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RELATIVE CUNTZ-KRIEGER ALGEBRAS OF FINITELY
ALIGNED HIGHER-RANK GRAPHS

AIDAN SIMS

ABSTRACT. We define the relative Cuntz-Krieger algebras associated to finitely
aligned higher-rank graphs. We prove versions of the gauge-invariant unique-
ness theorem and the Cuntz-Krieger uniqueness theorem for relative Cuntz-
Krieger algebras.

1. INTRODUCTION

Cuntz-Krieger algebras associated to directed graphs and their analogues have
been of significant interest recently, due in large part to the explicit relationship
between the loop-structure of a graph and the ideal structure of its Cuntz-Krieger
algebra.

A directed graph E consists of a collection E? of vertices, a collection E! of
edges joining the vertices, and maps r,s : B! — E° which indicate the ranges
and sources of the edges. The Cuntz-Krieger algebra of F, denoted C*(E), is the
universal algebra generated by mutually orthogonal projections {p, : v € E°} and
by partial isometries {s. : e € E'} with mutually orthogonal range projections
such that for e € E', we have s}s. = py(e) and such that whenever v € E° satisfies

0 < [r~!(v)] < oo, we have
Sy = Z SeSh.

ecr—1(v)

The universal property of C*(E) ensures that it carries a strongly continuous
gauge action y of T* satisfying 7. (p,) = p, and 7, (se) = z - s, for all e € E' and
v € E°. The gauge-invariant ideal structure of C*(E) was studied in [2]. Here Bates
et al. identified the saturated, hereditary subsets H of E°, and showed that a large
class of gauge-invariant ideals in C*(E) correspond to subgraphs r—*(H) C E where
H is saturated and hereditary; the ideal associated to r~!(H) is denoted I, and
contains the Cunz-Krieger algebra C*(r~!(H)) as a full corner. Ideally, the quotient
C*(E) /Iy would be isomorphic to the Cuntz-Krieger algebra C*(s~1(E® \ H)) of
the complementary subgraph. In fact, to realise C*(F)/Ig as a Cuntz-Krieger
algebra, one needs to append sources (that is, vertices v such that =1 (v) is empty)
to s7H(EY \ H) to obtain what is referred to in [2] as the quotient graph E/H.
Using the uniqueness theorems for Cuntz-Krieger algebras, Bates et al. show that
C*(E)/Iy is canonically isomorphic to the Cuntz-Krieger algebra C*(E/H) [2,
Proposition 3.4], and thereby identify the remainder of the gauge-invariant ideals
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in C*(E) [2 Theorem 3.6]. They also produce a condition on F under which all
ideals of C*(FE) are gauge-invariant [2, Corollary 3.8].

In recent work [, Section 3], Muhly and Tomforde study the relative graph alge-
bras C*(E, V) of directed graphs F using a construction which once again involved
appending sources to E, and show that the Cuntz-Krieger algebra C*(E/H) of the
quotient graph is canonically isomorphic to a relative graph algebra associated to
sTYEY\ H).

For higher-rank graphs, the situation is more complicated. A higher-rank graph
A can be thought of as a graph in which the paths have a shape or degree in N¥
rather than a length in N. Associated to each higher-rank graph A there is a C*-
algebra C*(A) generated by partial isometries associated to paths in A and carrying
a strongly continuous gauge action v of T*. The decompositions of a path in A
must be in bijective correspondence with the decompositions of its degree in N¥;
this is called the factorisation property. The factorisation property poses significant
complications for an analysis of the gauge-invariant ideals of C*(A) using methods
like those of [2]. The point is that it is not clear how to generalise the quotient
graph construction from [2] to the higher-rank setting: because of the factorisation
property, the addition of a source locally will have global effects on the higher-rank
graph, so it is unclear how to reconcile multiple such operations.

In this paper we analyse the relative Cuntz-Krieger algebras associated to higher-
rank graphs A with a view to studying the gauge-invariant ideal structure of C*(A).
Since the analysis of relative graph algebras in [6] involves appending sources to
graphs, we would face the same difficulties in generalising it to the higher-rank set-
ting as we would face in generalising the quotient graph construction of [2]. Instead,
we study the relative Cuntz-Krieger algebras of finitely aligned higher-rank graphs
by regarding them as universal objects generated by families of partial isometries.
Our main objective is to establish versions of the gauge-invariant uniqueness theo-
rem and the Cuntz-Krieger uniqueness theorem for relative Cuntz-Krieger algebras
associated to higher-rank graphs, and we achieve these aims in Theorem and
Theorem The motivation for this is that the rdles played by C*(E/H) and
the usual uniqueness theorems for graph algebras in [2] will be filled by a relative
Cuntz-Krieger algebra associated to s 71(A\ H) and the uniqueness theorems The-
orem and Theorem in an analysis of the gauge-invariant ideal structure of
C*(A) for a finitely aligned k-graph A.

In Section Bl we given the definition of a k-graph and establish the notation
we will need in later sections. In Section Bl we associate a relative Cuntz-Krieger
algebra C*(A; €) to each pair A, £ where A is a finitely aligned k-graph, and € is a
collection of finite exhaustive subsets of A. We establish the existence of the core
subalgebra C*(A; &)Y which is the fixed-point algebra for the gauge action, and
adapt the methods of [9 Section 3] to show that C*(A;E€)" is AF. In Section H
we say what it means for a collection £ of finite exhaustive sets to be satiated, and
for such £ we use the description of C*(A; &) obtained in Section Bl to establish
elementary conditions on a relative Cuntz-Krieger (A;&)-family under which it
determines an injective homomorphism of C*(A; &)Y, In Section Bl we show how
to produce from an arbitrary collection £ of finite exhaustive sets an enveloping
collection £ such that £ is satiated and C*(A;E) = C*(A;E). In Section Bl we
prove versions of the gauge-invariant and Cuntz-Krieger uniqueness theorems for
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C*(A; &) when & is satiated; the results of Section H show how to apply these
theorems to C*(A; ) when & is not satiated.

2. HIGHER-RANK GRAPHS

We regard N* as an additive semigroup with identity 0. For m,n € N*, we
write m V n for their coordinate-wise maximum and m An for their coordinate-wise
minimum.

