C*-ALGEBRAS GENERATED BY 2-GRAPHS AND
VARIATIONS UNDER FACTORISATION PROPERTIES

DAVID ROBERTSON

ABSTRACT. These notes were written during an eight-week summer
scholarship at the University of Newcastle in the summer of 2005/2006.
They were written at the time as a project summary and had not been
intended for distribution. However, some of the examples and conclu-
sions of sections 3 and 4 arose in [4, Example 6.11]. We have therefore
posted these notes electronically as support material for [4].

1. INTRODUCTION

We regard N as the set of all natural numbers including 0, and write
N* for the additive semigroup of k-tuples n = (ny,no,...ny), with additive
identity 0 = (0,0,...,0). We denote the canonical generators of N* by
{e1,e9,...ex}. Given m,n € N¥ we say m < n if m; < n; for all i =
1,2,..., k. We write m V n for their coordinate-wise maximum, and m A n
for their coordinate-wise minimum.

Definition 1.1. A category C is a sextuplet (Obj(C), Mor(C), dom, cod, id, o).
Obj(C) are the objects, Mor(C) are the morphisms between objects, dom, cod

are the domain and codomain functions from Mor(C) to Obj(C), id is the

identity function from Obj(C) to Mor(C). o is the composition function from

Mor(C) X owj(c) Mor(C) to Mor(C) where Mor(C) x opjcy Mor(C) = {(g, f) €

Mor(C)? : dom(g) = cod(f)} is the set of composable pairs in Mor(C). We

say C is countable if Mor(C) is countable.

Definition 1.2. Let £ € N\{0} A k-graph is a pair (A, d), where A is a
countable category and d : A — NF is a functor which satisfies the factori-
sation property: if A € Mor(A) and d(A\) = m + n, then there are unique
morphisms p € d~}(m) and v € d~1(n) such that A = uv.

We refer to the elements of Mor(A) as paths and to elements of Obj(A)
as vertices and we write r and s for the domain and codomain maps re-

spectively. The factorisation property allows us to identify Obj(A) with
{A € Mor(A) : d(A\) = 0}. So we write A € A, and when d()\) = 0, we regard

Date: October 15, 2007.



2 DAVID ROBERTSON

A as a vertex of A.

If A € A with d(A\) =1[, and 0 < m < n <, then we can apply the fac-
torisation property twice to obtain unique elements X', \” and A" € Mor(A)
such that d(\) = m,d(\") = n — m and d(\") = | — n, and such that
A= NX'N". We write A(0,m), A(m,n) and A(n,l) for X', \ and X\ respec-
tively.

We write A" := {\ € A : d(\) = n} for the paths of length n € N¥. Hence
AP ={x e A:d\) =0} =0bj(A). Given A € A and £ C A, we write
AE for the set {\u : p € E,s(u) = r(\)}. In particular, if v € A° then
vE={Ae€ FE:r(\)=v}and Ev={\€ E :s(\) =v}.

Definition 1.3. A k-graph (A, d) is row finite if vA™ is finite for all v € A°
and n € N¥, and A has no sources if vA™ # () for all v € A® and n € N*¥. We
say that A is strongly connected if vAw # () for all v,w € A°, and that A is
finite if A? is finite and each A% is finite. Given k € N\{0} and k-graphs
A1, dy) and (Ag, ds), we call a function x : Ay — Ay a graph morphism if it
satisfies dy o = d;.

Definition 1.4. Given k € N\{0}, we write Qj, for the k-graph given by
Obj(Q%) = N*¥, Mor(Q%) = {(m,n) € N* x N* : m < n}, r(m,n) =
m,s(m,n) = n,(m,n) o (n,p) = (m,p), and d(m,n) = n —m. Given a
k-graph A, an infinite path in A is a graph morphism z : Q, — A. We
write A for the collection of all infinite paths in A. For p € N*, we write
oP : A*° — A for the shift map determined by o?(x)(n) = x(n + p), and
we say that © € A® is aperiodic if there do not exist p,q € N¥,p # ¢ and
oP(x) = o%x). For the sake of notation, we write z = AjAA3... where
each \; € A% for some i € {1,2,...,k}.

