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ON E-MORPHS
ALEX KUMJIAN, DAVID PASK, AND AIDAN SIMS

ABSTRACT. In a number of recent papers, (k + [)-graphs have been constructed from
k-graphs by inserting new edges in the last [ dimensions. These constructions have been
motivated by C*-algebraic considerations, so they have not been treated systematically
at the level of higher-rank graphs themselves. Here we introduce k-morphs, which provide
a systematic unifying framework for these various constructions. We think of k-morphs
as the analogue, at the level of k-graphs, of C*-correspondences between C*-algebras.
To make this analogy explicit, we introduce a category whose objects are k-graphs and
whose morphisms are isomorphism classes of k-morphs. We show how to extend the
assignment A — C*(A) to a functor from this category to the category whose objects
are C*-algebras and whose morphisms are isomorphism classes of C*-correspondences.

1. INTRODUCTION

Over the last ten years, graph C*-algebras and their analogues have been the subject of
intense research interest (see for example [3], [7], [8, [13], 16}, 20} 25, B38], or see [30] for a good
overview). In particular, the higher-rank graphs and associated C*-algebras introduced
in [I8] have recently been widely studied [10, 12} 19, 28]. Higher-rank graphs generalise
directed graphs, so there are many points of similarity between the two theories, especially
at the level of fundamental existence and uniqueness results. However, as both fields
progress, the two sets of results are diverging more and more rapidly.

One reason for this is the relatively involved combinatorial structure of higher-rank
graphs as opposed to “ordinary” one-dimensional graphs. It is fairly straightforward to
modify an ordinary graph by simply adding vertices or edges because these are local oper-
ations. By contrast, adding vertices and edges to a higher-rank graph is quite complicated
because the combinatorial peculiarities of higher-rank graphs mean that the addition of
an edge at some vertex typically necessitates similar changes throughout a large portion
of the higher-rank graph. A good illustration of this is the contrast between the straight-
forward process of “adding tails” to a directed graph [3] and the analogous but vastly
more complicated “removing sources” construction for higher-rank graphs [I1].

It has become clear recently, however, that if higher-rank graphs are not well-suited
to constructions which involve localised modifications, they are amenable to a somewhat
different style of construction which is not available in the one-dimensional setting and
which is proving very profitable from a C*-algebraic standpoint. Specifically, k-graphs
lend themselves to constructions whereby one increases the rank of a graph or graphs by
adding edges in new dimensions [15], 21], 27]. The resulting (k+[)-graph C*-algebras have
been analysed as direct limits [21] 27] and as crossed-products by group actions [15].
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So far these constructions of (k +[)-graphs from k-graphs have been ad hoc: in each of
[15], 211, 27], given a k-graph with natural symmetry or a pair of k-graphs with structural
similarities, the authors have constructed a (k+1)-graph with bare hands. In each case, the
(k + 1)-graph contains copies of the original k-graph or -graphs in the first k-dimensions,
and encodes the additional symmetry or structural similarities in the remaining [ dimen-
sions.

The purpose of this article is to replace these ad hoc methods with a unifying con-
struction which is functorial with respect to the assignment of C*-algebras to higher-rank
graphs. More specifically, in Section [3l we axiomatise the data required to insert a set X
of edges in a (k + 1)** dimension between vertices in a k-graph T and those in a k-graph
A so as to obtain a (k4 1)-graph. We call a set X endowed with such data a A-I" morph,
or a k-morph from I' to A. Given a Ag—A; morph X; and a A;—As morph X5, we define a
fibred product X *,0 X5 which is a Ag—As morph. We show in Theorem [3.10 that there is
a category M, whose objects are k-graphs and whose morphisms are isomorphism classes
of k-morphs.

In Sections [ and [l we discuss how k-morphs can be used as a model for constructions
such as those of [15, 21], 27]. Given k-graphs A and T', and a A-T" morph X, we define
in Section Ml what we call a linking graph for X. Roughly speaking, a linking graph for
X is a (k + 1)-graph ¥ containing disjoint copies of A and T" connected in the (k + 1)
dimension by a copy of X. We show in Proposition that a linking graph always exists,
is unique up to isomorphism, and is determined up to isomorphism by the isomorphism
class of X.

The constructions set out in [I5, 21 27] typically involve a system of linking graphs
which are glued together in some systematic way. For example, we can think of the
covering systems of [2I] as a system, organised by an underlying Bratteli diagram, of
linking graphs for k-morphs determined by k-graph coverings. To capture this idea, we
introduce in Section [B] the notion of a I'-system of k-morphs, and the notion of a I'-bundle
for a I-system. Given an [-graph I, a ' system consists of a collection {A, : v € T'°} of
k-graphs connected by k-morphs {X,, : v € I'} so that composition in I" corresponds in a
consistent way to the fibred product operation on the associated k-morphs. A I'-bundle
for this system is then a (k 4 [)-graph ¥ together with a map f : ¥ — T such that
f71(v) = A, for each v € T and such that f~'({r(v),7,s(v)}) is a linking graph for X,
for each v € T'. We call the map f the bundle map for the I'-bundle ¥. We show in
Theorem that every I'-system admits a I'-bundle, and that the I'-bundle is unique up
to isomorphism and depends only on the isomorphism class of the I'-system. We indicate
how to realise the k-graphs constructed in [15, 21} 27, 28] as T-bundles in a natural way.

A T-system X of k-morphs determines a functor from I' into the category My via
the assignments v — A, and v — [X,] (where [X,] is the isomorphism class of X.).
One might initially hope that the isomorphism class of a I'-bundle for the system would
be determined by this functor, so that we could replace I'-systems with functors. We
show in Proposition [5.14] that when I is a 1-graph each I'-system is indeed determined
up to isomorphism by the functor v +— [X,]. However this is the best we can hope for:
Example B.I0[) shows that if I' has rank 2 or more there may be non-isomorphic I'-
systems which determine the same functor from I' to My; and an example of Spielberg’s,
which we present as Example B.IH|([), shows that there exists a 3-graph I' and a functor
I' — M which is not the functor determined by any I'-system of O-graphs. In particular,
['-systems cannot be replaced with functors.



ON k-MORPHS 3

An example of a I' system is the following. Let X be a A~A morph (we refer to these
as A endomorphs). Then X gives rise to a Tj-system of k-morphs, where 77 is the 1-
graph with a single vertex and a single edge. We call the Tj-bundle for such a system
the endomorph skew graph of A by X, and denote it A xx N. When X arises from an
automorphism of A, we recover the crossed product graph of [15].

In Section [0l we discuss how our constructions behave at the level of C*-algebras. The
category M, is reminiscent of the category (which we shall denote C) of [9] 23, [37],
whose objects are C*-algebras and whose morphisms are isomorphism classes of C*-
correspondences (also known as Hilbert bimodules). To simplify arguments, we restrict
our attention to a subcategory MR of M. We construct a C*-correspondence H(X)
for each k-morph X, in such a way that the isomorphism class of H(X) depends only on
that of X. We show in Theorem [6.6] that the assignments A — C*(A) and [X] — [H(X)]
determine a contravariant functor between M and C. In the special case where X is a
A-endomorph, so that [X] € End ez (A), Theorem shows that the C*-algebra of the

endomorph skew graph is canonically isomorphic to the Cuntz-Pimsner algebra Oy x).

Acknowledgements. The authors wish to thank Jack Spielberg for providing the as
yet unpublished example [39] which we have reproduced in Examples B.IBI([). Much of this
work was completed during the first author’s recent trip to Australia. He wishes to thank
his colleagues for their hospitality. We would also like to acknowledge the support and
hospitality of the Fields Institute during the final stages of preparation of this manuscript.

2. PRELIMINARIES

2.1. Higher-rank graphs. In this paper, unlike previous treatments of k-graphs [10, 12|
18, 31], we allow 0-graphs. To make sense of this, we take the convention that N° is the
trivial semigroup {0}. We will also insist that all k-graphs are nonempty.

Modulo the minor differences mentioned above, we will adopt the conventions of [18, 20]
for k-graphs. Given a nonnegative integer k, a k-graph is a nonempty countable small
category A equipped with a functor d : A — N* satisfying the factorisation property: for
all A € A and m,n € NF such that d(\) = m + n there exist unique y,v € A such that
d(p) = m, d(v) = n, and A = pur. When d(\) = n we say A has degree n. By abuse of
notation, we will use d to denote the degree functor in every k-graph in this paper; the
domain of d is always clear from context.

For k > 1, the standard generators of N* are denoted e, ...,e;, and for n € N*¥ and
1 < i < k we write n; for the i** coordinate of n.

For n € N*, we write A" for d~!(n). In particular, A° is the vertex set. The vertices of
A are the elements of A°. The factorisation property implies that o — id, is a bijection
from the objects of A to A°. We will frequently use this bijection to silently identify
Obj(A) with A°. The domain and codomain maps in the category A therefore become
maps s,7 : A — A%, More precisely, for a € A, the source s(a) is the identity morphism
associated with the object dom(«) and similarly, 7(a) = ideoq(a)-

Note that a O-graph is then a countable category whose only morphisms are the identity
morphisms; we think of them as a collection of isolated vertices.

For u,v € A” and F C A, we write uF for E N7 !(u) and Ev for E N s~ !(v). For
n € N¥, we denote by A<" the set

A" ={X e A:d(N) < n,s(AM)A% = 0 whenever d()) +¢; < n}.
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We say that A is row-finite if vA™ is finite for all v € A° and n € N¥. We say that A
is locally convex if whenever 1 < i < j < k,e € A% f & A% and r(e) = r(f), we can
extend both e and f to paths e¢’ and ff’ in A¢t¢,

2.2. Maps between higher-rank graphs. A k-graph morphism is a degree-preserving
functor. More generally, if w : N¥ — N’ is a homomorphism, A is a k-graph and I is an
l-graph, we say that a functor f: A — T'is an w-quasimorphism if dr(f(X)) = w(da(N))
for all A € A. A k-graph morphism is then an idg-quasimorphism.