Definition 2.1. Let k € N\ {0}. A graph of rank k, or k-graph, is a pair (A, d)
where A is a countable category and d is a functor from A to N*¥ which satisfies the
factorisation property: For all A € Mor(A) and all m,n € N¥ such that d(\) = m+n,
there exist unique morphisms p and v in Mor(A) such that d(u) = m, d(v) = n
and A = uv.

Since we are regarding k-graphs as generalised graphs, we refer to elements of
Mor(A) as paths and to elements of Obj(A) as vertices and we write r and s for
the codomain and domain maps.

The factorisation property allows us to identify Obj(A) with {A € Mor(A) :
d(A) = 0}. So we write A € A in place of A € Mor(A), and when d(\) = 0, we
regard A as a vertex of A.

Given A € A and E C A, we define \E := {A\u : p € E,r(n) = s(A\)} and
EX:={ur:pe€ E,s(u) =r(N)}. In particular if d(v) = 0, then v is a vertex of A
and vE = {\ € E : r(\) = v}; similarly, Ev = {\ € A : s(\) = v}. We write

A" :={AeA:d(\) =n}.

The factorisation property ensures that if [ < m < n € N¥ and if d()\) = n, then
there exist unique paths denoted A(0,1), A(l, m) and A\(m,n) such that d(A(0,1)) =1,
d(A(l,m)) = m—1, and d(A(m,n)) = n—m and such that A = A(0,1)A(l, m)A(m,n).

Given k € N\ {0}, and k-graphs (A1, dq) and (Ag,ds), we call a covariant functor
x: Ay — As a graph morphism if it satisfies do oz = d;.

Definition 2.2. Let (A,d) be a k-graph. Given u,v € A, we say that \ is a
minimal common extension of p and v if d(A\) = d(p) VvV d(v), A0,d(p)) = p, and
A(0,d(v)) = v. We denote the collection of all minimal common extensions of p
and v by MCE(u, v). We write A™%(u, ) for the collection

A™ (g v) = {(a, B) € A X A : pav = v € MCE (1, )}
If EC A and pu € A, then we write Ext(u; E) for the set
Ext(u; E) == {a € s(u)A : (a, ) € A™"(p, v) for some v € E}

of extensions of  with respect to E. We say that A is finitely aligned if MCE(y, v)
is finite (possibly empty) for all u, v € A.

Let v € A and E C vA. We say that E is ezhaustive if Ext(\; E) is nonempty
for all A € vA.

Lemma 2.3. Let (A, d) be a finitely aligned k-graph, let v € A°, let E C vA be
finite and exhausitve, and let pu € vA. Then Ext(u; E) is a finite exhaustive subset
of s(u)A. Moreover p € EA if and only if s(u) € Ext(u; E).

Proof. Let E' := Ext(u; E). Since E is finite and A is finitely aligned we know that
E’ is finite, and E’ C s(u)A by definition, so we need only check that E’ is exhaus-
tive. Let o € s(u)A. Since E is exhaustive, there exists A € E with A™*(\, uo) # 0,
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say (a, 3) € A™P(\ uo). So Aa = puoB. Setting 7 := (uoB)(d(u), d(\) V d(u)), we
have 7 € Ext(u; {\}) C E’ by the factorisation property, and puo3 = ur7’ for some
7'. But then the factorisation property gives o8 = 77/, so (¢3)(0,d(0) V d(7)) €
MCE(o, 7). Since o € s(u)A was arbitrary, it follows that E’ is exhaustive. The
last statement of the lemma follows from the factorisation property. O

3. RELATIVE CUNTZ-KRIEGER ALGEBRAS

Notation 3.1. Let (A, d) be a finitely aligned k-graph. We define
FE(A) := U,epo{E CvA\ {v}: E is finite and exhaustive}.
For E € FE(A) we write r(E) for the vertex v € A? such that E C vA.

Definition 3.2. Let (A,d) be a finitely aligned k-graph, and let £ be a subset of
FE(A). A relative Cuntz-Krieger (A; €)-family is a collection {ty : A € A} of partial
isometries in a C*-algebra satisfying

(TCK1) {t, :v € A%} is a collection of mutually orthogonal projections;
(TCK2) tat, = tr, whenever s(A\) = r(p);
(TCK3) t3tu = 3 (a,p)enmin(r,p) tatf for all A, € A; and

( ) HXEE( r(E) — t)\tﬁ):OfOI‘ all E € &.

Remark 3.3. Relation (CK) is well-defined because (TCK3) ensures that the pro-
jections {txt} : A € A} pairwise commute. Note also that (TCK3) together with
the C*-identity show that t, # 0 for all v € A? if and only if £y # 0 for all A € A.

For each finitely aligned k-graph A, and each subset £ of FE(A) there exists a
C*-algebra C*(A; &) generated by a relative Cuntz-Krieger (A; £)-family {sg()\) :
A € A} which is universal in the sense that if {¢y : A € A} is a relative Cuntz-
Krieger (A; £)-family in a C*-algebra B, then there exists a unique homomorphism
7t C*(A;c‘,’) — B such that 7¢ (sg()\)) =t for all A € A.

For z = (21,.. ,2zk) € TF and n = (n1,...,nk) € NF, we write 2™ for the
product ]_[Z 12" € T. The universal property of C*(A;E) guarantees that there
exists a strongly continuous gauge action v of TF on C*(A; £) such that 7, (sg(\)) =
29N sg(N) forall A € A. Averaging over this gauge action gives a faithful conditional
expectation @ from C*(A; &) to the fixed point algebra

C*(As€)" = span{se(N)se (1)" : d(V) = d()}.

We refer to C*(A;E)7 as the core of C*(A;E). The remainder of this section is
devoted to showing that C*(A;E€)7 is AF. This material is adapted directly from
[9, Section 3].

Recall from [9] that for a finitely aligned k-graph (A, d) and a finite subset E C A,
the set IIE is the smallest subset of A such that E C IIE and such that

(3.1) X p,0 € G with d(X) = d(p) and s(\) = s(p) implies AExt(u; {c}) C G.

We write ITE x g ¢ IIE for the set {(\, ) € IIE X IIE : d(A) = d(p), s(A) = s(u)}.