Ezxample 1. Consider the following 1-skeleton of a 2-graph, (A, d):

eo
&

Set d(ep) = (1,0) and d(f;) = (0,1) for all i € Z = {0,1,...,n — 1}. We
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have the following possible factorisation properties:

Joeo
eofo = fI:BO (n possibilities)
f, n—.leo
eofi = ... (n—1 possibilites)
eofn1 = ... (1 possibility)

So there are n x (n — 1) x -+ x 2 x 1 = n! possible factorisation properties.
Suppose we have

eofi = f¢(z’)€0
where ¢+ € Z and ¢ : Z — 7 is a bijection. The period of some ¢ € Z must
be p; = 1,2,...,n by the Pigeonhole principle. Hence, for each ¢ € Z, we
have p;|n!, so ¢ (i) = i for all i € Z, where ¢{™) denotes the n!th iterate
of ¢. Consider the infinite path x = ey fi1)eo fi2)€ofi3) - - .. Then

U(l’o(x) = 0(1’0)<€0fi(1)€0fi(2)€0fi(3) )
fimeofimeofiw) - -
= eofsa))Cofai2)cofeao)) - - by the factorisation property
By an inductive argument, we may see that

o™Nz) = " eofimeofimeofia ---)

= "o fouapofaa@yeofoue) - -)

O (Famn sy oo o fom—nig - )
= eofomaqyofonii@)olone) - -
= eofimyeofieofis) - as gb”'(z) =idforalliel
=z
So we see that x has a period of (n!, 0) Note that this is not the least possible

period of x. Since the factorisation property and x were both arbitrary, we
see that A does not admit any aperiodic path.

Definition 1.5. Let (A,d) be a row-finite k-graph with no sources. A
Cuntz-Krieger A-family is a collection {t) : A € A} of partial isometries
satisfying

e {t,:v € A% is a collection of mutually orthogonal projections;

o t)t, =t\, whenever s(\) = r(u);
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o 13ty =ty for all A € A; and
o t, = Z/\GM taty for all v € AY and n € N*

The Cuntz-Krieger Algebra C*(A) is the C*-algebra generated by a Cuntz-
Krieger A-family {s) : A € A} which is universal in the sense that for every
Cuntz-Krieger A-family {t) : A € A}, there is a unique homomorphism 7 of
C*(A) satisfying m(sy) = t, for all A € A.

We say that a k-graph, A satisfies the aperiodicity condition if for each
v € A% there is an infinite path = with r(z) = v. It has been shown that if a
k-graph satisfies the aperiodicty condition then the C*-algebra arising from
the Cuntz-Krieger A-family is simple, purely infinite and nuclear. However,
satisfying the aperiodicity condition is not just dependent on the objects
and morphisms of a particular graph, but also on the factorisation property
associated with it.

2. 2-GRAPHS AND FACTORISATION PROPERTIES

We now consider the 2-graph (A, d) given by

@
"

u

&

Set d(eg) = d(e1) = (1,0) and d(fy) = d(f1) = (0,1). There are 4! = 24 dif-
ferent factorisation properties that we can associate to A. These are shown
in the following table.
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1. 2. 3. 4. 5. 6.
€¢fj = fre eifj = fre eifj = fre eifj = fre \ eifj = fre eifj = fre
eofo | foeo || €ofo | foeo || €ofo | foeo || €ofo | foeo || €ofo | foeo | eofo| foeo
eofi | foer || eofi | foer || eofi | fieo || €ofo | fieo || eofi | fier | eofi | fiex
erfo | fieo || enfo | fier || enfo| foer || eofo | fier || enfo| foer | eifo| fieo
eifi| fier || eifi| fieo | enfi| fier | eofo | foer | erfi| fieo || enfi| foer