Let w : N¥ — N! be an injective homomorphism, and let " be an [-graph. The pullback
w*T is the k-graph w*T' = {(v,n) € ' x N¥ : w(n) = d()} with degree map d,-r(y,n) =
n [I8, Definition 1.9]. It will also sometimes be convenient to regard the subcategory
I = U, en [“(M of T' as a k-graph as follows. We define the degree functor d,, on I'“ by
d,(v) = n when w(n) = dr(v). Of course I'¥ and w*I" are isomorphic, but the former is a
subset of I' whereas the latter is formally disjoint from I'.

As in [26], a covering of a k-graph A by a k-graph I is a surjective k-graph morphism
p : T — A such that for all v € T, p restricts to bijections between vI' and p(v)A and
between T'v and Ap(v). The covering p : T' — A is finite if p~!(v) is finite for all v € A°.
Every covering p : I' — A has the unique path lifting property: for every A € A and
v € I'" with p(v) = s()\) there is a unique v € T such that p(y) = X and s(y) = v; and
similarly at r(\).

2.3. C*-algebras associated to higher-rank graphs. Given a row-finite, locally con-
vex k-graph (A,d), a Cuntz-Krieger A-family is a collection {t), : A € A} of partial
isometries satisfying the Cuntz-Krieger relations:

o {t,:v € A%} is a collection of mutually orthogonal projections;

o i\t, = t), whenever s(\) = r(u);
thix = tsn) for all A € A; and
® ty = \consn bt} for all v € A° and n € NF.

The k-graph C*-algebra C*(A) is the universal C*-algebra generated by a Cuntz-Krieger
A-family {s) : A € A}. That is, for every Cuntz-Krieger A-family {t) : A € A} there is a
homomorphism m; of C*(A) satisfying m(s)) = ¢, for all A € A.

A k-graph with no sources is automatically locally convex with A" = A" for all n € N*.
Hence the definition of C*(A) above reduces in this case to [I8, Definition 1.5].

By [31, Theorem 3.15], the generating partial isometries {sy : A € A} C C*(A) are all
nonzero.

If A is a O-graph, then it trivially has no sources, and the last three Cuntz-Krieger
relations follow from the first one. So C*(A) is the universal C*-algebra generated by
mutually orthogonal projections {s, : v € A%}; that is C*(A) = ¢o(A?).

Let A be a k-graph. There is a strongly continuous action v of T* on C*(A), called the
gauge-action, such that 7, (s,) = 2™ s, for all z € TF and A € A.

2.4. C*-correspondences. We define Hilbert modules following [22] and [4, §I1.7]. Let
B be a C*-algebra and let 'H be a right B-module. Then a B-valued inner product on 'H
is a function (-,-)p : H x ‘H — B satisfying the following conditions for all £,7,¢ € H,
be Band o, eC:

e <€>Oé77+ 6()3 = a<€>77>B + ﬁ<€>C>B>
i <f>775>B - <§777>Bb7



ON k-MORPHS 5

hd <€777>B = </’77€>*B7
o (£,8)p>0and (£,&)p=0if and only if £ = 0.

If H is complete with respect to the norm given by [|£||* = (£, &) g then H is said to be a
(right-) Hilbert B-module. If the range of the inner product is not contained in any proper
ideal in B, ‘H is said to be full. Note that B may be endowed with the structure of a
full Hilbert B-module by taking (¢,n)p = {*n for all &, n € B. Amap T : H — H is an
adjointable operator if there is a map T : H — H such that (T¢,n)p = (£, T*n)p for all
&,m € H. Such an operator is necessarily linear and bounded and the collection £(H) of
all adjointable operators on H is a C*-algebra. Each pair &, € H determines a rank-one
operator b, (with adjoint 6, ¢) given by 8¢, = &£(n,()p for ( € H. The C*-subalgebra
IC(H) of L(H) generated by the 0, is called the algebra of compact operators on H. Note
that £(H) may be identified with the multiplier algebra of K(H).

Let A and B be C*-algebras; then a C*-correspondence from A to B or more briefly
an A-B C*-correspondence is a Hilbert B-module H together with a x-homomorphism
p:A— L(H). Given a homomorphism ¢ : A — B, we may endow B with the structure
of A-B C*-correspondence in a canonical way. So it is natural to think of an A-B C*-
correspondence as a generalised homomorphism from A to B. A C*-correspondence H is
said to be nondegenerate if span {p(a)é : a € A, ¢ € H} is dense in H (some authors have
also called such C*-correspondences essential). We often suppress ¢ by writing a - £ for
p(a)é.

As discussed in [4], 9] 23] 37], there is a category C with Obj(C) the class of C*-algebras,
and Home (A, B) the set of isomorphism classes of A-B C*-correspondences with identity
morphisms [A]. Composition

Home(B, C) x Home(A, B) — Home(A, C)

is defined by ([H1],[Hsa]) — [Ha ®p Hi] where Hy ®p H; denotes the tensor product of
C*-correspondences. The C*-correspondence H; ® Hs is called the internal tensor product
of H; and H, by Blackadar and the interior tensor product by Lance (see [4, 11.7.4.1] and
[22, Prop. 4.5] and the following discussion).

2.5. Representations of C*-correspondences. Let H be an A-A C*-correspondence.
Recall from [29] that a representation H in a C*-algebra B is a pair (¢, 7) where 7 : A — B
is a homomorphism, ¢ : H — B is linear, and such that for all a € A and &, € H, we
have t(a - §) = m(a)t(§), t(§ - a) = t(&)m(a), and m((§, n)a) = t(£)"E(n).

Given a C*-correspondence H over A and a representation (¢,7) of H on B, there is a
homomorphism ¢ : K(H) — B satisfying t(M (e ,,) = t(&)t(n)* for all £,n € H (Pimsner
denotes this homomorphism 7() in [29]). In the cases of interest later in this paper, the
left action of A on H is by elements of IC(H) (that is ¢ : A — L(H) in fact takes values
in C(H)), so tV) o ¢ is a homomorphism from A to B. In this case, the pair (¢, 7) is said
to be Cuntz-Pimsner covariant if t1) o p = 7.

Given a C*-correspondence H over A, there is a representation (jy, ja) in a C*-algebra
Oy which is universal in the sense that given another representation (¢, 7) of H in B there
is a homomorphism ¢ x 7 : Oy — B satisfying (¢ x ) o jyy =t and (t X 7) 0 j4 = 7.

3. k-MORPHS

In this section, we define k-morphs, provide some motivating examples, and show how
isomorphism classes of k-morphs can be regarded as the morphisms of a category whose
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objects are k-graphs. Conceptually, a k-morph may be thought of as a bridge between
two k-graphs A and I'; it consists of a set X and some structure maps which are precisely
what is needed to build a (k + 1)-graph that contains disjoint copies of A and I' and in
which elements of X become edges of degree e, from vertices in the copy of I" to vertices
in the copy of A. We now give the formal definition.

Definition 3.1. Let A and I" be k-graphs, let X be a countable set, and fix functions
r:X — A%and s : X — I'%. We will write X *po T' for the fibred product {(z,7v) :
x € X,y € I',s(x) = r(y)}. Likewise, we will write A x50 X for the fibred product
{Nx): he Az e X, s(\) =r(x)}. Fix a bijection ¢ : X #po I' — A %50 X, and suppose
that whenever ¢(x1,7v1) = (A1, 22), we have
(1) d(m1) = d(M);
(2) s(1) = s(22); and

(3) r(A) = r(z1).
Suppose further that whenever ¢(x1,v1) = (A1, 22) and ¢(x2,v2) = ()\g,xg)ﬁ, we have

(4) 925(951,7172) = (>\1>\2,$3).

Then we call X a A-T" morph, or simply a k-morph. If A = I, then we call X a A
endomorph.

Remark 3.2. Technically a A-T" morph is a quadruple (X, r, s, ¢), but by the usual abuse
of notation, we will say “X is a A—I" morph” without reference to the additional structure.

Examples 3.3. We now present a series of examples of k-morphs. In each case we shall
describe the set X and the structure maps; it is straightforward to check in each case that
the resulting data define a k-morph.

(i) Let A and T be k-graphs, and let o : I' — A be an isomorphism. Let X (a) = T
and define structure maps 7, = @, s, = idro and ¢(r(7y),7) = (a(y), s(y)). Then
X(a) is a A-T' morph. If A = I' so that « is an automorphism, then X («) is a
A endomorph. In the special case where « is the identity isomorphism id,, we
refer to X (idy) as the identity endomorph on A. When it is useful to highlight its
dependence on A we will denote it as 1.

(ii) Let p : I' — A be a covering map. Let ,X = I'°, and define structure maps by
r=p, s =idro and ¢(r(7),v) = (p(7),s(y)). Then ,X is a A-T' morph. Such a
k-morph is called a covering k-morph. Note that if p = « is an isomorphism, then
»X is equal to the k-morph X («) of the preceding example.

(iii) We may reverse the “direction” of the elements of X in the preceding example to
get a I'-A morph. Let p: ' — A be a covering of k-graphs. Let X, := I'’, and
define r = idro, s = p and &(r(7), p(7y)) = (7, s(7y)) (where we are using the unique
path lifting property to recover v from p(7y) and 7(7y)). Then X, is a I'-A morph.

(iv) Let Ay, Ao, T be k-graphs and p: ' — Ay, ¢ : T' — Ay be coverings. Let ,X, = I
and define structure maps by r = p, s = ¢, and ¢(r(7), ¢(7)) = (p(7), s(7)). Then
»Xg is a A;—Ay morph. This generalises the preceding two examples: if Ay =T
and ¢ = idr, then ,Xiq. = ,X, and similarly if A; =T, then iq, X, = X|,.