Lemma 3.2 of 9] shows that IIE is finite, that if A\, u € IIE x4 4 IIE, then for
v € s(A)A, we have \v € TIFE if and only if yv € IIE, and that if A\, u € IIF and
(o, ) € AM (X, 1), then e € TIE.
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Definition 3.4. Let (A,d) be a finitely aligned k-graph, let E C A be finite, let
E C FE(A) and let {ty : A € A} be a relative Cuntz-Krieger (A; E)-family. We
define

My := span{txt, : (A, u) € IE x4, IE}.
For A\, p € IIE x4, IIE, we define

(3.2) O(L)NE = t,\( I t,,t;;))t;;.
MeIlE\{\}

It is straightforward to check that Lemmas 3.2 and 3.11 and Proposition 3.9 of [9]
apply to any family of partial isometries satisfying (TCK1)—(TCK3); for details see
[0, Chapter 3]. Hence each M} is a finite-dimensional C*-algebra [9, Lemma 3.2].
Moreover, for all (A, u), (0,7) € IIE x4, IIE, we have

(33) OMN5)" =6Mmik and OMNIOM®)TY = 5.,,01)N7
by [9, Proposition 3.9], and for A, u € IIE x4, IIE, we have
(34) t)\ttb = Z)\VGHE G(t)glf,uu

by [9, Lemma 3.11].
We can now show that the core is AF, and give a condition under which a
representation of C*(A; &) is faithful on the core.

Proposition 3.5. Let (A,d) be a finitely aligned k-graph, and let £ be a subset
of FE(A). Then C*(A; €)Y is an AF algebra. If {tx : A € A} is a relative Cuntz-
Krieger (A; €)-family, then wf is injective on C*(A;E) if and only if @)L is
i
Proof. We have C*(A; €)Y = Ugca ginite Miizs 50 C*(A; €)Y is an AF algebra. If
E is a finite subset of A, then B3] shows that {@(Sg)gfﬁ (A p) € IIE xgq56

IE, @(Sg)glﬁ # 0} is a collection of nonzero matrix units, and (B4 shows that these

. . sSe . HE . HE .
matrix units span Mp7. So if ©(t)y; is nonzero whenever ©(s¢)y ; is nonzero,

then mf is injective on each M}, and hence on C*(A; €)Y by [Il Lemma 1.3]. O

nonzero whenever O(sg)y” is nonzero.

4. NONZERO MATRIX UNITS AND THE £-COMPATIBLE BOUNDARY PATH
REPRESENTATION

In this section, we identify the satiated subsets of FE(A), and when & is satiated,
we characterise the @(85)1;5 which are nonzero in C*(A; ).

Definition 4.1. Let (A, d) be a finitely aligned k-graph. We say that a subset
E C FE(A) is satiated if it satisfies
(S1) If G € £ and E € FE(A) with G C E then E € £.
(S2) If G € € with r(G) = v and if 4 € vA\ GA, then Ext(u; G) € €.
(S3) If G € € and 0 < ny < d() for each A € G, then {A\(0,n)) : A € G} € £.
(84) If G € €, G’ C G, and G € € with r(G)) = s(\) for each X\ € G’, then
(G\NG) U (Ureer AGY)) € €.

The remainder of this section is devoted to proving the following theorem.

Theorem 4.2. Let (A, d) be a finitely aligned k-graph, and suppose that £ C FE(A)
is satiated. Let {tx : A € A} be a relative Cuntz-Krieger (A; E)-family. The homo-
morphism ¢ is injective on C*(A; €)Y if and only if
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(1) t, #0 for all v € A%, and
(2) HAGF(tr(F) — t)\ti) 75 0 for all F € FE(A) \ E.

To prove Theorem EE2 we construct a representation of C*(A;E) which satisfies
conditions (1) and (2). As usual, we obtain this representation by definining an
appropriate boundary-path space.

Recall from [8] that for & € N and m € (NU{oc})¥, the k-graph €y ., has vertices
{n € N* : n < m}, morphisms {(n1,n2) : n1,n2 € N¥ n; < ny < m}, degree map
d((n1,n2)) = na—ny and range and source maps r((n1,n2)) = n1, s((n1,n2)) = na.

Definition 4.3. Let (A, d) be a finitely aligned k-graph, and let € C FE(A) be
satiated. We say that a graph morphism z : Qj ,,, — A is an £-compatible boundary
path of A if for every n € N¥ such that n < m, and every E € & such that
r(E) = z(n), there exists A € E such that z(n,n + d()\)) = A\. We denote the
collection of all £-compatible boundary paths of A by 9(A;E). We write d(z) for
m and r(x) for 2(0).

If © € O(A;€) and A € Ar(x) then there is a unique graph morphism Az :
Qi d(\)+d(z) — A such that (Az)(0,d(X)) = A and (Az)(d(X),n+d()\)) = x(0,n) for
all n < d(z). Likewise, if n € N*¥ with n < d(z), there is a unique graph morphism
x|fl,(z) : Q. d(z)—n — A such that :v|fl1(m)(0,m) = z(n,n+m) whenever n+m < d(z).
These two constructions are inverse to each other in the sense that

1) Q)50 =2 = (2(0,n)) (2]))  for all A € Ar(z) and all n < d(z).

Lemma 4.4. Let (A, d) be a finitely aligned k-graph, and let £ C FE(A) be satiated.
Let z € O(A;€). If n € NF with n < d(x), then $|Z(m) € O(N;E), and if X € Ar(x),
then \x € O(A; E).

Proof. For the first statement, just note that each vertex on :C|i<m) is also a vertex on
x. For the second statement, suppose n € N¥ with n < d(\z), and suppose E € &

with r(E) = (Az)(n). Let X = (Az)(n,n VvV d()\)), and let 2’ = x|?7(zgf/)d(/\))_d(/\), o

that (\z) dO*) — Np! and o' € O(A; E) by the first statement of the lemma. We
must show that there exists y € E such that (N2')(0,d(p)) = p. If there exists
p € E with d(p) < d(XN) and N (0,d()) = p, we are done, so we may assume
that A ¢ EA. By (S2), we have Ext(X, E) € &, and r(Ext(N, E)) = s(\') = r(z')
by definition. Since 2’ € 9(A;E), it follows that there exists a € Ext(\; E) such
that 2/(0,d(a)) = a; equivalently, there exists 4 € E and (a,3) € A™R(N | p)
such that « = 2/(0,d(«)). But now Na = uf, and in particular, (Nz")(0,d(p)) =
(Na'(0,d(a))) (0,d()) = (153)(0, () = p. O

Definition 4.5. Let (A,d) be a finitely aligned k-graph and let £ C FE(A) be
satiated. Define partial isometries {Sg(A) : A € A} C B(£2(9(A;€))) by

Se(Nes = {em if s(A) = r(z)

0 otherwise.