7. 8. 9. 10. 11. 12.
€¢fj = fre eifj = fre eifj = fre ez’fj = fre eifj = fre eifj = fre
eofo | foer || eofo | foer || eofo | foer || eofo | foer || eofo | foer | eofo| foer
eofi | foeo || €ofi | foeo || eofi | fieo || €ofo | fieo || €ofi | fier | eofi | fien
erfo| fieo || erfo | fier | erfo| foeo || €ofo | fre1 || erfo| foeo || erfo | fieo
erfi| fier || enfi| fieo | enfi | fier | eofo | foeo || erfi| fieo || enfi| foeo
13. 14. 15. 16. 17. 18.
€¢fj = fre eifj = fre eifj = fre ez’fj = fre \ eifj = fre ez’fj = fre
eofo | Jieo || eofo | Jieo || eofo | fieo || eofo | Jieo || eofo | fieo | eofo | fieo
eofi | Joeo || eofi | foeo || eofi | foer || eofo | foer || eofi | fier | eofi | fiex
erfo| foer || erfo| fien || erfo| foeo || eofo | fier || eifo| foeo | eifo | foer
erfi| fier || enfi| foer | enfi| fier | eofo | foeo || erfi| foer || enfi| foeo
19. 20. 21. 22. 23. 24.
eifj = fre eifj = fre eifj = fre ez’fj = fre \ eifj = frer eifj = fre
eofo | fier || eofo | fier || eofo | fier || eofo | fier || eofo | fier | eofo | fiex
eofi | foeo || eofi | foeo || eofi | foer || eofi | foer || eofi | fieo | eofi| fieo
erfo | foer || enfo | fieo || erfo | foeo || erfo | fieo || erfo | foeo | eifo| foer
erfi | fieo || enfi | foer || enfi| fieo || enfi | foeo || enfi | foer | eifi| foeo

There are some changes that we can make to A that while not effectively
changing the graph, they will change the factorisation property

e Swap the labels of ¢y and e
e Swap the labels of fy and f;
e Swap ey with fy and e; with f;.

FExample 2. The following diagram shows the relationship between factori-
sation properties 2., 7., 18. and 23..

The Blue arrows indicate swapping e, and ey, the Green arrows indicate
swapping f, and f1, and the Red arrows indicate swapping ey with f; and
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e; with f;. In contrast to this, factorisation property 3. is invariant under
all three changes.

Let F' = {1.,2.,...,24.} be the set of factorisation properties, and define
an equivalence relation ~ on F', where
X =Y or
X+«—Y, or
X~Y <= X Y, or
X+«—Y, or

e Fsuwchtht X «—Z«—Yor X «—2Z+—Y

where XY € F. Then the set of equivalence classes, F'/ ~, has nine
elements:

Ff e {1.,24.},{2.,7.,18.,23.},{3.},{4.,5.,9.,13.}, {6.,10.,15.,19.},
— 1 {8.,17.},{11.,14.},{12.,16.,20.,21.}, {22.}

We denote an equivalence class by [X]| where X € F.

3. DuaLs oF HIGHER-RANK GRAPHS

Definition 3.1. Let (A, d) be a k-graph. Let pA := {\ € A : d(\) > p}.
Define range and source maps on pA by 7,(A) := A(0,p), and s,()) :=
A(d(A) — p,d(N)) for all A € A, and define composition by A o, p :=
A(p, d(p)) = A0, d(X) — p)p whenever s,(\) = r,(1). Also, define a degree
map d, on pA by d,(\) = d(\) — p whenever A € pA.

Theorem 3.2 (Theorem 3.5, from [2]). Let (A,d) be a row finite k-graph
with no sources, and let p € NF. Let {sy : A\ € A} denote the universal
generating Cuntz-Krieger A-family in C*(A), and let {tx : X\ € A} be the
universal generating Cuntz-Krieger pA-family in C*(pA). For all X € pA,
define 1y = s\s; (). Then there is an isomorphism ¢ : C*(pA) — C*(A)
such that ¢(ty) = ry for all A € pA

Using this theorem, we can determine whether a k-graph A satisfies the
aperiodicity condition by seeing whether a particular dual graph pA satisfies
the aperiodicity condition for some p € N*.

Lemma 3.3. (Lemma 8.7 from [1]) Let (A, d) be a k-graph, and let p € N¥,
For each n € N*¥ with n < p and v,w € pA® = AP, there is at most one
A € v(pA™)w.

