
C*-ALGEBRAS GENERATED BY 2-GRAPHS AND
VARIATIONS UNDER FACTORISATION PROPERTIES

DAVID ROBERTSON

Abstract. These notes were written during an eight-week summer
scholarship at the University of Newcastle in the summer of 2005/2006.
They were written at the time as a project summary and had not been
intended for distribution. However, some of the examples and conclu-
sions of sections 3 and 4 arose in [4, Example 6.11]. We have therefore
posted these notes electronically as support material for [4].

1. Introduction

We regard N as the set of all natural numbers including 0, and write
Nk for the additive semigroup of k-tuples n = (n1, n2, . . . nk), with additive
identity 0 = (0, 0, . . . , 0). We denote the canonical generators of Nk by
{e1, e2, . . . ek}. Given m, n ∈ Nk, we say m ≤ n if mi ≤ ni for all i =
1, 2, . . . , k. We write m ∨ n for their coordinate-wise maximum, and m ∧ n
for their coordinate-wise minimum.

Definition 1.1. A category C is a sextuplet (Obj(C), Mor(C), dom, cod, id, ◦).
Obj(C) are the objects, Mor(C) are the morphisms between objects, dom, cod
are the domain and codomain functions from Mor(C) to Obj(C), id is the
identity function from Obj(C) to Mor(C). ◦ is the composition function from
Mor(C)×Obj(C) Mor(C) to Mor(C) where Mor(C)×Obj(C) Mor(C) = {(g, f) ∈
Mor(C)2 : dom(g) = cod(f)} is the set of composable pairs in Mor(C). We
say C is countable if Mor(C) is countable.

Definition 1.2. Let k ∈ N\{0} A k-graph is a pair (Λ, d), where Λ is a
countable category and d : Λ → Nk is a functor which satisfies the factori-
sation property : if λ ∈ Mor(Λ) and d(λ) = m + n, then there are unique
morphisms µ ∈ d−1(m) and ν ∈ d−1(n) such that λ = µν.

We refer to the elements of Mor(Λ) as paths and to elements of Obj(Λ)
as vertices and we write r and s for the domain and codomain maps re-
spectively. The factorisation property allows us to identify Obj(Λ) with
{λ ∈ Mor(Λ) : d(λ) = 0}. So we write λ ∈ Λ, and when d(λ) = 0, we regard
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λ as a vertex of Λ.

If λ ∈ Λ with d(λ) = l, and 0 ≤ m ≤ n ≤ l, then we can apply the fac-
torisation property twice to obtain unique elements λ′, λ′′ and λ′′′ ∈ Mor(Λ)
such that d(λ′) = m, d(λ′′) = n − m and d(λ′′′) = l − n, and such that
λ = λ′λ′′λ′′′. We write λ(0, m), λ(m, n) and λ(n, l) for λ′, λ′′ and λ′′′ respec-
tively.

We write Λn := {λ ∈ Λ : d(λ) = n} for the paths of length n ∈ Nk. Hence
Λ0 = {λ ∈ Λ : d(λ) = 0} = Obj(Λ). Given λ ∈ Λ and E ⊆ Λ, we write
λE for the set {λµ : µ ∈ E, s(µ) = r(λ)}. In particular, if v ∈ Λ0 then
vE = {λ ∈ E : r(λ) = v} and Ev = {λ ∈ E : s(λ) = v}.

Definition 1.3. A k-graph (Λ, d) is row finite if vΛn is finite for all v ∈ Λ0

and n ∈ Nk, and Λ has no sources if vΛn 6= ∅ for all v ∈ Λ0 and n ∈ Nk. We
say that Λ is strongly connected if vΛw 6= ∅ for all v, w ∈ Λ0, and that Λ is
finite if Λ0 is finite and each Λei is finite. Given k ∈ N\{0} and k-graphs
Λ1, d1) and (Λ2, d2), we call a function x : Λ1 → Λ2 a graph morphism if it
satisfies d2 ◦ x = d1.

Definition 1.4. Given k ∈ N\{0}, we write Ωk for the k-graph given by
Obj(Ωk) = Nk, Mor(Ωk) = {(m, n) ∈ Nk × Nk : m ≤ n}, r(m,n) =
m, s(m,n) = n, (m, n) ◦ (n, p) = (m, p), and d(m, n) = n − m. Given a
k-graph Λ, an infinite path in Λ is a graph morphism x : Ωk → Λ. We
write Λ∞ for the collection of all infinite paths in Λ. For p ∈ Nk, we write
σp : Λ∞ → Λ∞ for the shift map determined by σp(x)(n) = x(n + p), and
we say that x ∈ Λ∞ is aperiodic if there do not exist p, q ∈ Nk, p 6= q and
σp(x) = σq(x). For the sake of notation, we write x = λ1λ2λ3 . . . where
each λj ∈ Λei for some i ∈ {1, 2, . . . , k}.