TNote that the conditions ¢(z1,7v1) = (A1, 22) and ¢(x2,7v2) = (A2, x3) together with (2) and (3) imply
that s(y1) = s(x2) = r(y2) and s(A1) = r(xz2) = r(A2); it then follows that (A e, z3) € A xp0 X and
(z1,M72) € X #po L.
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(v) Number (iv)) (hence also numbers (i) and (i) ) above can be enriched with multiple
“edges” as in [2I]. Let p : I' — Ay and ¢ : I' — Ay be covering maps. Write
Sy, for the group of permutations of {1,...,m}; let ¢ be a cocycle from T' to
Sy (that is ¢(a)e(B) = c(af) whenever a and [ are composable in I'). Set
°Xq=T"x{1,...,m}, and define structure maps by r(v, i) = p(v), s(v, i) = q(v)
and ¢((r(v),1),q(7)) = (p(7), (s(7), ¢(y)~"1)). Then ;X is a A~A; morph.

(vi) Let (X, d) be a (k+1)-graph and ¢ : N¥ — N**! be the homomorphism n — (n, 0).
Recall from Section that we can regard ¥¢ := {\ € ¥ : d(\) € «(N¥)} as a
k-graph. Let X = Y+1, and define rx,sx : X — X° to be the range and source
maps r, s inherited from Y. The bijection ¢ is obtained from the factorisation
property in 3: ¢(xz,A) = (N,2') where 2/ € X and X' € ¥* are the unique
elements satisfying xA = Mz’ in 3. Then X is a 3* endomorph.

(vii) Let A and T" be k-graphs, and let X; and X5 be A-T" morphs. Then X := X; U X5
is a A-T' morph with the inherited structure maps.

We next define a kind of fibred product of k-morphs. This fibred product, like tensor
products, is not quite associative on k-morphs. However Proposition and Lemma [3.§]
show that it does determine an associative binary operation on isomorphism classes of
k-morphs. Of course, we must first say exactly what we mean by an isomorphism of
k-morphs.

Definition 3.4. Fix k-graphs A and I'. Let X and Y be A-I" morphs. We say that X
and Y are isomorphic if there is a bijection 6 : X — Y which respects the structure maps,
that is, € intertwines the range and source maps and satisfies

(ldA X«g) o ¢X = ¢y ¢} (9 X ldp)

We call such a bijection 6 an isomorphism and write X = Y’; we denote the isomorphism
class of a k-morph X by [X].

We now introduce the notation associated with fibred products of k-morphs, and then
show in Proposition that the resulting object is itself a k-morph.

Notation 3.5. Let Ag, A1 and Ay be k-graphs, and let X; be a A;_1—A; morph with structure
maps r;, s; and ¢; for + = 1,2. Let

Xi#po Xo = {(21,22) € X1 X Xy 1 s(z1) = r(z2) }-
Define r : X1 50 Xo — AJ and s : X, 70 Xy — AY by
r(zy, xe) = ri(zq) and s(x1,x9) = so(xa).

To define ¢ : Xy #p0 Xo #p0 Ay — Ag xpg X1 #p0 Xo, fix ((x1,22), A2) € Xy a0 Xo *p9 Ag.
Then sy(x2) = 7(Aa), 80 ¢a(xa, A2) = (A1, %) for some A\; € Ay and 2, € X,5. Moreover,
(A1) = ro(xe) = s1(x1), so ¢1(x1, 1) = (Ao, x)) for some \g € Ag and 2} € X; with
s1(x)) = ra(xh). We define

(3.1) ¢((z1,22), A2) = (Ao, (2, 23))-

Proposition 3.6. With the notation above, Xy *x0 X5 is a Ao—Ay morph. Moreover, the
isomorphism class [X1 *yo Xo| depends only on the isomorphism classes [X1] and [X].
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Proof. Conditions (II)-(3) of Definition 3.1 are easily checked using (3.1]) and that X; and
X, are k-morphs, so we need only check ().
Fix a composable pair s, 5 € Ay and (x1, 25) € X3 #50 Xo such that s(xy,x2) = 1(p2).

Let xf, 2 € X, for i = 1,2 and p;,v; € A; for i = 0,1 be the unique elements such that
(3.2) Gi(wi, pi) = (-1, 77)

(33) ¢Z(x;7 Vi) - (Vi—lu Jl‘;/)

so that by (B1),

(3.4) O((z1,22), t2) = (k0. (21, 75))

(3.5) ¢((2, 75), 1) = (v, (27, 23))

By definition, ¢((x1,x2), pare) is calculated as follows: we write ¢o(z2, ore) = (A, y)
and then write ¢(z1,A) = (N,y'); we then have ¢((x1,x2), pore) = (N, (v,y)). By
Definition BI[) for the k-morph Xs, and equations ([B.2]) and (B3], we have A = py14
and y = x45. Now Definition B[] for the k-morph X, and equations (3.2) and (B.3)
force X' = povy and ' = Y. That is, ¢((x1,xa), pore) = (tovo, (27, 24)). Combining
this with equations (3.4) and (B3.5) shows that X 0 X, satisfies Definition B.I(H), and
therefore is a k-morph.

For the last statement, one checks that if #; : X; — X{ and 0y : Xy — X are
isomorphisms, then #; x 6, is an isomorphism of X A X, onto X7 * A9 X5, O

Remarks 3.7.
(i) Let Ag, Ay and Ay be k-graphs, and let ¢ : Ay — A; and p: A; — Ag be coverings.
Then pog is a covering of Ag by Ay. Furthermore, ,X 504X = {(q(v),v) : v € AZ}.
One can easily check that 6 : v — (g(v), v) determines an isomorphism of k-morphs
pogX = pX *700 ¢ X
(i) Fix coverings p: I' = Ay and ¢ : I' — Ay. Let , X, X, and ,X, be as in parts (i),
(iii) and (iv) respectively of Examples B3l Then we have ,X, = ,X *po X,: the
isomorphism 6 is defined by 0(z) = (x, z).
(iii) Let A and I" be k-graphs, and let X be a A-I" morph. Then there are isomorphisms

]A*AngXgX*FOIF.
determined by (r(z),z) — x and (x, s(z)) — =.
To state the next lemma, we describe the fibred product of n k-morphs.
Let Ag, Ay, ..., A, be k-graphs, and let X; be a A;_1—A; morph fori=1,... n. Let

X1 #p9 o v Hp0 Xn={(z1,- - ,2,) € X1 X+ x X, 1 s(xi-1) = 7(2;) for 1 <i < n}.

-1
Define structure maps r, s, ¢ associated to X = X; 70 < kpo X, as follows. We set
r(x1,...,2,) = r(21) and s(21,...,2,) = s(x,). Given ((x1,...,7,),An) € X #p0 Ay, let
Ai € A; and 2} € X; be the unique elements such that

¢i($i7 >\z) = ()\Z‘_l,l’b for 1 S 7 S n.

Since each X; is a k-morph, we have s(z;) = s(\;) = r(zj,,) for 1 <i <n —1. So we
define & by G((1, . .»2a), M) = (o, (& 21).
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Lemma 3.8. With notation as above, X = Xy #po0 -+ *xpo0 Xy is a A=A, morph. For
1 <m < n, there is an isomorphism

(X1#p0 - okp0  Xipo1) #p0  (Xon xpg, oo #p0 X)) X
implemented by O p—m (X1, ... Tm—1), (T, -, T0)) = (T1, .., Ty)-

Proof. We first show that X is a k-morph: properties (Il)—(3) of Definition [3.1] are clear
from the definition of ¢y, and Definition BII[]) is established by iterating an argument
similar to that of Proposition [3.6l.

It is easy to see that the bijection 8,, ,,_,, determines an isomorphism. O

Notation 3.9. Let X be a A endomorph. For n > 2, we write X*” for the k-morph

n terms
N

X*nI:X*AoX*A()"'*AOX.

By X*!, we mean X, and by X*°, we mean I,.

Theorem 3.10. There is a category My, such that: Obj(My) is the class of k-graphs;
Homy, (', A) is the set of isomorphism classes of A-T'" morphs; the identity morphism
associated to A € Obj(My,) is [Ix]; and the composition map

HOIIle (Al, Ao) X HOka(A27 Al) — HOka(A27 Ao)
is defined by ([X1], [Xa]) — [X1 #p0 Xol.

Proof. Remark B7|([), shows that the [I;] act as identity morphisms. Proposition
shows that the composition map is well-defined. Since Lemma [3.§ gives

(X]_ *A? X2) *Ag Xg =2 X Xl *A? (X2 *Ag Xg)
whenever the expressions make sense, the composition map is also associative. O

Remark 3.11. In light of the preceding theorem, it is natural to ask when the isomorphism
class of a k-morph is an invertible morphism of Mj,.

By an abuse of terminology, we will say that a A-I' morph X is invertible if [X]
is invertible in M,; that is, if there is a I'-A morph Y such that X *po Y = I, and
Y sp0 X = Ir. We claim that X is invertible if and only if X is isomorphic to X («) for
some isomorphism o« : I' — A.

To see this, we first show that the range and source maps on X are bijections. Certainly
the range and source maps on X and Y are surjective. In particular, s : X — I'° and
r Y — IV are surjective, and hence the projections from X *ro Y to X and Y are
surjective. As X xpo Y is isomorphic to I, the range and source maps on X xpo Y are
bijections. Since the range map on X *po Y is defined by first projecting onto the first
coordinate in X xro Y and then applying the range map on X, it follows that the range
map on X is bijective. A similar argument shows that the source map on Y is bijective.
Applying the same argument to Y s 0 X = I, shows that the range map on Y and the
source map on X are both bijective.

