
(IIE)v N A™ # (), we have T (n,v) ¢ FE(A), we fix, once and for all, an element
EME (n,v) of vA such that Ext(¢" (n,v); T"E (n,v)) = (), and for A € (ILE)v N A",
we define &y := £"F(n, v).

Notice that if A\, p € IIE satisfy s(A\) = s(p) and d(X) = d(u), then we also have
T(A) = T(n) and & = &,

Definition 8.10. Let (A, d) be a finitely aligned k-graph, let E C A be finite, and
let {tx : A € A} be a Cuntz-Krieger A-family. For each n,v such that (ILE)v N A™
is nonempty and 77 (n, v) is not exhaustive, we define

Pavi= Y sasie, € CUA).
AE(IIE)vNAT

Notation 8.11. Let (A, d) be a finitely aligned k-graph. We write ® for the linear
map from C*(A) to C*(A)” determined by ®(a) := [;7:(a)dz. We have that ® is
positive and is faithful on positive elements.

Lemma 8.12. Let (A,d) be a finitely aligned k-graph, let E C A be finite, and let
a = Z)\’NenE axus\s;, with a #0. Forn € N* and v € A° such that (ILE)v N A"

is nonempty and TWE (n,v) is not exhaustive, let
Fup(n,v) :=Span{sie, sie, : A, p € (IIE)v N A"}

Then for all n,v such that (ILE)v N A™ is nonempty and T (n,v) is not ezhaus-
tive, we have that P, ,®(a) € Fug(n,v). Furthermore, there exist ng,vy such
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that (ILE)vg N A™ is nonempty and T (ng,vo) is not exhaustive, and such that
[ Pno,00 (@) || = [[@(a)]-
Proof. By [IT], Lemma 3.15], we have that each sx¢, s}, < Q(s )IE where Q(s)}1F

is defined by ([3). Since the Q(s){'F are mutually orthogonal projections, it follows
that sxe, sie, Q(8)17 = Ox usxes 83e, - Hence, for (A, p) € TIE x g s I1E, we have

(8.4) Pn,v@(s)liﬁ =P, ,Q(s VE SAS = SAExSagy SAS = SAEL Spey s
and hence P, ,®(a) € Fug(n,v). Moreover, taking adjoints in (&), shows that
each P, , commutes with each ©(s)}'%.

By definition of the ©(s)Z, and by [I3, Corollary 4.10], we have that ©(s)}%
is nonzero if and only if T'()\) is not exhaustive. Moreover, since the Q(s)}I¥ are
mutually orthogonal and dominate the s)¢, s}, , we have that the latter are also

mutually orthogonal. It follows from this and from (&2l that

b > P,.wb
(ILE)vnA" £0
TUE (n,0)gFE(A)
is an injective homomorphism of span{@ ()7 : A\, u € TIE x4 s[IE}. Since injective
C*-homomorphisms are isometric, it follows that || Y- P, ®(a)| = [|[®(a)|.

Since the P, , are mutually orthogonal and commute with ®(a), there therefore
exists a vertex vy and a degree ng such that ||®(a)|| = || Prgy,vu,P(a)]. Clearly for
this ng,vo we must have (ILE)vg N A™ nonempty and 7'(\) non-exhaustive for
A € (IIE)vy N A™, for otherwise we have P, ., = 0 contradicting a # 0. O

Lemma 8.13. Let (A, d) be a finitely aligned k-graph, and suppose that every v €
A° can be reached from a loop with an entrance. Then for eachv € A°, the projection
s, 1s infinite, and hence for each A € A, the range projection sysy is also infinite.

Proof. Fix v € A% and let u be a loop with an entrance such that vAs(u) is
nonempty. Fix A € vAs(u), and fix o € s(u)A such that d(a) < d(p) and
1(0,d(a)) # a. We have s, > sxsy ~ S3sa = ss(#), so it suffices to show that
Ss(u) is infinite. But (TCK3) ensures that s,s)sas;, = 0, and it follows that
Ss(p) = SpuSu ™~ SuSy, < Ss(u) — SaSs < Ss(n):

For the last statement, notice that s,(y) is infinite by the previous paragraph,
and 5,83 ~ 8351 = S5())- [l

Lemma 8.14 ([1, Lemma 5.4]). Let E C A", let w € s(E), and let t be a positive
element of Fp(w) := span{sxsy, : A\, € Ew}. Then there is a projection r in
C*(t) C Fe(w) such that rtr = ||t||r.

Proof. The proof is formally identical to that of [I, Lemma 5.4] O

Proof of Proposition B8 Our proof follows that of [1l, Proposition 5.3] very closely.
Fix a nontrivial hereditary subalgebra A of C*(A), and a positive element a € A
such that ®(a) € C*(A)? satisfies |®(a)|| = 1. Let b=}y ,cpbausrs;, be a finite
linear combination such that b > 0 and |ja — b|| < ; this is always possible because
span{sysy, : A, t € A} is a dense *-subalgebra of C*( ). Let by := ®(b). Since ® is

norm-decreasing and linear, we have
1= [lboll = [I2(a)]| = [@®)| < [[®(a—0)]| < [la— bl < i’

and hence ||bg|| > 2. Furthermore, by > 0 because ® is positive. Applying
Lemma BT we obtain a projection P, ., such that by := P, ,bo satisfies
b1 € Fur(no,vo) and ||b1|| = ||bo||, where (ILE)voNA™ is nonempty and T (ng, vg)

is not exhaustive. Notice that by > 0. By Lemma BI4 there exists a projection r €
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C*(by) with b1 = ||b1]|r; note that 7 is clearly nonzero. Let vy := s(£¥(ng, vp)),
and let S := {A\& : A € (IIE)vg NA™}.