Example 1. Consider the following 1-skeleton of a 2-graph, (Λ, d):
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Set d(e0) = (1, 0) and d(fi) = (0, 1) for all i ∈ I = {0, 1, . . . , n − 1}. We
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have the following possible factorisation properties:

e0f0 =

f0e0

f1e0
...

fn−1e0

 (n possibilities)

e0f1 = . . . (n− 1 possibilites)
...

e0fn−1 = . . . (1 possibility)

So there are n× (n− 1)× · · · × 2× 1 = n! possible factorisation properties.
Suppose we have

e0fi = fφ(i)e0

where i ∈ I and φ : I → I is a bijection. The period of some i ∈ I must
be pi = 1, 2, . . . , n by the Pigeonhole principle. Hence, for each i ∈ I, we
have pi|n!, so φ(n!)(i) = i for all i ∈ I, where φ(n!) denotes the n!th iterate
of φ. Consider the infinite path x = e0fi(1)e0fi(2)e0fi(3) . . . . Then

σ(1,0(x) = σ(1,0)(e0fi(1)e0fi(2)e0fi(3) . . . )

= fi(1)e0fi(2)e0fi(3) . . .

= e0fφ(i(1))e0fφ(i(2))e0fφ(i(3)) . . . by the factorisation property

By an inductive argument, we may see that

σ(n!,0)(x) = σ(n!,0)(e0fi(1)e0fi(2)e0fi(3) . . . )

= σ(n!−1,0)(e0fφ(i(1))e0fφ(i(2))e0fφ(i(3)) . . . )

...

= σ(1,0)(fφ(n!−1)(i(1))e0fφ(n!−1)(i(2))e0fφ(n!−1)(i(3)) . . . )

= e0fφn!(i(1))e0fφn!(i(2))e0fφn!(i(3)) . . .

= e0fi(1)e0fi(2)e0fi(3) . . . as φn!(i) = i for all i ∈ I
= x

So we see that x has a period of (n!, 0) Note that this is not the least possible
period of x. Since the factorisation property and x were both arbitrary, we
see that Λ does not admit any aperiodic path.

Definition 1.5. Let (Λ, d) be a row-finite k-graph with no sources. A
Cuntz-Krieger Λ-family is a collection {tλ : λ ∈ Λ} of partial isometries
satisfying

• {tv : v ∈ Λ0} is a collection of mutually orthogonal projections;
• tλtµ = tλµ whenever s(λ) = r(µ);
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• t∗λtλ = ts(λ) for all λ ∈ Λ; and
• tv =

∑
λ∈Λn tλt

∗
λ for all v ∈ Λ0 and n ∈ Nk

The Cuntz-Krieger Algebra C∗(Λ) is the C∗-algebra generated by a Cuntz-
Krieger Λ-family {sλ : λ ∈ Λ} which is universal in the sense that for every
Cuntz-Krieger Λ-family {tλ : λ ∈ Λ}, there is a unique homomorphism π of
C∗(Λ) satisfying π(sλ) = tλ for all λ ∈ Λ.

We say that a k-graph, Λ satisfies the aperiodicity condition if for each
v ∈ Λ0, there is an infinite path x with r(x) = v. It has been shown that if a
k-graph satisfies the aperiodicty condition then the C∗-algebra arising from
the Cuntz-Krieger Λ-family is simple, purely infinite and nuclear. However,
satisfying the aperiodicity condition is not just dependent on the objects
and morphisms of a particular graph, but also on the factorisation property
associated with it.

2. 2-Graphs and Factorisation Properties

We now consider the 2-graph (Λ, d) given by
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Set d(e0) = d(e1) = (1, 0) and d(f0) = d(f1) = (0, 1). There are 4! = 24 dif-
ferent factorisation properties that we can associate to Λ. These are shown
in the following table.
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1. 2. 3. 4. 5. 6.
eifj = fkel eifj = fkel eifj = fkel eifj = fkel eifj = fkel eifj = fkel

e0f0 f0e0 e0f0 f0e0 e0f0 f0e0 e0f0 f0e0 e0f0 f0e0 e0f0 f0e0

e0f1 f0e1 e0f1 f0e1 e0f1 f1e0 e0f0 f1e0 e0f1 f1e1 e0f1 f1e1

e1f0 f1e0 e1f0 f1e1 e1f0 f0e1 e0f0 f1e1 e1f0 f0e1 e1f0 f1e0

e1f1 f1e1 e1f1 f1e0 e1f1 f1e1 e0f0 f0e1 e1f1 f1e0 e1f1 f0e1

7. 8. 9. 10. 11. 12.
eifj = fkel eifj = fkel eifj = fkel eifj = fkel eifj = fkel eifj = fkel