We may now define o : I' — A as follows. Given v € T, there is a unique x € X with
s(x) = r(y). We then have ¢(z,7v) = (A, 2’) for some A € A and 2’ € X, and we define
a(y) = A. The properties of ¢ can be used to show that « is an isomorphism of k-graphs,
and it is straightforward to check that X = X (a).
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4. LINKING GRAPHS

In this section, we define the notion of a linking graph 3 for a A-I' morph X. Linking
graphs generalise the (k 4 1)-graphs A<-T" built from covering maps p in [21].

We begin by showing how appropriate inclusions of k-graphs A and T in a (k+ 1)-graph
3 can be used to manufacture a A—I" morph X. This will provide a template for linking
graphs (see Definition [.3]).

Notation 4.1. Let ¥ be a (k + 1)-graph, and let A and T" be k-graphs. Let ¢ : N¥ — N+
be the inclusion ¢(n) = (n,0). Suppose that i : AUT" — ¥ is an (-quasimorphism (where LI
denotes a disjoint union) such that 7 induces a k-graph isomorphism A UT = 3*. Suppose
further that for all o € X%+1 s(a) € i(TY) and r(a) € i(A°).

Let X(A,T',X,q) = X%+1. Define structure maps on X = X(A,I', X, 4) as follows. For
a € X, rx(a) is the unique vertex v € A° such that i(v) = r(«), and similarly, sx(«a) is
the unique w € I'? satisfying i(w) = s(«). For (a,7) € X xpo ', the factorisation property
in ¥ ensures that ai(y) = i(A)a’ for some unique A € A and o/ € X, and we define
ox(a,7) = (A ).
Lemma 4.2. With the notation just established, X (A,T',3,4) is a A-T" morph.

Proof. Properties ([I)-(3) of Definition B.1] are clear because ¥ is a (k + 1)-graph and i is
a quasimorphism. Property () follows from the associativity of composition in X. O

Definition 4.3. Let A,I" be k-graphs and let X be a A—I" morph. Suppose that ¥, ¢ and
i are as in Notation €Il We say that the pair (3,7) is a linking graph for X if the A-T"
morph X (A, T, X, 7) is isomorphic to X.

In practice, we will just say that X is a linking graph for X, leaving ¢ implicit.

Ezample 4.4. Let p : I' — A be a covering of k-graphs, and let ,X be the k-morph

described in Examples B3I[). Then the (k + 1)-graph AT of [21], Proposition 2.6] is a
linking graph for ,X.

Proposition 4.5. Let A,T" be k-graphs and let X be a A-I' morph. Then there exists a
linking graph for X, and this linking graph is unique up to isomorphism.

Proof. As a set, we define ¥ = AUT U (A %0 X). We endow X with the structure of a
(k+1)-graph as follows. First set 3° = A°UT?. The restrictions of rs and sy, to AUT are
inherited from the range and source maps on A and I'. For o € T'UA, set ds (o) = (d(0),0).
For (A, ) € Axpo X, let re(\, z) = 1r(N), ss(A, z) = sx(x) and ds(\, z) = (d(A),1). Now
fix 01,09 € ¥ such that sx(01) = rs(02). We must define the composition oy0,. There
are three cases to consider.

(1) If 09,09 € T'U A, their composition as elements of ¥ is computed in AU T,
(2) If oy = p € A, and 03 = (v, x) € A xp0 X, we define o109 = (uv,z) € A *po X.
(3) If o1 = (p,z) € Axpo X and 0y = v € T, we write ¢(z,v) = (v, 2'), and define
o109 = (u/',x') € A*po X.
Associativity follows from Definition BII(]).

It is straightforward to check that dy : ¥ — NF*! is a functor. To show that ¥ has
the factorisation property, fix o € ¥, and suppose dx(0) = m + n; we must show that
there exist unique paths 7 € X™ and p € 3" with ¢ = 7p. By definition of dy, we have
ds(0)k41 < 1. If myy1 = ngyy = 0, then 0 € AUT, and the factorisation property in
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A UT produces the desired paths 7 and p. If mgy; = 0 and ngy; = 1, then 0 € A x50 X,
say 0 = (A, x). By the factorisation property in A, there is a unique factorisation A = pv
where d(u) = (ma,...,my), and then 7 = p and p = (v, ) are the desired paths. Finally,
suppose that my; = 1 and ny,; = 0, and let p € N* be the element such that m = (p, 1).
Again, write 0 = (A, z) € A 0 X. Use the factorisation property in A to write A = uv
where d(u) = p. We have (v,x) € A xp0 X, so ¢(v,x) = (2/,v) for some 2’ € X and
v € I'. One checks that 7 = (i, 2’) and p = v/ are the desired paths.

For uniqueness, let ¥’ be a linking graph for X. Then there are a quasi-morphism
i' : AUT — X' satisfying the conditions set forth in Notation [4.I] and an isomorphism
Y X — XA T,Y,47). We define ¢ : ¥ — ¥/ as follows. For 0 € AUT C X, we set
U(0) = i'(0); and for o = (A, x) € A xp0 X, we set (X, z) = i'(\)h(z). One then checks
that ¢ is an isomorphism. 0

Remark 4.6. If X and X’ are isomorphic k-morphs, then any linking graph for X is
by definition also a linking graph for X’. Hence Proposition implies that, up to
isomorphism, there is a unique linking graph for each isomorphism class of k-morphs.

5. I'-SYSTEMS AND ['-BUNDLES

In this section, we describe a generalisation, based on k-morphs and linking graphs,
of the (k + 1)-graphs lim(A,,;p,) constructed in [21] from a sequence of coverings p, :
Aps1 — A, of k-graphs. The idea is that the sequence (pn)S2, of coverings determines a
consistent collection of k-morphs

X(m7n) = me *A(7)n+l e *A271 p'nle

indexed by pairs (m,n) € N x N such that m < n. Recall from [I§] that such pairs are
morphisms in the 1-graph €; whose vertices are identified with N. That is, a sequence of
coverings as in [21] gives rise to a consistent collection of k-morphs indexed by a 1-graph.

We generalise this situation by replacing €2; with an [-graph I'. Given a consistent
collection (which we call a I-system) of k-morphs indexed by paths in I', we construct a
(k + 1)-graph ¥ which we call a I-bundle. As we shall see, each I'-system X determines
a functor Fx from I' to Mj. Naively, one might expect to be able to recover ¥ from Fly,
thus obviating the need to discuss I'-systems at all. It turns out, however, that this is not
the case: not only do there exist functors from which we may build two non-isomorphic
(k +1)-graphs, but there also exist functors from which no (k+[)-graph may be built (see

Examples 5.15]).

Definition 5.1. Let I" be an [-graph, and let £ > 0. Fix

e for each vertex v € I'Y a k-graph A,;
e for each v € I" a A, (,)~Ay() morph X ; and
e for each composable pair «, 5 in I" an isomorphism 0, 5 : X, A0, Xg — Xap.

Suppose that A, X and 6 have the following properties:

(1) for each v € T, X, = I,
(2) for each v € I', the isomorphisms 6,(,), and 6, ) are those of Remark B (),
and
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for each composable triple «, 3,y € I, the following diagram commutes.

0a7ﬁ><idxﬂ/
Xa A0, X3 A0, X, — Xup A0, X,
ian Xaﬁy"/l eaﬁv"/l
X X ey
o ¥A0 By afy

Then we say that X is a I'-system of k-morphs with data A, 6 or just that X is a ['-system,

in whi

ch case A and @ are implicit.

Remark 5.2. Given a I'-system X of k-morphs, there is a functor Fx from I' to M,
determined by Fx(v) = [X,]; in particular, the object map satisfies F%(v) = A,. However,
the I'-system X contains more information than the functor F'x: the I'-system picks

out a

concrete representative X, of each isomorphism class Fx(y) and a compatible

system of concrete isomorphisms X, * A Xp = X,p implementing the compositions

Fx(a)

Fx(8) = Fx(af). We show that this distinction is important in Examples B.T5]

Ezxamples 5.3.

(i)

(i)

(i)

(iv)

Fix k-graphs A and I' and a A-T" morph X. Let E be the unique 1-graph with
a single edge e and two vertices r(e) and s(e). Setting Aye) = A, Age) = T,
Xy(e) = In, Xy) = Ir, and X, = X, we obtain an E-system of k-morphs.

Fix a k-graph A and a A endomorph X. Recall from [I8, Examples 1.7(iii)] that T}
denotes the unique 1-graph with a single edge e and a single vertex v = r(e) = s(e).
The degree functor is an isomorphism of 7} onto N, and we use it to identify the
two. Let Ag = A, and for n > 0 let X,, = X*" as in Notation 3.9 Then the
isomorphisms 0,,, : X, *r0 X;, — X+, of Lemma give this collection of
k-morphs the structure of a Tj-system.

Fix an [-graph I', a countable discrete group G, and a functor ¢ : I' — G. For
each v € T, let A, be the O-graph such that A? = G. For v € T, there is
an automorphism () @ Ayy) — Ay determined by agy(g) = c(v)g for g €
AS(V). For each v € T', let X, be the O-morph X (a(,)) arising from o, as in
Example B3J@). The isomorphisms X (a(yy)) = X (e(y)) *a X (ae(y)) described
in Remark B(), give this collection of O-morphs the structure of a I'-system,
denoted X (c), of O-morphs.

Let Covy, denote the category whose objects are k-graphs and whose morphisms
are k-graph coverings, and let I be an [-graph. Let F' be a functor from I" to Covy.
For each v € T, let A, be the k-graph F°(v) and for each v € T, let X, = p(;X.
Then the isomorphisms 6, ., : X, * A%, X, — X, of Remark B7({) give this

collection of k-morphs the structure of a I'-system. For instance, the covering
systems of [21] give rise to §2;-systems.