Since b1 € span{sysj, : A\, u € S}, which is a matrix algebra indexed by S, we
can express r as a finite sum 7 =}, o7 usasy, and the S x S matrix (ry,) is
a projection.

Since (A, d) satisfies condition (C), there exists © € v10A such that for A\, u €
Ar(z) with A # p, we have MCE(A\z, uz) = 0. By |13, Lemma 6.4], for distinct
A, i € S, there exists nf , such that A™"(A\z(0,n5 ), pz(0,n% ,)) = 0. Let

M :=V{ng , : A p €SN+ u},
and let xps := x(0, M). Let ¢ := Z/\’Nes TA SNz Ar Sy - SinCE the matrix (rapu)isa
nonzero projection in Ms(C), we know that g is a nonzero projection in Fn, 4 d(zy),
and since sy, sy, is a subprojection of s,,, we have ¢ < 7. Using the defining
property of xps as in the proof of [I3, Lemma 6.7], we have that ¢P,, 4,09 =
q P 00000 = qbig. Now g < P, 4, by definition so our choice of r gives

3
gbg = gb1g = qrbirg = ||ballrg = [lbollg = 7.
Since ||a —b|| < %, we have gaq > gbq — %q > %q — iq = %q, and it follows that gaq
is invertible in gC*(A)q. Write ¢ for the inverse of gag in ¢C*(A)g, and let

t:= cl/2qa1/2.

Then t*t = a'/?qcqa'/? < ||c||a, so t*t € A because A is hereditary.
We now need only show that ¢*¢ is an infinite projection. But

't ~ tt* = M ?qage’? = 1oea)g = 4,

so it suffices to show that ¢ is infinite. By choice of ng, vy, there exists ¢ € S. By
Lemma BT3 s, s},,, is infinite. But sy4,,s;,,, is a minimal projection in the
finite-dimensional C*-algebra span{sgs,,s;,,, : 0,7 € S}, which contains ¢. Since
q # 0, Sou, S5, 18 equivalent to a subprojection of ¢, so ¢ is infinite. O

Corollary 8.15. Let (A,d) be a finitely aligned k-graph. Suppose that A satisfies
condition (C) and is cofinal, and that every v € A° can be reached from a loop with
an entrance. Then C*(A) is determined up to isomorphism by its K-theory.

Proof. We have that C*(A) is nuclear and satisfies UCT by Proposition Bl is
simple by Proposition B, and is purely infinite by Proposition B8 The result then
follows from the Kirchberg-Phillips classification theorem [, Theorem 4.2.4]. O

REFERENCES

[1] T. Bates, D. Pask, I. Raeburn, and W. Szymarniski, The C*-algebras of row-finite graphs,
New York J. Math. 6 (2000), 307-324.

[2] T. Bates, J. Hong, I. Racburn, and W. Szymairiski, The ideal structure of the C*-algebras of
infinite graphs, Illinois J. Math. 46 (2002), 1159-1176.

[3] J. H. Hong and W. Szymariski, The primitive ideal space of the C*-algebras of infinite graphs,
J. Math. Soc. Japan 56 (2004), 45-64.

[4] A. Kumjian and D. Pask, Higher rank graph C*-algebras, New York J. Math. 6 (2000), 1-20.

(5] A. Kumjian, D. Pask, and I. Raeburn, Cuntz-Krieger algebras of directed graphs, Pacific J.
Math 184 (1998), 161-174.

[6] D. Pask, J.C. Quigg, and I. Raeburn, Coverings of k-graphs, preprint, 2004 [arXiv:math.OA/
0401017].

[7] N.C. Phillips, A classification theorem for nuclear purely infinite simple C*-algebras, Docu-
menta Math. 5 (2000), 49-114.

[8] J.C. Quigg, Discrete coactions and C*-algebraic bundles, J. Austral. Math. Soc (Series A)
60 (1996), 204-221.

[9] 1. Raeburn and A. Sims, Product systems of graphs and the Toeplitz algebras of higher-rank
graphs, J. Operator Th., to appear [arXivimath.OA /0305371].


http://arxiv.org/abs/math/0305371

IDEALS IN k-GRAPH ALGEBRAS 19

[10] I. Raeburn, A. Sims and T. Yeend Higher-rank graphs and their C*-algebras, Proc. Edinb.
Math. Soc. 46 (2003), 99-115.

[11] I. Raeburn, A. Sims and T. Yeend The C*-algebras of finitely aligned higher-rank graphs, J.
Funct. Anal. 213 (2004), 206—240.

[12] J. Rosenberg and C. Schochet, The Kiinneth theorem and the universal coefficient theorem
for Kasparov’s generalised K -functor, Duke Math. J. 55 (1987), 431-474.

[13] A. Sims, Relative Cuntz-Krieger algebras of finitely aligned higher-rank graphs, Indiana U.
Math. J., to appear [arXivimath.OA/0312152].

[14] W. Szymanski, Simplicity of Cuntz-Krieger algebras of infinite matrices, Pac. J. Math. 199
(2001), 249-256.

SCHOOL OF MATHEMATICAL AND PHYSICAL SCIENCES, UNIVERSITY OF NEWCASTLE, CALLAGHAN,
NSW 2308, AUSTRALIA
E-mail address: Aidan.Sims@newcastle.edu.au


http://arxiv.org/abs/math/0312152

	1. Introduction
	2. Higher-rank graphs and their representations
	3. Hereditary subsets and associated ideals
	4. Quotients of C*() by IH
	5. Gauge-invariant ideals in C*()
	6. The lattice order
	7. k-graphs in which all ideals are gauge-invariant
	8. Classifiability
	References