Lemma 4.6. Let (A,d) be a finitely aligned k-graph and let £ C FE(A) be satiated.
The collection {Sg(X) : A € A} is a relative Cuntz-Krieger (A; E)-family which we
call the E-compatible boundary-path representation of A.
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Proof. First notice that Lemma B4l ensures that for A € A and z € J(A;E), we
have

€ (=) if 2(0,d(X)) = A

Tla(n

0 otherwise.

(4.2) Se(\)*en = {

For v € A we have that Sg(v) is the projection onto span{e, : x € vd(A;E)}
and hence {Sg(v) : v € A°} are mutually orthogonal projections, establishing
(TCK1). Since composition in the category A is associative, (TCK2) is straight-
forward to check. To see (TCK3) one uses [2) to apply both Sg(A)*Sg(u) and
2 (a,Byeamin(r,) (@) Se(B)" to an arbitrary basis element e;; calculations like
those of [7, Example 7.4] show that the two agree. Finally, for condition (CK) let
x € O(N;€) and E € € with r(E) = r(z) = 2(0). Then z(0,n) € E for some n <
d(z) by definition of (A; ), and we have (Sg(x(0)) — Se (x(0,n))Se (2(0,n))* ) ez =
0 by @) and @Z). Since (Se(2(0)) — Se(2(0,n))Se(x(0,n))*) is a term in
[Ticr (Se(r(E)) — se(A)se(A)*), it follows that the kernel of the latter contains
ez Since z € I(A; ) and E € £ were arbitrary, this establishes (CK). O

Lemma 4.7. Let (A,d) be a finitely aligned k-graph, let £ be a satiated subset of
FE(A), and let v € A°. Then

(1) vO(A;E) is nonempty.

(2) If F e vFE(A) \ &, then vO(A;E) \ FO(A; E) is nonempty.

To prove Lemma EET we first need the following technical lemma.

Lemma 4.8. Let (A, d) be a finitely aligned k-graph, and suppose that £ C FE(A)
is satiated. Suppose that E € £ and that F C r(E)A \ A is finite and satisfies

cE — weFA or
a Ext(u; F) € €.

Then F € £.

Proof. Define G := E \ FA, and for each u € G, let G, := Ext(u; F'). Then each
G, € € by hypothesis, so (S4) gives

E' = ((E\G)U (U,eqnGyu)) €E.

For A\ € E\ G we have A\(0,n) € F for some n; in this case, let ny := n. Since F € &
we have ENA® = () and hence ny > 0. For p € G and \ € uG,,, we have A = uf3 for
some (3 € Ext(u; F), so there exists 0 € F and a € A such that («, 8) € A™® (o, ).
Hence

A0, d(0)) = (18)(0,d(0)) = (0)(0,d(0)) = o € F;
in this case, set ny := d(o). Since F' N A = 0 by hypothesis, we have that ny > 0.
Now E” := {A(0,ny) : A € E'} C F. But E' € £, and hence (S3) ensures that
E" € £. Since E” C F and F is finite, it now follows from (S1) that F € &. O

To prove Lemma EE7, we also need the following a result due to Farthing, Muhly
and Yeend.

Lemma 4.9 (Farthing, Muhly and Yeend, 2003). Let (A,d) be a k-graph. For
v €A, E CuA, A\ € vA, and X2 € s(\1)A, we have Ext(Ao; Ext(A; E)) =
EXt()\l)\Q;E).
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Proof. The result is proved in [3], currently in draft form; a proof also appears in
[0, Appendix A]. O

Proof of Lemma -} The proofs of both statements of Lemma E7 proceed by con-
structing an £-relative boundary path with the desired properties. The two con-
structions have a great deal in common, but the construction for statement (2) is
somewhat more complicated. To avoid duplication, we present the full text of the
proof of statement (2) below, but we typeset those parts of the proof which are
germane only to statement (2) in slanted text, and enclose them in square brackets
[]jke thjs].
Define P : (N\ {0})? — (N\ {0}) by
(m+n—1)(m+n—2)

P(m,n) = ) + m.

Then P is the position function corresponding to the diagonal listing of (N\ {0})?
in the sense that if (m,n) is the I'! term in the diagonal listing, then P(m,n) = .
For all | € N\ {0}, define (i, j;) := P~1(l). Fix v € A® [and fix F € vFE(A) \ €].

We claim that there exist a sequence {A; : I > 1} C vA and listings {E} ; : j > 1}
of s(\)E for all I > 1 satisfying

(i) Ai+1(0,d(N)) = N forall 1 > 1,
(i) Aig1(d(Ai,), d(Aig1)) belongs to E;, j, A for all [ > 1.
[(iii) Ext(A41; F) belongs to FE(A) \ € for all 1 > 0.]

We prove the claim by induction on [. For a basis case, let [ = 0 and define
Ai+1 = A; :=v. For each w € A, the collection of finite subsets of wA is countable
because A is countable. In particular, w€ is countable. Let {E; ; : j € N\ {0}} be
any listing of v€. Note that (i) and (ii) are trivial in this case because | = 0 [and
(iii) is satisfied because Ext(v; F') = F|.

Now suppose as an inductive hypothesis that { > 1, and that A, and {E, ; : j >
1} exist and satisfy (i) and (i) [and (iii)] for 1 <n <.

Let Al := X\ (d(A;),d(N)). Notice that iy < I, so E;, j € s(A;)€ has already
been defined by the inductive hypothesis. Suppose first that )\ﬁl belongs to Ej, j, A.
Define A\j11 := A, and Ej,, j := E;, ; for all j > 1. We have that Ay, satisfies (i)
by definition, and satisfies (i) because we supposed X, to belong to E; jA. [We
have that Ay satisfies (iii) because \; satisfies (iii) by the inductive hypothesis.]