Let X be a 2-graph satisfying the hypotheses of |28, Theorem 3.1]. That is, each
vertex lies on a unique simple cycle in the graph whose edges are 32, and the graph
with edge-set ! contains no cycles. The simple cycles in edges in >°* determine
an equivalence relation on vertices in ¥ by v ~ w if and only if vX"2w # () for
some n € N. We write [v] for the equivalence class of v € X° under this relation.
There is a 1-graph I' with

={p]:ves’} and T'={([v],[w]): ], [w] €5/ ~, [v]S"[w] # O}
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where 7([v], [w]) = [v] and s([v], [w]) = [w]. For [v] € I'°, we denote by Ap, the
sub-1-graph of ¥ such that A[lv} = [v]X[v]; so each A, is the path-category of a
simple cycle. For each path v € T, we define X, = r(7)2415(5), and we endow
it with the range and source maps r : X, — Ag(v) and s : X, — AS(V) inherited
from ¥, and with the map ¢ : X, *4y) Ayy) — Ary) *r(y) X4 determined by the
factorisation property in ¥. Then each X, is a A,(,)~Ayn) morph, composition
in X defines isomorphisms 0, g : X *50) Xg — Xog and from this structure we
obtain a I'-system of 1-morphs which we denote by X (X). If ¥ is a rank-2 Bratteli
diagram as in [28] Section 4], then I is the path-category of a Bratteli diagram.

The next step is to show how to assemble a (k + [)-graph from the data contained in
a I'-system of k-graphs. This construction should simultaneously generalise the linking
graphs of the previous section, and the construction of the skew-product of a k-graph by
a group.

The model for this construction is the following prototypical I'-system which generalises
the construction of Example B3|([x).

Notation 5.4. Let ¥ be a (k+1)-graph, and let T be an I-graph. Let 7 : N¥*! — N! denote
the projection onto the last [ coordinates; that is w(m,n) = n. Suppose f: ¥ — T'is a
m-quasimorphism which restricts to a surjection of ¥° onto I'°. Let 2 : N¥ — NG+ he
the inclusion +(m) = (m,0) and let 7 : N' — N¥*! be the inclusion j(n) = (0,n). For
each v € I’ we define A, = f~!(v) which is a sub-k-graph of ¥*. For v € T', we define
X(f)y = f1(y) N X7 (note that for each x € X(f),, ds(z) = (0,d(v))). Each X(f),
becomes a A,(,)~Ay,) morph under the range, source and factorisation maps inherited
from Y. Composition in ¥ defines maps

‘9“/1,72 : X(f)"/l *Ag(ﬁ)

Xy = Xy
for each a composable pair 71,72 in I'.  Moreover, under these structure maps, X(f)
becomes a I'-system of k-graphs: conditions (II) and (2]) of Definition 5] are satisfied by

definition, and condition (B]) follows from associativity of composition in 3.

We will show that every I'-system is isomorphic to one of the form X (f) for some -
quasimorphism f : ¥ — I'. We must first make clear what we mean by an isomorphism
of I'-systems.

Definition 5.5. Let I" be a [-graph. Suppose that (A, X, 0) and (=, Y, ) are I'-systems of
k-graphs. An isomorphism from X to Y consists of k-graph isomorphisms h? : A, — =,
and bijections h, : X, — Y, which intertwine all the structure maps. That is:

(1) foreach y €T, soh, = hg(v) os,roh, = h?o“(v) or and

(h?(,\/) X hf’y) o ¢X"/ = QSY’\/ o (h,y X ho )7 and

s(v)
(2) for every composable pair o, 5 € T,

haﬁ o Qa,g = Qﬂaﬂ ¢} (ha X hﬂ)
We can now say what we mean by a ['-bundle for a I'-system.

Definition 5.6. Let I' be an [-graph, and let X be a I'-system of k-graphs. Let m :
N+ — N! be the projection onto the last [ coordinates. A T'-bundle for X is a (k + [)-
graph ¥ endowed with a m-quasimorphism f : ¥ — I' which restricts to a surjection of
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3% onto I'? such that the I'-system X (f) of Notation [5.4] is isomorphic to X. We call the
m-quasimorphism f the bundle map for the I'-system.

Remark 5.7. Our formulation of I'-bundles emphasises that the construction of Nota-
tion [0.4] is prototypical: given a m-quasimorphism f : 3 — T, the (k 4 [)-graph X is
automatically a I'-bundle (with bundle map f) for the resulting I'-system X (f).

Remark 5.8. Let X be a I'-system of k-graphs, and suppose that ¥ is a I'-bundle for X.
The maps hY and h, of Definition determine injective quasimorphisms 29 : A, — X
for each v € I'?, and inclusions h, : X, — 7)) Moreover, the factorisation property
implies that every element of o € 3 can be expressed as 0 = hy(y) (x)hg( #(oy (A) for unique
elements, v € X,y and A € Ay

We now show that every F—system admits a I'-bundle.

Theorem 5.9. Let I' be an l-graph and let X be a I'-system of k-morphs. Then there
exists a I'-bundle X for X. Moreover, ¥ is unique up to isomorphism: that is, if W is
another T'-bundle for X, then there is an isomorphism 3 = U of (k + l)-graphs which
intertwines the bundle maps on X and V.

Proof. Throughout this proof, for v € I', we will write ¢, for the isomorphism ¢y :
X, A0, Asiyy = Aoy A0, X, associated with the k-morph X.,.

We must first construct a I'-bundle for X, and then show that it is unique. We begin
by constructing the (k + [)-graph 3. Define a set X by

Y={(\vz):yel, Ae A,z e X, }.
Define d : ¥ — NFFt by d()\,v,2) = (d(N\),d(7)). We write X for the set d~1(p) C &
for each p € N*¥*. By condition () of Definition B.1], for v € T° X, = I(A,) is equal
as a set to AY. Hence X° = {(u,v,u) : v € T%u € AY}. To simplify notation and to
help distinguish vertices from arbitrary paths, we will discard the redundant u, and write

(u,v) for the element (u,v,u) of 3°.
Define r, s : ¥ — X° by

r(Ay,x) = (r(A),r(7)) and s(A,y,2) = (s(x),5(7)).
Suppose that s()\o,'yo,xo) (A1, 71, 21), and define A} and zf by ¢4 (20, A1) = (A}, z7).
We define
(A0s 705 Z0) (A1, 71, 1) = (AoAT; Y0715 O (20, 1))
It is easy to check that the triple on the right lies in ¥ and that

d()\o)\ll, Yo, ‘970,'71 (5”67 5171)) = d()\o, Y0, 930) + d()‘b 71, 551)-

We aim to show that ¥ is a (k + [)-graph when endowed with these structure maps.
We must check that the composition we have defined is associative, and that under this
composition, (3,d) satisfies the factorisation property. To see that the composition is
associative, we fix a composable triple (Ao, Y0, Zo), (A1, V1, 1), (A2, 72, T2) of elements of ¥.
Let v; = r(y;) and v = s(y;) for i = 0,1, 2. Define xjp, 2, 27, \{, Ay and \j by

¢’Yo(x0’ )‘1) - ()‘lla 33/0),
o (331, )‘2) = ()‘IQa xll) and
qb“fo ($6, )‘/) ()‘/2,7 0)
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We may visualise the situation as follows:

x Ay ° I o U3
X’Y2 T2 72

Ay, o— 22§ ov:

Xy, z1 x) "

A’U] < )\1 ; < )\/2 ; ; U1

KXo Zo xp xg Y0

Ay @20 g A\ S SR T o v

To prove associativity, we must show that the products

(()\oﬁo,xo)()\lﬁl,xl))()\zﬁzaxz) and (>\0770,$0)(()\17717$1)()\27727$2))

coincide. We begin by calculating the first of these. First, notice that the pair ((zf, z1), A2)
belongs to (X, #ag Xy,) g, Ay,. We have

(5'1) CbX«/O*Angwl ((th xl)’ )‘2) - ( ,2/’ (xlola xll))

by definition of ¢Xvo*Agl x,, and of the elements \j, z and x given above. Since 0., , :
Xyo #ag, Xy = X

~oyi 18 an isomorphism of k-morphs,

9257071 (evo,m (IB, xl)a )\2) = (idAUO XQWO,%)(QZ&XWO*A% Xy ((‘7;67 $1), )‘2>>
(5'2) = ( ,2/’ 970,’71 (él?g, xll))
by (BJ)). Therefore,

((>\0,70,xo)()\h%,xl))()\%%,%) = (>\0X1770707evo,wl(xloﬁl))()\%%a@)
= ((>‘0X1)X2,7 (Y071) 72, Oy 2 (‘9“/0,71 ($87$/1)7$2)7

where the second step uses (5.2)). Similar calculations show that

(>\o,Vo,xo)(()\b%,xl)()\zﬁza962)) = (Ao(M)\g)ﬁo(%%),ewmm (%,79«,1,72 (Ilpxz))

Associativity in ¥ now follows from associativity in A,, and I', and property (3) of Defi-
nition .11

To establish the factorisation property in X, fix m,p € N*¥ and n,q¢ € N' and an
element (), 7, ) € X(mPn+0) By the factorisation properties in A,y and in I, there are
unique factorisations A = AgA; and v = ¢y where d(\g) = m, d(A\1) = p, d(v) = n and
d(y1) = ¢. Since 6., ., is an isomorphism, there are unique elements z, € X,, and z; € X,
such that x = 0, , (¥, 21). As ¢, is also a bijection, there are unique elements A} € Ag(y)
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and x, € X, such that ¢, (2, \]) = (A1, 20). We then have d(\g,v0,2,) = (m,p) and
d(N),71,21) = (n,q), and

(>\7 v, JI) - ()‘07 Y0, .736)()\/1, 71, .731)

by definition. Uniqueness is clear. We have now established that ¥ is a (k 4 [)-graph.