Consider the previous 2-graph. For each of the 9 classes of equivalent
factorisation properties, we can construct a unique dual graph, 1A. To
determine whether each of these satisfy the aperiodicity condition, we use
methods outlined in Robertson and Steger’s paper ([5]).
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Notation 3.4. Let (A,d) be a k-graph. We write M*,1 < i < k for the
matrices in Myo(N) determined by (M), ., := [wA%v| for w,v € A% and
we refer to these matrices as the coordinate matrices of A.

Definition 3.5. Let (A, d) be a k-graph, and suppose u, v € A. We say that
A is a common extension of p and v if A(0,d(u)) = p and X(0,d(v)) = v (it
necessarily follows that d(\) > d(u) V d(v)). We call X\ a minimal common
extension of p and v if it is a common extension of p and v and also
satisfies d(\) = d(u)Vd(v). We denote the collection of all minimal common
extensions of y and v by MCE(yu, ), and we use the notation A™"(yu, v) for
the collection

A" (p,v) == {(a, 8) € A x A : pa = vf € MCE(p, v)}
Definition 3.6. By applying theory outlined in [5], we associate the fol-
lowing properties to the coordinate matrices of a k-graph, A.

e (HO): Each M; is a non-zero, {0, 1} matrix;
e (H1): Let p € A™ and v € A™. If r(u) = s(v), then there exists a
unique A € A™ such that
A0,m)=p and A(m,m+n)=v

e (H2): The 1-skeleton of A is irreducible
e (H3): Let p € Z",p # 0. Then there exists some A\ € A which is
not p-periodic.

We can use condition (H3) to construct an aperiodic path, so it essentially
says that A satisfies the aperiodicity condition. Since it is impossible to
check directly, with p ranging over all of Z" we introduce another condition:
o (H3*): Let j,k € {1,2} with 7 # k, and let n € N. Let A € A",
Then there exist «,a’ € A% such that r(a) = r(\) = r(a/) and
MCE(aA) and MCE(a/, A) are both non-empty and not equal to

each other.

Robertson and Steger showed in [5] that

Lemma 3.7. (Lemma 2.1 from [5]) Conditions (HO)-(H2) and (H3%*)
imply condition (H3).

However, it is still quite hard to check condition (H3%*) since we can have
n € N be anything. We want to restrict it to n = 1.

Lemma 3.8. In our 2-graph with some factorisation property, |(1A%)v| = 2
for all v € 1A°,i =1,2.

Proof. Let i = 1 and fix v € 1A°. Then
|(IA“)v| = {epv:ke€{0,1}}
= 2
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The case for ¢« = 2 can be shown similarly. O

Proposition 3.9. Consider the 2-graph with some factorisation property
from Section 2. Then condition (H3*) is equivalent to, for all e € 1A
and for all f € 1A® with ri(e) = r1(f), MCE(e, f) # 0.

Proof. (=) Suppose condition (H3*) holds. Let e € 1A°*. Then there
exists f, f’ € r1(e)1A® such that MCE(e, f) and MCE(e, f) are non-empty.
But by Lemma 3.8, f and f’ are unique, so we have that MCE(e, f) # ()
for all f € r(f)1A®. The case for e € 1A follows by symmetry.

(«<=) Suppose that given e € 1A MCE(e, f) # () for all f € r1(e)1A®.
We wish to prove that this holds for e € 1A™* where n € N is any natural
number. Suppose it is true for n < k. Fix A € 1A**TDe and write A = A\
where d()\;) = ke; and d(\;) = e;. By the inductive hypothesis, MCE(, f)
and MCE(J, f') are non-empty where f, f' are the 2 distinct elements of
r1(A) 1A, Say \yg € MCE(\, f) and \yg’ € MCE(J, f). Since fA # f'A,
we have A\g # Ag’ which implies that g # ¢’. Hence g and ¢ are the
2 distinct elements of r;(A)1A®? = s1(A\x)1A%. By hypothesis, we have
MCE(A1, g) and MCE(Aq, ¢') both being non-empty, say Ajh € MCE(Aq, g)
and \h' € MCE(Ay, ¢'). Now, consider Ah.