Now suppose that A} does not belong to E;, j A. Let E := Ext(\L ; Ej;, j,). Then
E # 0 because E; j, € FE(A). For a € E we have that A, o = pf3 for some
p € E and (a,8) € A™2(AL ). Tt follows that for any 141 in E we have that
Al+1 := N4 satisfies (ii). Such a choice of Aj41 trivially satisfies (i).

[To complete the construction of A\j+1, we need only show that there exists a
choice of vi41 € E such that \j11 := Ny also satisfies (iii). Since \; satisfies
(iii), we have that F; := Ext(A;; F') belongs to FE(A) \ £. By the contrapositive
of Lemma L8, there exists « € E\ FjA such that Ext(a; F}) ¢ €. But Lemma[Z3
ensures that Ext(«; F}) € FE(A), so Ext(o; Fy) € FE(A) \ €. Let 41 := «, and
define \j41 := A\jvy41. Then

(4.3) Ext(Ai41; F) = Ext(\yip1; F) = Ext(vigr; Ext(A\; F))
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by Lemma Ed But Ext(\;; F) = F; by definition, so @3)) gives Ext(\y1; F) =
Ext(v41; F1) which belongs to FE(A)\ € by choice of vj41. Hence A4+ satisfies (iii)
as required.]

Let m = limj_ d(\;) € (NU {oo})*. Since {\; : | > 1} satisfies (i), there
exists a unique graph morphism = : Q. — A such that x(0,d(N\;))) = A, for all
e N\ {0}.

We have that r(z) = v by definition, so to see that = € v9(A;E), suppose
that M € N¥ with M < m. Let E € x(M)£. We must show that there exists
N > M such that (M, N) € E. By definition of = there exists [ > 1 such that
M < d(\). If N(M,d(N)) belongs to EA, then we are done, so suppose that
MN(M,d(N)) ¢ EA. By (S3), it follows that G := Ext(A\(M,d(N)); E) € s(N)E,
and hence that G = E;, ; for some j > 1. But then property (ii) ensures that
Ap(i . j)+1(M, N) € E for some N, and it follows that (M, N) € E as required.

[anally we must show that x ¢ FA. Suppose for contradiction that x € FA. Then
x(0,N) € F for some N, and it follows from the definition of x that there exists
I > 1 such that A (0, N) = 2(0, N) € F. Hence s(\;) belongs to Ext(\;; F). But for
G € FE(A), we have GNA® = () by definition, so s(\;) € Ext(\;; F') contradicts (iii).
Hence x ¢ FA.} O

Corollary 4.10. Let (A,d) be a finitely aligned k-graph, and let £ C FE(A) be
satiated. The vertex projections sg(v) are all nonzero. Moreover, if E C vA\ A® is
finite, then [],cp(se(v) — se(N)se(N)*) =0 if and only if E € €.

To prove Corollary EET(l we make use of an equality established in [9]: let (A, d)
be a finitely aligned k-graph, let {tx : A € A} be a collection of partial isometries
satisfying (TCK1)—(TCK3), let v be an element of A% let E be a finite subset of
vA, and let  be an element of vA. Then [9, Equation (3.4)] shows that

(4.4) ( II ¢ - m’g))t#tz = t#( T G- tatZ))t;,

AEE a€Ext(u;F)

with the convention that the empty product is equal to the unit of the multiplier
algebra so that if Ext(u; ) = ) then the right-hand side of () is equal to t,t},.

Proof of Corollary[-10 Statement (1) of Lemma EZ7 shows that for v € A, there
exists x € vO(A;E), and then Sg(v)e, = ey # 0. So Sg(v) is nonzero, and the
universal property of C*(A; ) then shows that sg(v) is nonzero.

For the second statement of the Corollary, the “if” direction is precisely (CK).
For the reverse implication, suppose that £ C vA but E ¢ £. If E ¢ FE(A) then
there exists £ € vA such that Ext(¢; F) = (). Equation EE4l shows that

se(€)se(&)" [T (sew) = se(Nse(N)) = se(€)se (€)",
AEE
and hence [[,cp(se(v) — sg(N)sg(N)*) is nonzero by Remark On the other
hand, if E € FE(A) \ &, then statement (2) of Lemma E7 shows that there exists
v € vO(A;E)\EO(A; E). We then have [ [ 5(Se(v)—Se(N)Se(N)*)exr = e, # 0, and
then the universal property of C*(A; &) gives [[,cp(se(v) — se(N)sg(A)*) #0. O

Proof of Theorem .4 The “only if” implication follows from CorollaryEET0. Equa-
tion (B2) and Corollary ELT0 show that for E C A finite and (A, p) € IIE x4, I1E,

we have ©(sg)) % = 0 if and only if T"#(X) := {r € A\ A° : v € [IE} belongs
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to £. Hence for the “if” direction it suffices to establish that if @(t)glﬁ = 0, then
TUE()) belongs to &; indeed, by @3), it suffices to show that if T ()\) & £, then
[T erney sy — tuoty) # 0.

So suppose THE(\) ¢ €. If TUE()\) ¢ FE(A), then [Lerneoy (tspy —twty) #0
exactly as in the proof of Corollary EEITL On the other hand, if 77 (\) € FE(A)\ &,
then [, cpne(y)(ts(r) — tut}) # 0 by assumption. O

5. CONSTRUCTING SATIATIONS

In this section we show how to use Theorem to characterise the homomor-
phisms of arbitrary relative Cuntz-Krieger algebras C*(A; £) which are injective on
the core, and not just those for which £ is satiated.

Definition 5.1. Let (A,d) be a finitely aligned k-graph, and let £ C FE(A). We
write € for the smallest satiated subset of FE(A) which contains £, and we call £
the satiation of £.

The idea is to show that for any & C FE(A), we have C*(A;E) = C*(A;€).
To this end we define maps ¥1-%4 on subsets of FE(A), and show that iterated
application of these maps produces £ from €&.