e0f0 f0e1 e0f0 f0e1 e0f0 f0e1 e0f0 f0e1 e0f0 f0e1 e0f0 f0e1

e0f1 f0e0 e0f1 f0e0 e0f1 f1e0 e0f0 f1e0 e0f1 f1e1 e0f1 f1e1

e1f0 f1e0 e1f0 f1e1 e1f0 f0e0 e0f0 f1e1 e1f0 f0e0 e1f0 f1e0

e1f1 f1e1 e1f1 f1e0 e1f1 f1e1 e0f0 f0e0 e1f1 f1e0 e1f1 f0e0

13. 14. 15. 16. 17. 18.
eifj = fkel eifj = fkel eifj = fkel eifj = fkel eifj = fkel eifj = fkel

e0f0 f1e0 e0f0 f1e0 e0f0 f1e0 e0f0 f1e0 e0f0 f1e0 e0f0 f1e0

e0f1 f0e0 e0f1 f0e0 e0f1 f0e1 e0f0 f0e1 e0f1 f1e1 e0f1 f1e1

e1f0 f0e1 e1f0 f1e1 e1f0 f0e0 e0f0 f1e1 e1f0 f0e0 e1f0 f0e1

e1f1 f1e1 e1f1 f0e1 e1f1 f1e1 e0f0 f0e0 e1f1 f0e1 e1f1 f0e0

19. 20. 21. 22. 23. 24.
eifj = fkel eifj = fkel eifj = fkel eifj = fkel eifj = fkel eifj = fkel

e0f0 f1e1 e0f0 f1e1 e0f0 f1e1 e0f0 f1e1 e0f0 f1e1 e0f0 f1e1

e0f1 f0e0 e0f1 f0e0 e0f1 f0e1 e0f1 f0e1 e0f1 f1e0 e0f1 f1e0

e1f0 f0e1 e1f0 f1e0 e1f0 f0e0 e1f0 f1e0 e1f0 f0e0 e1f0 f0e1

e1f1 f1e0 e1f1 f0e1 e1f1 f1e0 e1f1 f0e0 e1f1 f0e1 e1f1 f0e0

There are some changes that we can make to Λ that while not effectively
changing the graph, they will change the factorisation property

• Swap the labels of e0 and e1

• Swap the labels of f0 and f1

• Swap e0 with f0 and e1 with f1.

Example 2. The following diagram shows the relationship between factori-
sation properties 2., 7., 18. and 23..
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The Blue arrows indicate swapping e0 and e1, the Green arrows indicate
swapping f0 and f1, and the Red arrows indicate swapping e0 with f0 and
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e1 with f1. In contrast to this, factorisation property 3. is invariant under
all three changes.

Let F = {1.,2., . . . ,24.} be the set of factorisation properties, and define
an equivalence relation ∼ on F , where

X ∼ Y ⇐⇒


X = Y or
X ←→ Y , or
X ←→ Y , or
X ←→ Y , or
∃ Z ∈ F such that X ←→ Z ←→ Y or X ←→ Z ←→ Y

where X, Y ∈ F . Then the set of equivalence classes, F/ ∼, has nine
elements:

F/ ∼=

{
{1.,24.}, {2.,7.,18.,23.}, {3.}, {4.,5.,9.,13.}, {6.,10.,15.,19.},
{8.,17.}, {11.,14.}, {12.,16.,20.,21.}, {22.}

}
We denote an equivalence class by [X] where X ∈ F .

3. Duals of Higher-Rank Graphs

Definition 3.1. Let (Λ, d) be a k-graph. Let pΛ := {λ ∈ Λ : d(λ) ≥ p}.
Define range and source maps on pΛ by rp(λ) := λ(0, p), and sp(λ) :=
λ(d(λ) − p, d(λ)) for all λ ∈ Λ, and define composition by λ ◦p µ :=
λµ(p, d(µ)) = λ(0, d(λ)− p)µ whenever sp(λ) = rp(µ). Also, define a degree
map dp on pΛ by dp(λ) = d(λ)− p whenever λ ∈ pΛ.