A = An(Arh)

= M\(ga) for some « € s1(g)A™
= (fB)a for some § € s;(f)A™

So Ah € MCE(A, f). Similarly, AW’ € MCE(A, f'). In particular, MCE(A, f)
and MCE(J, f') are non-empty. By induction we can extend this to any
A € 1A™ for any n € N. By symmetry, we have it for any A € 1A™ and
we have (H3*). O

Proposition 3.10. Consider the 2-graph together with a factorisation prop-
erty X € F from Section 2. Then (H3%*) is equivalent to, there exists a pair
(e, f) € TA x 1A® with r1(e) = r1(f) such that MCE(e, f) is a singleton.

Proof. (=) Suppose condition (H3*) holds. Fix v € 1A°. Let M, :=
v1A® x v1A°. Then for (e, f) € M,, elements of MCE(e, f) are of the form
eifierfi as an element of A2 where i,7,k,1 € {0,1} and e;f; = v. So we
have that

| MCE(e, f) = {eifientfr - k1 € {0,1}}

(e.f)eMy

has exactly 4 elements since ¢ and j are fixed. Since M, has 4 elements
if MCE(e, f) has more than one element for some (e, f) € M, there must
exist some (¢, f') € M, such that MCE(¢, f') = 0. But condition (H3*)
holds, so MCE(e, f) must be a singleton for all (e, f) € M,.
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(<=). Now, suppose there exists some v € 1AY and (e, f) € M, such
that MCE(e, f) is a singleton. Then by the argument above MCE(e, f) is
a singleton for all pairs (e, f) € M,. Let v = e;f; where ¢;, f; € A. Now,
consider e, € A°! and f; € A®2. We have

MCE(eifjek, eifjfl) = {eifj)\ A€ MCE(ek, fl)}

Since ri(e;fiex) = ri(eif;fi) = v, we have that MCE(e; fex, €; f; fi1) is a
singleton which implies that MCE(eg, f;) is a singleton. Since e; and f;
were arbitrary, we have that MCE(e, f) is a singleton for all e € A®* and
f e A= Now let p € 1A and v € 1A with r(u) = ri1(v). Write
p = pijte, where pg € A' = ri(p) and p., € A°, and write v similarly.
Then

MCE(M, V) = {Hl)\ TAE MCE(,UEU V€2)}

which is a singleton since MCE(pe, , e, ) is. Since p and v were arbitrary, we
have that MCE(e, f) # 0 for all e € 1A and f € 1A° with r1(e) = r1(f),
and hence we have condition (H3*) satisfied by Proposition 3.9. So we
have equivalence. (]

4. C*-ALGEBRA GENERATED BY SPECIFIC EXAMPLES

Consider the 2-graph, (A, d), from Section 2, together with some factori-
sation property X € F such that Ax does not satisfy condition (H3*). Let
T =¢€; fj€i,[j, - - € fj ... be an infinite path in A. Consider the following
functions:

E 2P X L — 7L x L defined by
EW{ir}, {}) = {Gn} {in}) whenever fi e;,., = ej fi,

and

Y 2 < 15° — Z5° x Z3° defined by

@ik An}) = (i} {in}) whenever e, fi, ., = fiej

Where Z := {i = {ix}32, : ix € {0,1} for each k =1,2,...} is an additive
group with identity 0 = (0,0,0,...), i~ = 4 for all i. Note that in Zs,
1+1=0. The £ and (O functions for each X € F not satisfying condition
(H3*) are given in the table below.

E

S ¥

1.] € (i}, {ir}) = W} {ienn }) P}, {k}) = {es {ini1})
; } € (i}, {ge}) = Wik, {ienr + k) | Pt {e}) = (e + i} {inia})
2.

[

—

—|

E{in}, {Gn}) = {r}, {iers +1}) PHiet {r}) = Gk + 1} {inar })
L EWut {ie}) = Qinen +13 {0k +13) | PUin}, L)) = {in + 1}, Gk + 1)

2
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Lemma 4.1. Consider Ax for some X € F. Then if ™™ (x) = x for all
x € A, the sign of m is not equal to the sign of n; that is if one is positive,
the other is negative.