Definition 5.2. Let (A, d) be a finitely aligned k-graph, and for £ C FE(A), define
¥1(8) = {F c A\ A" : F is finite, and there exists E € £ with E C F}
Yo(8) ={Ext(u; E) : E€ &, u e r(E)A\ EA}

53(8) = {{AM0,ny) : A€ E} : E€ £,0 <ny < d(\) forall A\ € E}
54(€) = {(E\F)U (Uyep AF)) : E€E,F C E,
Fy\ € s(A\)E for all A € F}.

Lemma 5.3. Let (A,d) be a finitely aligned k-graph, and let £ C FE(A). Then
ECEi(E) CFEA) for 1 < i< 4. Let {tr : A € A} be a relative Cuntz-Krieger
(A; E)-family and let E € 3;(E) for 1 <i < 4. Then []\cp(tr(p) —taty) = 0.

Proof. Let E € £. We trivially have E € ¥;(€). To see that E € 35(&), note that
r(E) ¢ EA by definition, and E = Ext(r(E); E). To see that E € X3(&), just take
ny = d(A) for all A € E. Finally, to see that E € ¥4(€), take F =( C E.

We will now establish that if {tx : A € A} is a relative Cuntz-Krieger (A;€)-
family and F € 21(5), then HAEE(tT(E) - t)\t;) =0.

If i = 1, then £ = GUF for some G € £ and finite ' C 7(G)A, and [ ], o p(tr(z)—
tt3) < Thea(tra) — 0at3) = 0.

If i = 2, then E = Ext(u; G) for some G € £ and p € 7(G)A \ GA. So multiply-
ing (Ed) by ¢}, on the left and by ¢, on the right gives

[T ey — at3) = 5. T] (triy — toti) )t = 0.
AEE oeG

If i = 3, then E = {A\(0,n)) : A € G} for some G € £ and 0 < ny) < d(X) for
each A € G. Since t,(g) — t)\(O,n,\)tK(o ny) < tr(e) — tat} for all A € E/, we then have

I ey — tat2) < ] ooy — tuty) =0.

AcE neG
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If i =4, then E = G\ G'U (Uyeq AG)) for some G € €, G' C G, and
G, € s(NE for each A € G'. Lemma C.7 of [9] shows that for A € G’, we have
tr(G) — t)\ti g HMEGS\ (tr(G) — t)\#tiu)' Hence

Ity — tat3) = ( I e —txt’i)) 11 ( II _tkutiy»

AEE AEG\G’ NG’ peG

= H (tr(G) — taty)-
AEG

It remains only to show that ¥;(£) C FE(A). For this, first notice that E € £;(&)
implies that £ N A° = @ and that E is finite by definition of ¥;-%4. Now let
{tx : A € A} be a relative Cuntz-Krieger (A;&)-family in which ¢, # 0 for all
v € A% such a family exists by Corollary EET0 Suppose that v € A® and that E is
a finite subset of vA \ A® with [], . (t, — tat}) = 0, and suppose for contradiction
that E ¢ FE(A). Then there exists p € vA such that A™®(u; \) = @ for all \ € E.
Equation B4 gives t,,t}, [[\c g (to — tat}) = tuty,, and hence t,t}, = 0, contradicting
t, # 0 for all v € A°. Since we have already established that if {t) : A € A} is a
relative Cuntz-Krieger (A; €)-family and E € £;(E), then [], p(tr(g) — tat}y) =0,
it follows that X,(€) C FE(A) as required. O

Notation 5.4. We write ¥ for the map Y40¥303503;. Forn € Nand £ C FE(A),

we write X"(&) for
n terms

———
YoXo---0X%(£),
and write X>°(€) for J,—, "(€).

Proposition 5.5. Let (A, d) be a finitely aligned k-graph and let € C FE(A). Then
$%0(€) = .

Proof. The definitions of the maps ¥;-%, show that ¥;(£) C € for all i, and hence
that %°°(€) C €. Hence, it suffices to show that %°°(&) is satiated. If G € ¥°°(€)
and E is constructed from G as in (S1), (S2) or (S3), then we have G € X" (&)
for some n € N, and then since we have & C X;(€) for all ¢ by Lemma B3 it
follows that £ € X" TH(&) C E*°(€) as required. If F € ©®(€), G C F, and
Gy € s(A\)X®(€) for all A € G, then there exist n € N with F' € ¥"(€), and ny € N
such that Gy € ¥ (&) for each A € A. Let N := max{n,ny : A € G}. Again since
Lemma shows that & C 3;(€) for all ¢, we have that F' and each G, belong
to XN (£). The definition of ¥, together with another application of Lemma
shows that £ € XVNT1(£) € ¥°°(€), and the proof is complete. O

Corollary 5.6. Let (A,d) be a finitely aligned k-graph, and let £ be any subset of
FE(A). Then C*(A; &) = C*(A;€).

Proof. An induction on n using the last statement of Lemma shows that if F' €
EM(E), then [],cp(tr(ry —tut),) = 0 for all n € N. Hence [],cp(t () — tut)) =0
for all F € &£ by Proposition BB It follows that every relative Cuntz-Krieger
(A; E)-family is a relative Cuntz-Krieger (A; £)-family. On the other hand £ C € by
definition, so every Cuntz-Krieger (A; £)-family is trivially a relative Cuntz-Krieger
(A; &)-family. The universal properties of C*(A;€) and C*(A;€) now show that
the two algebras coincide. ([
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6. UNIQUENESS THEOREMS

In this section we prove versions of the gauge-invariant uniqueness theorem and

the Cuntz-Krieger uniqueness theorem for C*(A;E).
Theorem 6.1. Let (A,d) be a finitely aligned k-graph, and let € C FE(A) be
satiated. Let {tx : A € A} be a relative Cuntz-Krieger (A; E)-family in a C*-algebra
B, and suppose that

(1) ty, #0 for all v € A%;

(2) TLep(trry —taty) #0 for all F € FE(A) \ £; and

(3) there exists an action 0 : TF — Aut(B) such that 0,(ty) = 2Nty for all

z€TF and X € A.