The formula f (), 7y, ) = ~y defines a m-quasimorphism from X onto I'. Let ¢ : N¥ — N*+
and 7 : N' — N* he as in Notation[5.4l For each v € T°, f~1(v) = {(\,v,s(N\)) : A € A, },
and h? : f~1(v) — A, defined by h%(\,v,s(\)) = X is an isomorphism of k-graphs. For
each vy € I, f7Hy) N = {(r(z),7,2) : € X,}, and h, : f~}(y) N X — X, defined
by (r(x),v,z) = x is a bijection. Routine calculations show that these maps satisfy
conditions (1) and (2) of Definition 5.5l Hence X is a [-bundle for X as claimed when
equipped with the bundle map f: ¥ — I

It remains to establish the uniqueness of the I'-bundle. Suppose that W is another
[-bundle for X with bundle map g. So we have isomorphisms 2% : A, — g~!(v) for each
v € I'" and bijections h, : X, — ¢g~*(y) N ¥’ determining an isomorphism of I-systems.
Define H : ¥ — ¥ by

H(\,v,z) = kY ,(MNhy(x) forall (\,z,7) € %

()

The factorisation property in W ensures that each ¢ € ¥ with d(¢)) = (m,n) can be
written uniquely as ¥ = ¥,,1, where d(¢,,,) = (m,0) and d(¢,) = (0,n). We then have
Uy € g Hg(r(¥))), and ¥, € g '(g(v)) N W, Bijectivity of H follows from this. It
is clear that H respects the degree map, and intertwines the range and source maps.
A straightforward calculation shows that it also respects composition, and hence is an
isomorphism of (k + [)-graphs. O

Remark 5.10. Theorem implies that it makes sense to talk about the I'-bundle for
a ['-system X, and we shall frequently do so. Unless specified otherwise, the bundle is
denoted X and the bundle map is denoted f.

Ezxamples 5.11.

(i) Let A and I' be k-graphs, and let X be a A-T" morph. As noted in Example B3({),
this corresponds to an E-system of k-graphs where E is the 1-graph with a single
edge e and two vertices r(e) and s(e). An E-bundle for this E-system amounts to
a linking graph for X.

(ii) Let A be a k-graph, and X a A endomorph. As noted in Example B3|(), this
corresponds to a Tj-system of k-graphs. We shall denote the Ti-bundle for this
system by A xx N. We call A xx N the endomorph skew-graph for X. Every
(k+1)-graph arises this way: given a (k+ 1)-graph ¥, with A = ¥* and X = X¢+!
as in Example B:3|(vi), ¥ is isomorphic to A x x N.

(iii) Let A be a k-graph, and let « be an automorphism of A. Let X = X(a) be
the associated A endomorph. In this case, the endomorph skew-graph A xx N
discussed in the preceding example is the same as the crossed-product (k + 1)-
graph A x,, Z of [15]. More generally, let T} denote the I-graph isomorphic to N,
and suppose that « is an action of Z! by automorphisms of A. Let X,, = X (a,) for
cach n € T}, and let 0, ,, : X,;, *p0 X, be the isomorphism of Remark B.7(). Then
the X,, form a Tj-system X (), and the crossed product (k + [)-graph A x, Z!
described in [15] is a 7j-bundle for X («).
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(iv) Fix a functor ¢ from an l-graph I' to a group G, and construct from this a I'-
system X (c) of O-morphs as in Example B3[l). Then the skew-product k-graph
G x.I' of [1§] is a I-bundle for the I'-system X (c); the bundle map is the functor
f(g:7) =1

(v) Let 3 be a 2-graph satisfying the hypotheses of [28, Theorem 3.1], and let I' and
X be as in Example 5.3(w). Then ¥ is a I-bundle for X and the bundle map is
the natural quotient map A — . In particular, we may regard a rank-2 Bratteli
diagram Y as a bundle of cycle-graphs over the path-category of a conventional
Bratteli diagram.

Our I'-bundle construction is quite general: the next proposition shows that every k-
graph A is a Tp-bundle for some Ti-system. It is a strong point of our formulation of
[-bundles that the proof of this result is almost trivial (see Remark [5.7)).

Proposition 5.12. Let A be a k-graph. Let T}, denote the k-graph isomorphic to NF.
Then the degree map on A determines an idg-quasimorphism (also denoted d) from A
onto Ty,. In particular A is a Ty-bundle (with bundle map d) for the Ty-system X(d) of
0-morphs described in Notation[5.4)

Remark 5.13. If p : I' — A is a covering of k-graphs then p is an idg-quasimorphism.
Hence p induces a A-system of O-morphs as in Notation [5.4. Moreover, these 0-morphs
are all invertible (see Remark [3.1T]).

Conversely, given a k-graph A, and a A-system of invertible 0-morphs, the bundle map
associated to a A-bundle for the system is a covering map.

We conclude the section by investigating the relationship between I'-systems and func-
tors from I' into My. If ' is a 1-graph, the two are essentially the same thing.

Proposition 5.14. Let ' be a 1-graph, and let F : I' — My, be a functor. Then there
is, up to isomorphism, exactly one I'-system X of k-graphs such that F(vy) = [X,] for all
vel.

Proof. For each v € T set A, = F°(v), and X, = I(A,). For each edge e € T'!, fix
a k-morph X, such that [X.] = F(e). For n > 2 and a path o = e;---¢, € ', let

X, = X, A%, X, ¥AQ,, T RAY, X,, as in Lemma [3.8] and for composable «, 3, let

8,5 be the isomorphism described in the same lemma. It is easy to verify that this data
determines a I'-system of k-morphs which induces the functor F'.

Now suppose that Y is another I" system of k-morphs (with data A, 1)) which induces F'.
Let ¥ap 1 Y, * A% Y3 — Y, 3 denote the isomorphisms in the I'-system Y. In particular,

cach Y, is & A,(a)~As(a) morph which is isomorphic to X,. For v € I'?, let h) denote the
identity map on A,. For each e € I'!, we may fix an isomorphism h. : X, — Y,. By
induction on n, for « € I'" and f € I'" with s(a) = r(f), we may define an isomorphism
haf from Xaf to Yaf by
~ haxhy Yo,h g
Xaf = Xa *A(s)(a) Xf _— Ya *Ag(a) Yf — Yaf-

As the isomorphisms h, are defined using the structure maps in X and Y, it is easy to
check that they determine an isomorphism of I'-systems. 0

Ezamples 5.15. We cannot expect an analogue of Proposition .14 to hold if T' is an
l[-graph with [ > 1, as the following two examples show.
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(i)

ALEX KUMJIAN, DAVID PASK, AND AIDAN SIMS

Let I' = Ty (the 2-graph isomorphic to N?), and let A be the 0-graph consisting
of a single vertex v. KEach finite set is a A endomorph when endowed with the
only possible structure maps. In particular, each multiplicative map z : N> — N
determines a functor from T3 to My: the image of n € N? is (the isomorphism
class of) the A endomorph X,, with z(n) elements.

Example 6.1 of [I§] describes two non-isomorphic 2-graphs A and A’ each with a
single vertex, two edges of degree e; and two edges of degree e;. As in Notation [5.4]
A and A’ determine T,-systems X and X’ such that A is a Ty-bundle for X and A’
is a Ty-bundle for X’. By Theorem 5.9, X and X’ are non-isomorphic. However,
X and X’ determine the same functor F' : Ty — M, with F°(0) = A, namely the
one corresponding to the multiplicative map x : N> — N given by x(n) = 2m+"2,
The following example is due to Jack Spielberg [39]. We thank Jack for allowing us
to reproduce it here. The following diagram represents a 3-coloured graph where
the edges have colours c;, ¢ and c3; we draw cj-coloured edges as solid lines,
co-coloured edges as dashed lines, and cs3-coloured edges as dotted lines.

For distinct 1 < 7,7 < 3, there is a unique range- and source-preserving bijection
0; ; between c;cj-coloured paths and cjc;-coloured paths. For example, the only
coci-coloured path with the same range and source as the c¢jco-coloured path f5g;
is gg fa, 80 612(f591) = gef2- Thus, the factorisation rules in any 3-graph with the
skeleton pictured above must be implemented by the 6; ;. To see that no such
3-graph exists, we consider the two possible ways of reversing the colouring of the
path hgge f2 using the 0, ;:

h896f2 - h8f591 — frhsgr — frgshhn  and

hsge fo — gshefo — gsfaha — fsgaho.
Since fg # f7, g3 # g4 and hy # he, the 6;; do not specify a valid collection of
factorisation rules (see [31) Section 2]).

Let I' = T3 (the 3-graph isomorphic to N3), and let A be the 0-graph whose
vertices are those in the diagram above. The sets Xy := {fi1,...fs}, Xo =
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{g1,...,98} and X3 = {hy,..., hg} are A-endomorphs when endowed with the
obvious structure maps. For ¢ # j, 6, ; determines an isomorphism X; xy0 X; =
X *p0 Xy, so there is a unique functor F' : I' 2 N* — M, such that F°(v) = A
and F(e;) = [X;] for i = 1,2,3. However, this functor is not determined by any
Ts-system of 0-morphs: the T3-bundle for such a system would be a 3-graph whose
skeleton was the 3-coloured graph we started with.

6. C*-CORRESPONDENCES AND FUNCTORIALITY

In this section we consider how the constructions of the preceding sections behave with
respect to higher-rank graph C*-algebras. To keep the length of the paper down, we
restrict attention to A—I" morphs such that

(%) A and T are row-finite k-graphs with no sources, s : X — I'V is surjective, and
r: X — AU is surjective and finite-to-one.

This simplifying assumption ensures that the I'-bundles we construct are covered by the
results of [31].

To each k-morph X satisfying (), we associate a C*-correspondence H(X). The germ
of this construction, at least for k-morphs arising from covering maps, is present in the
proof of 21, Proposition 3.2]. However, here we make it explicit and extend it to arbitrary
k-morphs.