Theorem 3.2 (Theorem 3.5, from [2]). Let (Λ, d) be a row finite k-graph
with no sources, and let p ∈ Nk. Let {sλ : λ ∈ Λ} denote the universal
generating Cuntz-Krieger Λ-family in C∗(Λ), and let {tλ : λ ∈ Λ} be the
universal generating Cuntz-Krieger pΛ-family in C∗(pΛ). For all λ ∈ pΛ,
define rλ := sλs

∗
sp(λ). Then there is an isomorphism φ : C∗(pΛ) → C∗(λ)

such that φ(tλ) = rλ for all λ ∈ pΛ

Using this theorem, we can determine whether a k-graph Λ satisfies the
aperiodicity condition by seeing whether a particular dual graph pΛ satisfies
the aperiodicity condition for some p ∈ Nk.

Lemma 3.3. (Lemma 3.7 from [1]) Let (Λ, d) be a k-graph, and let p ∈ Nk.
For each n ∈ Nk with n ≤ p and v, w ∈ pΛ0 = Λp, there is at most one
λ ∈ v(pΛn)w.

Consider the previous 2-graph. For each of the 9 classes of equivalent
factorisation properties, we can construct a unique dual graph, 1Λ. To
determine whether each of these satisfy the aperiodicity condition, we use
methods outlined in Robertson and Steger’s paper ([5]).
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Notation 3.4. Let (Λ, d) be a k-graph. We write MΛ
i , 1 ≤ i ≤ k for the

matrices in MΛ0(N) determined by (MΛ
i )v,w := |wΛeiv| for w, v ∈ Λ0, and

we refer to these matrices as the coordinate matrices of Λ.

Definition 3.5. Let (Λ, d) be a k-graph, and suppose µ, ν ∈ Λ. We say that
λ is a common extension of µ and ν if λ(0, d(µ)) = µ and λ(0, d(ν)) = ν (it
necessarily follows that d(λ) ≥ d(µ) ∨ d(ν)). We call λ a minimal common
extension of µ and ν if it is a common extension of µ and ν and also
satisfies d(λ) = d(µ)∨d(ν). We denote the collection of all minimal common
extensions of µ and ν by MCE(µ, ν), and we use the notation Λmin(µ, ν) for
the collection

Λmin(µ, ν) := {(α, β) ∈ Λ× Λ : µα = νβ ∈ MCE(µ, ν)}
Definition 3.6. By applying theory outlined in [5], we associate the fol-
lowing properties to the coordinate matrices of a k-graph, Λ.

• (H0): Each Mi is a non-zero, {0, 1} matrix;
• (H1): Let µ ∈ Λm and ν ∈ Λn. If r(µ) = s(ν), then there exists a

unique λ ∈ Λm+n such that

λ(0, m) = µ and λ(m, m + n) = ν

• (H2): The 1-skeleton of Λ is irreducible
• (H3): Let p ∈ Zr, p 6= 0. Then there exists some λ ∈ Λ which is

not p-periodic.

We can use condition (H3) to construct an aperiodic path, so it essentially
says that Λ satisfies the aperiodicity condition. Since it is impossible to
check directly, with p ranging over all of Zr we introduce another condition:

• (H3*): Let j, k ∈ {1, 2} with j 6= k, and let n ∈ N. Let λ ∈ Λnek .
Then there exist α, α′ ∈ Λej such that r(α) = r(λ) = r(α′) and
MCE(αλ) and MCE(α′, λ) are both non-empty and not equal to
each other.

Robertson and Steger showed in [5] that

Lemma 3.7. (Lemma 2.1 from [5]) Conditions (H0) - (H2) and (H3*)
imply condition (H3).

However, it is still quite hard to check condition (H3*) since we can have
n ∈ N be anything. We want to restrict it to n = 1.

Lemma 3.8. In our 2-graph with some factorisation property, |(1Λei)v| = 2
for all v ∈ 1Λ0, i = 1, 2.

Proof. Let i = 1 and fix v ∈ 1Λ0. Then

|(1Λei)v| = {ekv : k ∈ {0, 1}}
= 2
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The case for i = 2 can be shown similarly. �

Proposition 3.9. Consider the 2-graph with some factorisation property
from Section 2. Then condition (H3*) is equivalent to, for all e ∈ 1Λe1

and for all f ∈ 1Λe2 with r1(e) = r1(f), MCE(e, f) 6= ∅.