Proof. Noticing that if o™ (z) if and only if o™ ™ (z) = x and every
r € A has a trivial period of (0,0), we need only consider the case for
(m,n) € N2\{(0,0)}. So let (m,n) € N*\{(0,0)}. Fix some x € A* such
that x(0,e;) = e; and z((m,n),(m + 1,n) = es. Such a path exists as
there is only one v € A°. Then o(™™(z)(0,¢e;) = e, but 2(0,e;) = e;, and
hence ¢™™ () # x. Since this is true for arbitrary (m,n) € N?\{(0,0)},
we have that there is some z € A* such that o™™(z) # z for all (m,n) €
N*\{(0,0)}. O

Proposition 4.2. Consider Ax for some X € F. Letx = e;, fj,€i, fi»€is fis €
A>®. Then o™ (z) = x if and only if E™({ir}, {jr}) = O™ {ir}, Lk })-

Proof. We have that

r = €i1fj16i2fj2 Ce eikfjk Ce
= €i1(fj1€i2"'fjkeik+1 )
= e <ei51)fj§1) . 'eil(cl)fjl(cl) . ) where <{il(cl)}7 {flil)}) =E{ir}, {4x})
= 62-162.51) (fjgl)eiél) N fjl(cl)el.l(ﬁl e )

= cueg (ep e ) whee (L A7) = E°((ish (i)
= ey 62.(1) PN 6i<m71> <6i(m)fj(m) PN ei(m) fj(m) ce )
1 1 1 1 k k
where ({iy}, {fi"™}) = E™{ir}, {ji})
Similarly, we have

xr = ei1fj1ei2fj2 s eikfjk to

= fj/(l)ei/(l) N fj/(l)ei'(l) N
0 1 k k+1
= fj(,)u) <€i/1(1)fj1(1) e ei;u)fj;(l) . ) where ({igl)}, {jllc(l)}> = gp({zk}, {jx})
= fiofpe (6i/1<2>fj1<2> sy fue) ) where ({iy”}, {ji”'}) = ©*({ir}, {ii})

J

where ({7}, {7\"'}) = ©"({in}. {e})

= fj(r)u)fj(/)(g) c fA{)(n) (eill(n>fji(n) .. .ei;(n) fj;(n) . )
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Now, d <€z‘1€i<1> . ei(m_n) = (m,0), so we must have
1 1
U(m’o)(l’) = 6.(m)f.(m) Ce 6.(m)f.(m) ce
5 J1 e U Ik
and similarly d (fj,u)fj,(g) o fj/<n>> = (0,n) so we have
0 0 0

(O;n) -
g (x) = ei/1<n) fji(n) R eign) fj;(m e

Hence, if 00 (z) = ¢ (3) += o™™(z) = 2, then we must have

LY, G0 = (), G that is €™ ({in}, {in}) = ©"{in} {j%

Proposition 4.3. Consider (Aj2),d). There exists an x = e;, fj €, fj.€i fjs -+ €
Agsy such that E™ ({ir}, {jx}) # P" ({ix}, {jx}) for any m,n € N.

Proof. We know from the table above that € ({ix}, {jx}) = ({Jx}, {ixs1 +
gi}) and P}, {ik}) = ik + i} {ie}). Let {oms}, - A, ) € co(Zs)

and ap,p, ..., , € Z3 so we can write

8m({zk}a {k}) = ({am,O‘{'Z:ik Qi +Brmr i } {ain,oJrZ?ik a;n,si5+ﬁ;rz,sj5})

and

@™ {in}, Lk = (no + 25725 G + M b {buo + 30004 Gsls + M0 sds )

Suppose amo = a,,o = 0 for some m > 1. Then ay110 = a;,, = 0 and

Wimt1,0 = Amy1,0 + Ay, = 0+ 0= 0. Since a; = aj, = 0 by the definition
of £, we have a,, 0 = Uy o = 0 for all m > 1 by induction on m. Similarly,
suppose i = = 0 for some m > 1 Then oy 1 = ), = 0, and
Opiip = Qi = 0. Since arp = o), = 0 by the definition of &, we
have a,,x = a,, = 0 for all m > 1 by induction on m. Now suppose
bm,o = by, o = 0 for some m > 0. Then by, 410 = b0 + 0,0 =0+0=0 and
bno = bmy10=0. As byg =1}y =0, we have by, o = b}, =0 for all m > 1
by induction on m. Similarly, suppose ¢, = 1 for some m > 1. Then
Cmt1k = Gmk + (G p = 1 provided ¢, = 0. But since (],  is only defined
for s > k + 1, we have Cpy+16 = Gnok = 1. Since (i = 1 by the definition

of (O, we have that ¢, , = 1 for all m > 1 by induction on m. Then

Em({lk}a {k}) = ({am,O + sz; Qb + 5m,rjr}’ {alm,o + Z;ik O‘;n,sis + 6;n,sj$}>
= ({amo + ama},{an, o+, }) since iy = 1,0, = 0 for all k > 2,
and jpy =0 forall k > 1
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and