In Theorem [6:6] we show that the assignment [X| — [H(X)] determines a contravariant
functor to the category C whose objects are C*-algebras and whose morphisms are isomor-
phism classes of C*-correspondences. Theorem shows that when X is a A endomorph
satisfying (B4), the Cuntz-Pimsner algebra of H(X) is isomorphic to the (k + 1)-graph
C*-algebra C*(A x x N).

Proposition 6.1. There is a subcategory MR of M, whose objects are row-finite k-
graphs with no sources, and whose morphisms are isomorphism classes of k-morphs X

satisfying (BH).

Proof. This follows from the observation that if A-morphs X; and X, satisfy (E4), then so
does their product. O

Lemma 6.2. Let A and T’ be k-graphs and let X be a A-T' morph satisfying (H). Let
(3,4) be a linking graph for X. Then ¥ is row-finite and locally convez, and there are
injective homomorphisms

iy 1 C*(A) — C*(X) such that iy (sx) = sy, and
i : C*(I') — C*(X) such that it (sy) = Si(y)-

The series Y, cpo Siw) and Y . cro Siw) converge strictly to complementary full projec-
tions Py and Pr in MC*(X). The homomorphism i} induces an isomorphism C*(I') =
PrC*(X)Pr. The homomorphism i} induces an embedding C*(A) < Py\C*(X)Py which

takes an approzimate identity for C*(A) to an approzimate identity for PyC*(X)Py.

Proof. The linking graph ¥ is row-finite because () ensures that A and I' are both row-
finite and the range map on X is finite-to-one. To see that ¥ is locally convex, suppose
that e, f € X satisty r(e) = r(f), d(e) = e; and d(f) = e; where 1 < i < j < k+ 1.
If j <k, then s(e)X% and s(f)X% are nonempty because A and I' have no sources. If
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d(f) = eg+1, then s(e)X+1 is nonempty because 7 : X — A is surjective by (BH), and
s(f)X¢ is nonempty because I' has no sources.

The existence of homomorphisms 7} and ¢} satisfying the required formulae follows
from the universal properties of C*(A) and C*(I'), and their injectivity follows from the
gauge-invariant uniqueness theorem [I8, Theorem 3.4].

A standard argument (see for example [21I, Proposition 3.2]) shows that Py and Pr
make sense and are complementary projections. To see that P, is full, we fix a generator
sy of C*(X) and show that s, € C*(X)PAC*(X). If r(0) € ia(A°), then s, = Pps,; and if
r(o) € ir(I'?), then since the source map on X is surjective by (H), we have s, = s P\8454
for some a € X+1. To see that Pr is full, we fix a generator s, of C*(3) and show that
se € C*(X)PrC*(X). If s(0) € ip(T'?), then s, = s,Pr; and if s(o) € ix(A°), then since
the range map on X is surjective and finite-to-one by (), we have

S, = Z SeSaPrss,.
a€s(o)Xk+1

We have PrC*(X)Pr = span{s, : « € 3,r(a) € i(I')} = span{i;.(s,) : v € T'}, and it
follows from an application of the gauge-invariant uniqueness theorem [31, Theorem 4.1]
that ¢f implements the desired isomorphism C*(I') & Pr-C*(X)Pr. Since ¥ is row-finite
and locally convex, the Cuntz-Krieger relations in C*(X) ensure that the partial isometries
{sin(0 + A € A} form a Cuntz-Krieger A-family. Another application of [31, Theorem 4.1]
then shows that i : C*(A) — PyC*(X) Py is injective. For each finite subset F' C A%, let
pr denote the projection » | . s,. Then the net (pr)pcao finite i an approximate identity
for C*(A), and (i} (pF)) Fcao finite cOnverges strictly to Py by definition of Pj. O

Definition 6.3. Resume the hypotheses of Lemma [6:21 Let H(X) denote the vector
space P\C*(X)Pr. Define a left action of C*(A) and a right action of C*(I') on H(X) by
a-&-b=1iy(a)ip(b) forae C*(A),be C*(I') and £ € H(X)
where the product is taken in C*(X). Define (-, -)c=r) : H(X) xH(X) — C*(T') as follows:

(€,m)c+r) is the unique element of C*(I") such that

& = ir((& ne-m)
where £*n is calculated in C*(X).

Proposition 6.4. Let A and T be k-graphs and let X be a A-T' morph satisfying ().
The space H(X) defined above satisfies

(6.1) H(X) = span{sqi(w)sip : * € X,a, B €T, s(z) =1(a),s(a) = s(B)}.

Under the operations defined above, H(X) is a full nondegenerate C*(A)-C*(T") C*-
correspondence, and the left-action is implemented by an injective homomorphism of
C*(A) into K(H(X)). Moreover, the isomorphism class of H(X) depends only on the
isomorphism class of X.

Remark 6.5. If we do not insist on (H), but assume only that 3 is finitely aligned (so
that C*(X) makes sense), then Definition 6.3 still specifies a C*(A)-C*(I") correspondence
H(X) satisfying (€.]). However our proofs of the remaining assertions of Proposition
and of Theorems [6.6] and [6.8 all rely on (B4) via their dependence on Lemma
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Proof of Proposition 6.4 Fix a nonzero spanning element s,s; of C*(X). Then s,s; €
P\C*(X)Pr only if r(u) € i(AY), r(v) € 4(T°), and s(u) = s(v). Since r(v) € i(T'°) implies
s(v) € TY we have v € i(T'). Since s(u) = s(v), we also have p € i(A%)Zi(T'?), and the
factorisation property in ¥ forces u = zi(a) for some z € X and a € I' with s(z) = r(«).
This establishes (G.).

Since P, and Pr are complementary full projections in M C*(X), Theorem 3.19 of [33]
implies that H(X) is an imprimitivity bimodule for the two corners PyC*(X)P, =
K(H(X)) and PrC*(X)Pr = C*(I'). That H(X) is full follows from the definition
of an imprimitivity bimodule (see [33, Definition 3.1]). The injective homomorphism
C*(A) — K(H(X)) comes from the embedding C*(A) — P,C*(X)P, induced by 7} and
the identification PAC*(X)Py = K(H(X)). Since i} maps an approximate identity for
C*(A) to an approximate identity for PyC*(X) Py, H(X) is nondegenerate.

The final statement follows from Remark (4.6l O

For the following, recall from Section [2.4] that C denotes the category whose objects are
C*-algebras and whose morphisms are isomorphism classes of C*-correspondences.

Theorem 6.6. For each k > 0, the assignments A — C*(A) and [X] — [H(X)] determine
a contravariant functor Hy, from ME to C.

Proof. We need only show that for Ag, A;, Ay € Obj(MF) and [X;] € Hom ¢ (As, Ai—y),
there is an isomorphism of C*-correspondences
H(X1> ®C*(A1) H(Xg) = H(Xl *A(l) XQ)

For ¢ = 1,2, let ¥; be a linking graph for X, and let ¥;5 be a linking graph for X; *A0 Xs.
Let T" be the 1-graph with two edges a1, ay and three distinct vertices vy = r(ay), vy =
s(ay) = r(ag) and vy = s(az). Then A,, = A;, X, = X; and Xy, == Xi *p0 Xo
defines a I'-system of k-morphs (0x, x, is the identity on X; xj0 X3). Let X be a I'-
bundle for this system, and let f : ¥ — I' be the bundle map. For i = 0,1,2, let
P, = Zweffl(vi)nzo S C MC*(Y).

By applications of the gauge-invariant uniqueness theorem [31, Theorem 4.1], there are
canonical isomorphisms

C*(%1) = (o + P)C* (X)) (PR + )
C*(Eg) = (Pl + PQ)C*(E)(Pl + Pg), and
C*(212) 2 (Py + By)CH(S)(Py + By)

(to establish the third of these isomorphisms, we must slightly modify the gauge action
on (Py + P,)C*(X)(FPy 4+ P)). In particular, it follows that

H(X)) = P,CH (D) P,
H(Xg) = Plc*(Z)Pg, and
H(Xl *A(l) XQ) = POC*(E>P2
As in Lemma [6.2] the P; are all full projections in MC*(X), so
H(Xl *A(l) XQ) = POC*(Z)PQ = (P()C*(Z)Pl)(Plc*(E)PQ),
and hence, if we 1dent1fy H(Xl) ®C*(A1) H(X2> with (P()C*(Z)Pl) ®P10*(E)P1 (Plc*(E>P2),
multiplication in C*(X) induces an isomorphism
H(Xl) ®C*(A1) H(XQ) = (P()C*(E)Pl)(Plc*(Z)Pg)
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This completes the proof. O

We now present an alternative construction of the C*-correspondence H(X) (see [6] for
a similar construction). In the following, given a k-morph X, we denote the point-mass
function at z € X by §, € C.(X). We regard C.(X) as a right pre-Hilbert Cy(T"") module
with pointwise operations.

Proposition 6.7. Let A and I’ be k-graphs, and X a A-T" morph satisfying (). Let (X, 1)
be a linking graph for X, and identify X with 3¢+, Let H(X) be the C*-correspondence
obtained from Proposition [6]. Then there is an isomorphism of right-Hilbert C*(I')-
modules

H(X) = Co(X) ®cyroy C*(T)

determined by
(6.2) Szi(a)Si(8) > Oz @ SaSh forx e X% o, B eT.
This isomorphism carries the left action of sy € C*(A) on H(X) to

$x+ (02 ® 845%) = 0 @ 845455 for x € X%+ gnd o, 3 €T
where ¢X(x,7 7) = ()\a .73)
Proof. For the first statement, we just need to check that the formula (6.2) extends to an
inner-product preserving map. For all z,2’ € X%+ a € s(z)[, o € s(2/)[, B € T's(«)
and 3’ € I's(a’), we have

spseSa Sy ifx=2a

6.3 0p @ 808k, 0p ® SqrShy) = (808, (0z, 0pr) * S Sy ) = amaep
(6.3) < b o) = (a5 ) 2 {0 otherwise.