Proof. (=⇒) Suppose condition (H3*) holds. Let e ∈ 1Λe1 . Then there
exists f, f ′ ∈ r1(e)1Λe2 such that MCE(e, f) and MCE(e, f ′) are non-empty.
But by Lemma 3.8, f and f ′ are unique, so we have that MCE(e, f) 6= ∅
for all f ∈ r(f)1Λe2 . The case for e ∈ 1Λe2 follows by symmetry.
(⇐=) Suppose that given e ∈ 1Λe1 , MCE(e, f) 6= ∅ for all f ∈ r1(e)1Λe2 .
We wish to prove that this holds for e ∈ 1Λne1 where n ∈ N is any natural
number. Suppose it is true for n ≤ k. Fix λ ∈ 1Λ(k+1)e1 , and write λ = λkλ1

where d(λk) = ke1 and d(λ1) = e1. By the inductive hypothesis, MCE(λ, f)
and MCE(λ, f ′) are non-empty where f, f ′ are the 2 distinct elements of
r1(λ)1Λe2 . Say λkg ∈ MCE(λ, f) and λkg

′ ∈ MCE(λ, f ′). Since fλ 6= f ′λ,
we have λg 6= λg′ which implies that g 6= g′. Hence g and g′ are the
2 distinct elements of r1(λ)1Λe2 = s1(λk)1Λe2 . By hypothesis, we have
MCE(λ1, g) and MCE(λ1, g

′) both being non-empty, say λ1h ∈ MCE(λ1, g)
and λ1h

′ ∈ MCE(λ1, g
′). Now, consider λh.

λh = λk(λ1h)

= λk(gα) for some α ∈ s1(g)Λe1

= (fβ)α for some β ∈ s1(f)Λe1

So λh ∈ MCE(λ, f). Similarly, λh′ ∈ MCE(λ, f ′). In particular, MCE(λ, f)
and MCE(λ, f ′) are non-empty. By induction we can extend this to any
λ ∈ 1Λne1 for any n ∈ N. By symmetry, we have it for any λ ∈ 1Λne2 and
we have (H3*). �

Proposition 3.10. Consider the 2-graph together with a factorisation prop-
erty X ∈ F from Section 2. Then (H3*) is equivalent to, there exists a pair
(e, f) ∈ 1Λe1 ×1Λe2 with r1(e) = r1(f) such that MCE(e, f) is a singleton.

Proof. (=⇒) Suppose condition (H3*) holds. Fix v ∈ 1Λ0. Let Mv :=
v1Λe1×v1Λe2 . Then for (e, f) ∈Mv, elements of MCE(e, f) are of the form
eifjekfl as an element of Λ(2,2) where i, j, k, l ∈ {0, 1} and eifj = v. So we
have that ⋃

(e,f)∈Mv

MCE(e, f) = {eifjekfl : k, l ∈ {0, 1}}

has exactly 4 elements since i and j are fixed. Since Mv has 4 elements
if MCE(e, f) has more than one element for some (e, f) ∈ Mv, there must
exist some (e′, f ′) ∈ Mv such that MCE(e′, f ′) = ∅. But condition (H3*)
holds, so MCE(e, f) must be a singleton for all (e, f) ∈Mv.
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(⇐=). Now, suppose there exists some v ∈ 1Λ0 and (e, f) ∈ Mv such
that MCE(e, f) is a singleton. Then by the argument above MCE(e, f) is
a singleton for all pairs (e, f) ∈ Mv. Let v = eifj where ei, fj ∈ Λ. Now,
consider ek ∈ Λe1 and fl ∈ Λe2 . We have

MCE(eifjek, eifjfl) = {eifjλ : λ ∈ MCE(ek, fl)}

Since r1(eifjek) = r1(eifjfl) = v, we have that MCE(eifjek, eifjfl) is a
singleton which implies that MCE(ek, fl) is a singleton. Since ek and fl

were arbitrary, we have that MCE(e, f) is a singleton for all e ∈ Λe1 and
f ∈ Λe2 . Now let µ ∈ 1Λe1 and ν ∈ 1Λe2 with r1(µ) = r1(ν). Write
µ = µ1µe1 where µ1 ∈ Λ1 = r1(µ) and µe1 ∈ Λe1 , and write ν similarly.
Then

MCE(µ, ν) = {µ1λ : λ ∈ MCE(µe1 , νe2)}
which is a singleton since MCE(µe1 , νe2) is. Since µ and ν were arbitrary, we
have that MCE(e, f) 6= ∅ for all e ∈ 1Λe1 and f ∈ 1Λe2 with r1(e) = r1(f),
and hence we have condition (H3*) satisfied by Proposition 3.9. So we
have equivalence. �

4. C∗-Algebra Generated by Specific Examples

Consider the 2-graph, (Λ, d), from Section 2, together with some factori-
sation property X ∈ F such that ΛX does not satisfy condition (H3*). Let
x = ei1fj1ei2fj2 . . . eikfjk

. . . be an infinite path in Λ. Consider the following
functions:

ε : Z∞
2 × Z∞

2 → Z∞
2 × Z∞

2 defined by
ε({ik}, {jl}) = ({j′m}, {i′n}) whenever fikejk+1

= ej′k
fi′k

and

ϕ : Z∞
2 × Z∞

2 → Z∞
2 × Z∞

2 defined by
ϕ({ik}, {jl}) = ({j′m}, {i′n}) whenever ejk+1

fik+1
= fi′k

ej′k+1

Where Z∞
2 := {i = {ik}∞k=1 : ik ∈ {0, 1} for each k = 1, 2, . . . } is an additive

group with identity 0 = (0, 0, 0, . . . ), i−1 = i for all i. Note that in Z2,
1 + 1 = 0. The ε and ϕ functions for each X ∈ F not satisfying condition
(H3*) are given in the table below.