Then 7% is injective.
Proof. Theorem and Conditions (1) and (2) guarantee that ¢ is injective on
C*(A;E)7. Assume without loss of generality that B = C*({tx : A € A}). Since the
polynomials are continuous on T, and since B = span{tit;, : A, € A} by (TCK3),

we have that @ is strongly continuous. Since 7{ is equivariant in § and v, averaging

over 6 gives a norm-decreasing linear map ®% on B which satisfies ®%orf = 75 0 ®Y.
The result now follows from an argument identical to that of [9, Proposition 4.1]. O

To state our Cuntz-Krieger uniqueness theorem, we first need to establish some
notation.
Definition 6.2. Let (A, d) be a k-graph, and let @ : €, gy — A and y : Qp q(y) —
A be graph morphisms. We say that a graph morphism z : €, () — A is a minimal
common extension of x and y if it satisfies

(1) d(2); = max{d(x);, d(y);} for 1 < j < k; and
(2) Z|Qkyd(w) =z and Z|Qkyd(y) =y.

We write MCE(z, y) for the collection of minimal common extensions of = and y.

It turns out that to obtain a Cuntz-Krieger uniqueness theorem for relative
Cuntz-Krieger algebras, the appropriate analogue of an aperiodic path is a path
x € O(A; E) such that
(6.1) for distinct A, u € Ar(z), we have MCE(A\z, uz) = 0.
Theorem 6.3. Let (A,d) be a finitely aligned k-graph and let € C FE(A) be sati-
ated. Suppose that (A, E) satisfies

For all v € A° there exists x € vO(A; E) satisfying @),
(©) and for allv € A° and F € vFE(A) \ & there exists
x € vI(N;E)\ FO(A; E) satisfying B0).

Let {ty : A € A} be a relative Cuntz-Krieger (A; E)-family such that t, # 0 for all
v €A, and [[ycp(tr(r) — tat}) # 0 for all F € FE(A)\ €. Then 7§ is injective.

The remainder of the section is devoted to proving Theorem We first need
some technical lemmas.
Lemma 6.4. Let (A,d) be a finitely aligned k-graph, and suppose that x : Qy, 4(z) —
A is a graph morphism satisfying @II). Suppose that X\ # p with s(\) = s(u) =
r(x). Then there exists ny , € N* such that

n”ﬁ)# <d(z) and Ami“()\:c((),nf\_’#),u‘r((),nf\_’#)) = 0.
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Proof. Suppose for contradiction that for all n € N¥ with n < d(x), we have
ARR(\z(0,n), px(0,n)) # 0.

For each i € N, define n(i) € N¥ by n(i); := min{d(z);,i}. By assumption,
there exists (ay, 3;) € A™(\z(0,n(i)), px(0,n(i))) for each i € N; since A™R(\, p)
is finite, there must exist a pair (1,(;) belonging to A™"(), 1) and an infinite
subset I1 C N such that for all 7 € Iy,

(Az(0,n(i))i)(0,d(A) V d(p)) = A = pcy.
Set 41 := min [;. For each j € I; with j > i;, we have
(Az(0,n(5))a;) (0, d(Az(0, n(i1))) V d(pu(0,n(ir))))
= (Az(0,n(j))a;) (0, (d(A) V d(p)) + n(ir))
€ MCE(Az(0,n(i1)), px(0,n(i1))).
Since MCE(Az(0,n(i1)), px(0,n(i1))) is finite, there exists a pair (12, (2) belonging
to A" (Az(0,n(i1)), px(0,n(i1))) and an infinite subset Io C I7 \ {1} such that for
each ¢ € I, we have
()“T(Ov n(]))a]) (07 (d()‘) \ d(ﬂ)) + n(l)) = )\CL‘(O, n(il))n2 = /ML'(O, n(ll))CQ

Since Iy C I, a straightforward calculation using the fact that Az(0,n(i1))n2 is an
initial segment of Az(0,n(i))a; for any i € I shows that

(Az(0,n(i1))12) (0, d(A) V d(p)) = A = pcy.
Set io := min I5. Iterating this procedure, we obtain a sequence
{Ul = )\CL‘(O,n(il))nH_l :le N}
such that d(o;) = (d(X) V d(p)) + n(ir), and 0741(0,d(0y)) = oy for all I. There is a
unique graph morphism y : €, ¢,y — A such that
d(y) = Jim (d(N) V d()) + i) = dOx) V d(jaz),

and y(0,d(0;)) = oy for all [. We then have
y(0,d(A) + n(ir)) = 00(0,d(A) + n(ir))
= (Az(0,n(i1))m+1) (0, d(N) + n(i)) = Az (0,n(ir)).

Since n(i;) — d(z), it follows that ylo, ;)4 ae) = A2 Similarly, ylo, a0 = BT
It follows that y € MCE(Ax, ux), contradicting (@1)). O

Lemma 6.5. Let (A, d) be a finitely aligned k-graph, let £ C FE(A) be satiated,
and suppose that F € FE(A)\ €. Let x € 7(F)O(A;€) \ FO(A;E), and let n € NF
with n < d(z). Then Ext(z(0,n); F) € FE(A) \ £.

Proof. By Lemma[Z3, we have Ext(z(0,n); F') € FE(A). Suppose for contradiction
that Ext(z(0,n); F) € €. Since z € I(A;E), there exists m > n such that m <
d(z) and x(n,m) € Ext(z(0,n); F). So there exists A € F' and « € s(A\)A such
that (o, z(n,m)) € A™B(X\ 2(0,n)). But then z(0,m) = z(0,n)z(n,m) = Aa,
contradicting the assumption that 2 does not belong to FO(A;E). O

Corollary 6.6. Let (A,d) be a finitely aligned k-graph, let € C FE(A) be satiated,
and suppose that ' € FE(A)\ €. Let x € r(F)O(A;E) \ FO(A;E), and let n € NF
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with n < d(z). Let {tx: A € A} be a relative Cuntz-Krieger (A; E)-family such that
ty # 0 for allv e A°, and []\cp(tr(ry — taty) # 0 for all F € FE(A) \ €. Then

H (tr(ry — tAL) a0, t(0,n) = tw(o,n)( H (to(n) — tﬁ%))t;(o,n)’
AEF BEExt(x(0,n);F)

and in particular is nonzero.