@ {ind nd) = (oo + 22755 Gurtr + Wi by bo + 220k Costs + 1505
= {bmo+ Gnits {00+, since i; = 1,4, = 0 for all &k > 2,
) ) m,0 m,1
and jp =0 for all £ > 1

Now, consider the infinite path x = ey foegfoeofo- - € Afi]. Then we have
{ir} = (1,0,0,0,...) and {jr} = (0,0,0,0,...). Then, for any m,n €
N\{0} we have

E"{int {in}) = ({@m,o + amair}, {a;n,O + O‘;n,lik})
= ((0,0,0...),(0,0,0...)) since ...

but

Spn({zk}’ {jk}) = ({bm,o + Cm,l}y {bfrn,O + Crln,l})
= ((1,0,0,...),(0,0,0,...)) since ...

7 E"({ir}, {in}) for any m € N\{0}

Hence, for any m,n € N\{0}, there exists an & = e;, fj,€s, [jz€i, f5 - - € A

such that E™ ({ir}, {jr}) # @ {ir}, {Je})- O

Proposition 4.4. Consider (Aj22),d). There exists an x = e;, fj €, fj,€ifjs - €
Afzay such that E™ ({ix}, {jr}) # @" (i}, {jr}) for any m,n € N.

Proof. This time we have £ ({ix}, {jx}) = ({irs1+1}, {Je+1}) and Q({ir}, {jr}) =
({tx + 1}, {jrs1 + 1}). Consider E™ ({ir}, {jr}) and O™ ({ir}, {jr}) writ-
ten as in the proof of Proposition 4.3. For each m, a,,, is only defined
for r > k +m, and so o, = 0 for all m > 1. By the definition of SD,
Cm+1,k = Gm.k, and since ¢; = 1 we have ¢, = 1 for all m > 1 by induction
on m. Also, by the definition of £, ay,410 = amo+1, and since 1+1 =0 in
Zs, we have that a,, o = 0 if m is even and a,, o = 1 if m is odd. Similarly,
by the definition of QO we have by, o = 0 if m is even and b,, o = 1 if m is odd.
So, we have a,, o = b, if both m and n are even or odd, and a,, o # by if
one is odd and the other is even. So, let m,n € N\{0} so that either they
are both odd or they are both even. Consider x = ey foegfoeofo:-- € A([);z.y

Then {it} = (1,0,0,...) and {jx} = (0,0,0,...). Then

E"{i}, {Uk}) = (amo~+ @m1,0,0,...),{j.}) because i;, =0 for all k& > 2,
and where {j.} € Z3°
= ((a4m0,0,0,...),{jr}) as ay, =0foralm>1
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and

O"{ir}, {e}) = ((bno +n1,0,0,...),{jy}) because i =0 for all k > 2,
and where {j}} € Z3°
= ((bno+1,0,0,...),{jr}) as Gur=1foralln>1
= ((amo+1,0,0,...),{j;} since m and n are both even or odd
£ E™({ix), L))
Now, let m,n € N such that one is even and one is odd. Consider
x = eofoeofocofor -+ € AR,y such that {i} = (0,0,0,...) and {ji} =
(0,0,0,...). Then
E"{in}, {Uk}) = (amo0,0,0,...),{j.}) because i, =0 for all k > 1,

and

O"{ir} {ik}) = ((0n0,0,0,...),{j/}) because i} = 0 for all k > 1,
# E"({in}, {i} since amo # buo
Hence, for any m,n € N\{0}, there exists an z = e;, fj,€s, fjz€i, fj5 - € Ay

such that E™ ({ir}, {jr}) # @" {ir}, {Jr})- 0
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