X ε ϕ
[1.] ε({ik}, {jk}) = ({jk}, {ik+1}) ϕ({ik}, {jk}) = ({jk}, {ik+1})
[2.] ε({ik}, {jk}) = ({jk}, {ik+1 + jk}) ϕ({ik}, {jk}) = ({ik + jk}, {ik+1})
[8.] ε({ik}, {jk}) = ({jk}, {ik+1 + 1}) ϕ({ik}, {jk}) = ({jk + 1}, {ik+1})
[22.] ε({ik}, {jk}) = ({ik+1 + 1}, {jk + 1}) ϕ({ik}, {jk}) = ({ik + 1}, {jk+1 + 1})
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Lemma 4.1. Consider ΛX for some X ∈ F . Then if σ(m,n)(x) = x for all
x ∈ Λ∞

X , the sign of m is not equal to the sign of n; that is if one is positive,
the other is negative.

Proof. Noticing that if σ(m,n)(x) if and only if σ(−m,−n)(x) = x and every
x ∈ Λ∞ has a trivial period of (0, 0), we need only consider the case for
(m, n) ∈ N2\{(0, 0)}. So let (m,n) ∈ N2\{(0, 0)}. Fix some x ∈ Λ∞ such
that x(0, e1) = e1 and x((m,n), (m + 1, n) = e2. Such a path exists as
there is only one v ∈ Λ0. Then σ(m,n)(x)(0, e1) = e2 but x(0, e1) = e1, and
hence σ(m,n)(x) 6= x. Since this is true for arbitrary (m,n) ∈ N2\{(0, 0)},
we have that there is some x ∈ Λ∞ such that σ(m,n)(x) 6= x for all (m,n) ∈
N2\{(0, 0)}. �

Proposition 4.2. Consider ΛX for some X ∈ F . Let x = ei1fj1ei2fj2ei3fj3 ∈
Λ∞. Then σ(m,n)(x) = x if and only if εm({ik}, {jk}) = ϕn({ik}, {jk}).

Proof. We have that

x = ei1fj1ei2fj2 . . . eikfjk
. . .

= ei1(fj1ei2 . . . fjk
eik+1

. . . )

= ei1

(
e

i
(1)
1

f
j
(1)
1

. . . e
i
(1)
k

f
j
(1)
k

. . .
)

where ({i(1)k }, {f
(1)
k }) = ε({ik}, {jk})

= ei1ei
(1)
1

(
f

j
(1)
1

e
i
(1)
2

. . . f
j
(1)
k

e
i
(1)
k+1

. . .
)

= ei1ei
(1)
1

(
e

i
(2)
1

f
j
(2)
1

. . . e
i
(2)
k

f
j
(1)
k

. . .
)

where ({i(2)k }, {f
(2)
k }) = ε2({ik}, {jk})

= . . .

= ei1ei
(1)
1

. . . e
i
(m−1)
1

(
e

i
(m)
1

f
j
(m)
1

. . . e
i
(m)
k

f
j
(m)
k

. . .
)

where ({i(m)
k }, {f

(m)
k }) = εm({ik}, {jk})

Similarly, we have

x = ei1fj1ei2fj2 . . . eikfjk
. . .

= f
j
′(1)
0

e
i
′(1)
1

. . . f
j
′(1)
k

e
i
′(1)
k+1

. . .

= f
j
′(1)
0

(
e

i
′(1)
1

f
j
′(1)
1

. . . e
i
′(1)
k

f
j
′(1)
k

. . .
)

where ({i′(1)k }, {j
′(1)
k }) = ϕ({ik}, {jk})

= f
j
′(1)
0

f
j
′(2)
0

(
e

i
′(2)
1

f
j
′(2)
1

. . . e
i
′(2)
k

f
j
′(2)
k

. . .
)

where ({i′(2)k }, {j
′(2)
k }) = ϕ2({ik}, {jk})

= . . .