Proof. The displayed equation is an instance of (). Lemma ensures that
Ext(z(0,n); F') € FE(A)\ &, and then [[5cp(2(0,n):5) (ta(n) —tstj) # 0 by hypoth-
esis. (]

Lemma 6.7. Let (A, d) be a finitely aligned k-graph, let £ C FE(A) be satiated, and
suppose that (A, E) satisfies condition {Q). Let {ty : X € A} be a relative Cuntz-
Krieger (A; E)-family such that t, # 0 for all v € A°, and [],cp(tr(m) — tat}) #
0 for all F € FE(A)\ €. Let nf be the representation of C*(A;E) determined
by 78 (se(N) = ta. Let a € span{sg(\)se(p)* : \,u € A} € C*(A;€). Then
Iwf (@7 ()] < [l (a)]]-

Proof. Express a = )2y cnp @ pSe(N)se () for some finite £ C A, and express

7 (a ) Z()\ R ENEX 4 JIIE b/\,ue(sf)f\lﬁ? so we have

> aautat), and 7 (@7(a)) = > b, O(t)NE.

\uETIE (\w)ENEX 4 JIE

Since the ©(t)¥ -, are matrix units, there exists n in d(IIE) and v € s(IIE N A")

such that
If@@l=] Y bwemiE].
A pe(TIE)vNA™
Write T (n, v) for THE(X) where A € (ILE)v N A™, so
T"E(n,v) = {v € A\ A" : \v € TIE for any X € (TIE)v N A"},

Equation @) ensures that T} is well-defined. If T (n,v) belongs to £, then
we must have ®Y(a) = 0 in which case the result is trivial. So suppose that
TUE (n,v) ¢ €. We claim that there exists x € v9(A; E)\THE (n, v)d(A; ) satistying
@). To see this, note that if T (n,v) € FE(A), then such an x exists because
(A, &) satisfies condition (), whereas if T'¥(n,v) ¢ FE(A), then there exists
o € vA with Ext(o; T"(n,v)) = 0, and condition (@) gives 2’ € s(o)A satisfying
@ED); it is then easy to check that x := oz’ also satisfies (GJl) and does not have
an initial segment in T (n, v).

For all A € IIE with d(X) < n, p € (IIE)s(A\) with u # A, and v € s(\)A such
that Av € (IIE)v N A™, the factorisation property ensures that Av # pv. Hence
Lemma Bl shows that there exists n%, , € NF with ng, o < d(x) such that

A (v (0,05, ,, ), (0,05, ,,)) = 0. Define
N :=\/{n%, 0 : A p € TIE,d(N) # d(p), \v € (TIIE)v N A"}
Since each nf,, ,, < d(z), we have N < d(z), and for each A, y, v as above, we have
that A™2(\vx(0, N), prz(0, N)) = 0.
Define projections P; and P, by

Poi= ) OmYY and Pri= > bumbieown-
Ae(ITE)vNA™ AE(IIE)vNA™
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We have Pirf(97(a)) = 5 equmumnn brn@OTE and hence |[Pyf (@(a)] =
|7 (@7 (a))||. For A\, € (ILE)v N A™, we have toeo.n)tx = ot} o ny by (TCK3),

and so for A, p € (ILE)v N A™, we have

PO)NER, = Pm( I - tutz))t;;Pg

veTNE (n,v)
= t)\ac(O,N)t;(QN)( H (ty — tvtz)>tm(0,N)th(O,N)
veTNE (n,v)
= tAx(o,N)( II ta(N) — tﬁtg)ttm(O,N)

BEExt(z(0,N);T1E (n,v))

by Corollary E6 Corollary also shows that this last expression is nonzero. For
A € (IE)vNA™, we have ty,o,n) € AN “and it follows that for A, u € (ITE)vNA™,
we have tim(O,N)thE(O;N) = Ox uta(n)- Hence

{Pz@(f)g{ﬁpz AU E (HE)’U N An}

is a collection of nonzero matrix units, and compression by P» therefore implements
an isomorphism of M} (n,v). It follows that

1P (Prrf (@7 (a) Poll = [[Pii (@7 (a)) | = [l (@7 ()]

On the other hand, we have ||P(P17¢(a))P,)|| < || (a)|| because P; and P,
are projections. Thus, the proof of Lemma [E7 will be complete if we can establish
that Po(Py7¢(a))Py) = Po(Py7s (®7(a)))P,). To do this, it suffices to show that if
A p € TIE with d()\) # d(p) and s(\) = s(u), we have Pa(Pitty) P2 = 0. To see
this, fix A, p € IIE with d(X\) # d(u) and s(A) = s(u), and calculate

Py Pyt Py = Pg( 3 t,\,,( 1 G- t,,/tj;,))tzl,)Pg
Ave(IIE)vNA™ Avo' €lE
d(a’')>0
= Z (( H (tkutiy - t)\VO',t;Vo"))PQt)\VtZVP2>7
Ave(IIE)vNA™ Avo’ €IlE
d(a’)>0
because (TCK3) ensures that the projections {txt} : A € A} pairwise commute. So
it suffices to show that Paty,t},, P> = 0 for all v such that Av € (IIE)v N A™. Fix
such a v. We have that o,7 € A" implies t}t, = d5,rt5) by (TCK3). It follows
that for o € (IIE)v N A™, we have

touo, Nyt = Lo, mtotaw = doawvtro ny-
Consequently, Paty, = t)\m(o)N)t;(O N)- Hence
P2t>\ut2yp2 = t)\vx(O,N)t;(O,N)t:lv‘P2
_ * *
= t)\vx(O,N) Z tuVm(O,N)tTI(OvN)tTlE(OxN)'
Te(IIE)vNA™

Since d(p) # d(A), we have d(uv) # d(rv), and hence pv # Tv for each 7 €
(IIE)v NA™. Tt follows that A™" (uvz(0, N), 7vz(0, N)) = 0 for all 7 € (IIE)v N A"
by our choices of  and N. Hence the final line of the above calculation is equal to
zero by (TCK3), proving the Lemma. (I
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Proof of Theorem [E3. Lemma shows that the formula

tat, = daon,a(wtaty

extends to a norm-decreasing linear map ®* on ¢ (C*(A;€)). Replacing ®° with

(I)t

in the proof Theorem now establishes the result. O
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