Since S}, Swit’) = Si(a)(SzSar)Si(er), the third Cuntz-Krieger relation in C*(X) forces

: Sy o=
Szi(a)Sa’i(e!) = .
0 otherwise,

equations (6.3) and (€2) and the definition of the inner product on H(X) imply that
(0, ® SaSp; 0z & sa/sg/> = (sm(a)s;, sz/i(a/)sg,>.

By linearity and continuity, it follows that (6.2)) is inner-product preserving.
The last assertion follows from a direct calculation. O

We now consider the case where X is a A endomorph. We show that the (k + 1)-graph
C*-algebra C*(A x x N) coincides with the Cuntz-Pimsner algebra O (x).

Let X be a A endomorph satisfying (). Let A x x N be the T3-bundle for the system
induced by X as in Examples B.ITI([). Because 77 has just one object, we may simplify
the notation of Remark 5.8 as follows: there are injective maps hy : A — A xx N and
hp © X*™ — A xx N (where hq is the identity map on vertices), and every element of
A xx N is of the form h,(z)hy (M) for some n € N, z € X*™ and X € A.

Theorem 6.8. Let A be a k-graph and X a A endomorph satisfying (EH). Let H(X) be
the associated C*(A)-C*(A) correspondence and let A x x N be the Ti-bundle associated
to X regarded as a A endomorph. There are a homomorphism m : C*(A) — C*(A xx N)
and a linear map t : H(X) — C*(A xx N) determined by

T(Sx) = Sha()) and  1(S2i(a)Si(g)) = Sha(a)Sha(@)Sha(s)-
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The pair (t,7) is a Cuntz-Pimsner covariant representation of H(X), and the induced
C*-homomorphism t x m : Oyxy — C*(A xx N) is an isomorphism.

Proof. The universal property of C*(A) shows that there is a homomorphism 7 : C*(A) —
C*(A xx N) satisfying 7(sx) = sp,(n) for all A € A. This homomorphism 7 is equivariant
for the gauge action on C*(A) and the restriction of the gauge action on C*(A x x N) to
the first k& coordinates of T**!. Hence an application of the gauge-invariant uniqueness
theorem for C*(A) [I8, Theorem 3.4] shows that 7 is injective.

To see that the formula given for ¢ determines a well-defined linear map, we will show
that for any finite linear combination of the form Z;LZI @} Sz;i(a)Si( 5) in H(X), we have

C*(AX)(N)

H i1 @jSz;i(a;)Si(s;) - H i1 @Sy (5)Sha (o) Sha (85)

H(X
We have already shown that 7 is injective, so by the C*-identity for C*(A x x N) and the
definition of the norm on H(X) it suffices to show that for spanning elements Szi(a) Si(s)
and Sa'i(a’)Si(g) of H(X), we have

({Saita)Si(a) Sa'i(a)Si(a ) 1)) = t(Sai(a)Si(a)) t(Switar) Siie))-

This follows from a routine calculation like (€.3]) above.

It follows by linearity from the preceding paragraph that 7((£,n)c=a) = t(£)*t(n) for
all £,m € H(X). To see that (¢,7) is a representation, it therefore suffices to show that
for a generator sy of C*(A) and spanning elements $,;(q) sj(ﬁ) and sz/i(a/)sj(ﬁ,) of H(X),

(82t (S2i(a) S53)) = t(Sx - (Sai(a)Si(3))), and
t(Szi()Si())T(5x) = t((Szi()Si)) * 52)-
One verifies these identities with short calculations using the definitions of t and 7 and the

structure of H(X). We give the first of these calculations as it is the least elementary. Fix
sx and Szi(a) S, as above, and let " and A’ be the elements such that ¢x (2, \') = (A, z).

Then s - (S(m(a))sj(ﬁ)) = S@@/i(Va))Si(p)> and we have

T(82)E(Szi(0)Si(8)) = Sha(3)Shi(2)Sha(@)Sha(8) = Shi (@) Sha(N)Sha(@)Shy () = L(Sx*(S(i()Si(s)))-

To check that (¢,7) is Cuntz-Pimsner covariant, fix A € A, and note that the left action
of s, on H(X) is implemented by

> O € KH(X)).
r(z)=s(A)
dx (' N)=(\z)

Hence if ¢ denotes the homomorphism which implements the left action, we have

()= Y tlswion)t(sa) = Y w(sa)t(sn)t(s,)7,
r(z)=s(A) r(z)=s(\)
ox (', N)=(\x)
and this is equal to 7(sy) by the fourth Cuntz-Krieger relation in C*(A x x N).
The restriction of the gauge-action on C*(A xx N) to the last coordinate in T is
compatible with the gauge action on Oy (x). The gauge-invariant uniqueness theorem [14,
Theorem 4.1] for Oy x) (see also [I7, Theorem 6.4]) now implies that ¢ x 7 is injective.
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It remains only to observe that for h,(z)hx(A) € A X x N, we can write x = (x1,...,2,)
where each z; € X, and r(z;11) = s(x;), and then

Shn(@)ha(n) = L(Szy) + - (82, )T(52)

(if n =0, then x = r(X\) € I(A), 50 Sh,(2)hr(x) = T(5x)). Hence ¢ x 7 is surjective. O

Remark 6.9. Let ¥ be a row-finite k-graph with no sources such that "0 # () for all
n € NFland v € X% Let ¥ and X be the k-graph and X* endomorph discussed
in Example B3I[ui). Then X satisfies (E4). As in Example B.ITI([), we have that X is
isomorphic to the endomorph skew graph »* Xy N. Hence Theorem implies that
C*(X) =2 O x); that is the C*-algebra of X can be realised as the Cuntz-Pimsner algebra
of a C*-correspondence over C* ().

Remark 6.10. Let A € Obj(MF), let a be an automorphism of A, and let X = X («) be the
associated endomorph; clearly X satisfying (B4). Let & denote the induced automorphism
of C*(A). As in Example BT, the endomorph skew graph A x x N is isomorphic to
the crossed product (k + 1)-graph A X, Z constructed in [15].

In this situation, the bimodule H(X) constructed above is isomorphic to the bimodule
constructed by Pimsner in [29, Example 3, p.193] with A = C*(A) and 7 = a. We
therefore recover the isomorphism C*(A x, Z) = C*(A) x5 Z of [I5, Theorem 3.5] from
Theorem and Pimsner’s result.

Corollary 6.11. Let A, T be k-graphs, let R be a A-I' morph and S a I'-A morph.
Suppose R and S satisfy (H). Let X be the A endomorph S *ro R, and let Y be the
I'-endomorph R *po0 S. Then the (k4 1)-graph algebras C*(A x x N) and C*(I' xy N) are
Morita equivalent.

In particular the above Morita equivalence holds if X = , X, andY = X *p0 , X where
p,q: 1T — A are finite coverings of row-finite k-graphs.

Proof. Theorem [6.6] implies that H(X) = H(S) ®c-r) H(R), and H(Y) = H(R) ®c=()
H(S). By Theorem 61, F := H(X), and F := H(Y) satisfy the hypotheses of [24]
Theorem 3.14] (the C*-correspondences H(R) and H(.S) implement the elementary strong

shift equivalence). Hence Oy (x) and Oy (yy are Morita equivalent, and our result follows
from Theorem [6.8| O

Remark 6.12. When k = 0, the first statement of the above Corollary reduces to Bates’
results on shift-equivalence for 1-graphs [2].

Ezample 6.13. For n € N\ {0}, let D,, be the directed graph with n vertices {vg,...,vn_1}

and edges {x;,y; : 0 <1i <n —1} where r(x;) = v; = s(y;) and s(z;) = vip1 = (i) (see

[21], Section 6.2]). In particular, D; is equal to the bouquet of two loops whose C*-algebra

is canonically isomorphic to O,. We will consider a D; endomorph ,X, constructed from

coverings p, q : Dy — D;. To reduce confusion, we will denote g, yo € Dy by = and y.
The covering maps p, q : Dy — D, are defined as follows

p(x;) =, p(yi) =,
q(zo) = , q(yo) = v,
q(z1) =y, q(y1) = z.

Construct X = , X, as in Example B3([V) (so, as a set, X = DJ). The endomorph skew-
graph A = D; xx N is a 2-graph whose skeleton and factorisation rules can be described
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as follows: A = v, A® = {z,y}, A> = X = {vy, v}, and
Vo = YUy, VoY = Iy, mT = Iy, and V1Y = Yvp.

Results of [1, B35 36] can be used to see that C*(A) is a Kirchberg algebra (the details
appear in an unpublished manuscript of D. Robertson [34]) and has trivial K-theory.
Hence C*(A) is isomorphic O, by the Kirchberg-Phillips theorem.

Using Proposition 6.7, we see that H(X) & C? ®@c O, as a right-Hilbert Oy-module
(where C? is the two-dimensional Hilbert space with orthonormal basis {dg, d1}). The left
action of Oy = C*({Sp, S1}) is determined by

So - (6o ®c 1o,) = 61 ®c So, So - (61 ®c 1o,) = o ®c S,

S1 - (00 ®c lo,) = 61 ®c S, S1 - (01 @c lo,) = do @c So.
By Theorem [6.8, the Cuntz-Pimsner algebra Oy x of this C*-correspondence is isomor-
phic to C*(A) which, as we saw above, is isomorphic to O,.

Let Y = X, *p0 ,X. Note that Y satisfies (£d). The endomorph skew-graph Dy xy N
has skeleton

with factorisation rules

QpoYo = Yod11 Qpol1 = T1011 a10Yo = Toho1 a10T1 = Y1401
a11Tp = Y1401 a11Y1 = Toho1 Qp1To = Toh10 ao1Y1 = Yiaio

Corollary [6.10] shows that C*(Ds xy N) is Morita equivalent to C*(A) = Oy, and as it is
also unital, it is in fact isomorphic to O,.
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