= f
j
′(1)
0

f
j
′(2)
0

. . . f
j
′(n)
0

(
e

i
′(n)
1

f
j
′(n)
1

. . . e
i
′(n)
k

f
j
′(n)
k

. . .
)

where ({i′(n)
k }, {j

′(n)
k }) = ϕn({ik}, {jk})
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Now, d
(
ei1ei

(1)
1

. . . e
i
(m−1)
1

)
= (m, 0), so we must have

σ(m,0)(x) = e
i
(m)
1

f
j
(m)
1

. . . e
i
(m)
k

f
j
(m)
k

. . .

and similarly d
(
f

j
′(1)
0

f
j
′(2)
0

. . . f
j
′(n)
0

)
= (0, n) so we have

σ(0,n)(x) = e
i
′(n)
1

f
j
′(n)
1

. . . e
i
′(n)
k

f
j
′(n)
k

. . .

Hence, if σ(m,0)(x) = σ(0,n)(x) ⇐⇒ σ(m,−n)(x) = x, then we must have

({i(m)
k }, {j

(m)
k }) = ({i′(n)

k }, {j
′(n)
k }); that is εm({ik}, {jk}) = ϕn({ik}, {jk}.

�

Proposition 4.3. Consider (Λ[2.], d). There exists an x = ei1fj1ei2fj2ei3fj3 · · · ∈
Λ∞

[2.] such that εm({ik}, {jk}) 6= ϕn({ik}, {jk}) for any m, n ∈ N.

Proof. We know from the table above that ε({ik}, {jk}) = ({jk}, {ik+1 +
jk}) and ϕ({ik}, {jk}) = ({ik + jk}, {ik+1}). Let {αm,r}, . . . {η′n,s} ∈ c0(Z2)
and am,0, . . . b

′
m,o ∈ Z∞

2 so we can write

εm({ik}, {jk}) = ({am,0+
∑∞

r=k αm,rir+βm,rjr}, {a′m,0+
∑∞

s=k α′m,sis+β′m,sjs})

and

ϕn({ik}, {jk} = ({bn,0 +
∑∞

r=k ζn,rir + ηn,rjr}, {b′n,0 +
∑∞

s=k ζ ′n,sis + η′n,sjs})

Suppose am,0 = a′m,0 = 0 for some m ≥ 1. Then am+1,0 = a′m,0 = 0 and
a;m+1,0 = am+1,0 + a′m,0 = 0 + 0 = 0. Since a1,0 = a′1,0 = 0 by the definition
of ε, we have am,0 = a′m,0 = 0 for all m ≥ 1 by induction on m. Similarly,
suppose αm,k = α′m,k = 0 for some m ≥ 1 Then αm+1,k = α′m,k = 0, and
α′m+1,k = α′m,k = 0. Since α1,k = α′1,k = 0 by the definition of ε, we
have αm,k = α′m,k = 0 for all m ≥ 1 by induction on m. Now suppose
bm,0 = b′m,0 = 0 for some m ≥ 0. Then bm+1,0 = bm,0 + b′m,0 = 0 + 0 = 0 and
b′m,0 = bm+1,0 = 0. As b1,0 = b′1,0 = 0, we have bm,0 = b′m,0 = 0 for all m ≥ 1
by induction on m. Similarly, suppose ζm,k = 1 for some m ≥ 1. Then
ζm+1,k = ζm,k + ζ ′m,k = 1 provided ζ ′m,k = 0. But since ζ ′m,s is only defined
for s ≥ k + 1, we have ζm0+1,k = ζm0,k = 1. Since ζ1,k = 1 by the definition
of ϕ, we have that ζm,s = 1 for all m ≥ 1 by induction on m. Then

εm({ik}, {jk}) = ({am,0 +
∑∞

r=k αm,rir + βm,rjr}, {a′m,0 +
∑∞

s=k α′m,sis + β′m,sjs})
= ({am,0 + αm,1}, {a′m,0 + α′m,1}) since i1 = 1, ik = 0 for all k ≥ 2,

and jk = 0 for all k ≥ 1



12 DAVID ROBERTSON

and

ϕn({ik}, {jk}) = ({bn,0 +
∑∞

r=k ζn,rir + ηn,rjr}, b′n,0 +
∑∞

s=k ζ ′n,sis + η′n,sjs})
= ({bm,0 + ζm,1}, {b′m,0 + ζ ′m,1}) since i1 = 1, ik = 0 for all k ≥ 2,

and jk = 0 for all k ≥ 1

Now, consider the infinite path x = e1f0e0f0e0f0 · · · ∈ Λ∞
[2.]. Then we have

{ik} = (1, 0, 0, 0, . . . ) and {jk} = (0, 0, 0, 0, . . . ). Then, for any m,n ∈
N\{0} we have

εm({ik}, {jk}) = ({am,0 + αm,1ik}, {a′m,0 + α′m,1ik})
= ((0, 0, 0 . . . ), (0, 0, 0 . . . )) since . . .

but

ϕn({ik}, {jk}) = ({bm,0 + ζm,1}, {b′m,0 + ζ ′m,1})
= ((1, 0, 0, . . . ), (0, 0, 0, . . . )) since . . .

6= εm({ik}, {jk}) for any m ∈ N\{0}

Hence, for any m, n ∈ N\{0}, there exists an x = ei1fj1ei2fj2ei3fj3 · · · ∈ Λ∞
[22.]

such that εm({ik}, {jk}) 6= ϕn({ik}, {jk}). �

Proposition 4.4. Consider (Λ[22.], d). There exists an x = ei1fj1ei2fj2ei3fj3 · · · ∈
Λ∞

[22.] such that εm({ik}, {jk}) 6= ϕn({ik}, {jk}) for any m,n ∈ N.

Proof. This time we haveε({ik}, {jk}) = ({ik+1+1}, {jk+1}) andϕ({ik}, {jk}) =
({ik + 1}, {jk+1 + 1}). Consider εm({ik}, {jk}) and ϕm({ik}, {jk}) writ-
ten as in the proof of Proposition 4.3. For each m, αm,r is only defined
for r ≥ k + m, and so αm,k = 0 for all m ≥ 1. By the definition of ϕ,
ζm+1,k = ζm,k, and since ζ1,k = 1 we have ζm,k = 1 for all m ≥ 1 by induction
on m. Also, by the definition of ε, am+1,0 = am,0 +1, and since 1+1 = 0 in
Z2, we have that am,0 = 0 if m is even and am,0 = 1 if m is odd. Similarly,
by the definition of ϕ we have bm,0 = 0 if m is even and bm,0 = 1 if m is odd.
So, we have am,0 = bn,0 if both m and n are even or odd, and am,0 6= bn,0 if
one is odd and the other is even. So, let m, n ∈ N\{0} so that either they
are both odd or they are both even. Consider x = e1f0e0f0e0f0 · · · ∈ Λ∞

[22.].

Then {ik} = (1, 0, 0, . . . ) and {jk} = (0, 0, 0, . . . ). Then

εm({ik}, {jk}) = ((am,0 + αm,1, 0, 0, . . . ), {j′k}) because ik = 0 for all k ≥ 2,

and where {j′k} ∈ Z∞
2

= ((am,0, 0, 0, . . . ), {j′k}) as αmk
= 0 for all m ≥ 1
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and

ϕn({ik}, {jk}) = ((bn,0 + ζn,1, 0, 0, . . . ), {j′′k}) because ik = 0 for all k ≥ 2,

and where {j′′k} ∈ Z∞
2

= ((bn,0 + 1, 0, 0, . . . ), {j′′k}) as ζn,k = 1 for all n ≥ 1

= ((am,0 + 1, 0, 0, . . . ), {j′′k} since m and n are both even or odd

6= εm({ik}, {jk})
Now, let m,n ∈ N such that one is even and one is odd. Consider
x = e0f0e0f0e0f0 · · · ∈ Λ∞

[22.], such that {ik} = (0, 0, 0, . . . ) and {jk} =

(0, 0, 0, . . . ). Then

εm({ik}, {jk}) = ((am,0, 0, 0, . . . ), {j′k}) because ik = 0 for all k ≥ 1,

and

ϕn({ik}, {jk}) = ((bn,0, 0, 0, . . . ), {j′′k}) because ik = 0 for all k ≥ 1,

6= εm({ik}, {jk} since am,0 6= bn,0

Hence, for any m,n ∈ N\{0}, there exists an x = ei1fj1ei2fj2ei3fj3 · · · ∈ Λ∞
[22.]

such that εm({ik}, {jk}) 6= ϕn({ik}, {jk}). �

References

[1] S. Allen, Dual Graph Constructions for Higher Rank Graphs, University of Newcastle.
[2] S. Allen, D. Pask & A. Sims, A Dual Graph Construction for The Higher-Rank

Graphs, and K-Theory for finite 2-Graphs, University Of Newcastle. (2004)
[3] A. Kumjian & D. Pask, Higher Rank Graph C∗-Algebras, New York J. Math. 6 (2000)

1-20
[4] A. Kumjian, D. Pask & A. Sims, k-morphs, in preparation.
[5] G. Robertson & T. Steger, Affine Buildings, Tiling Systems and Higher-Rank Cuntz-

Krieger Algebras, University Of Newcastle. (1999)
[6] A. Sims, C∗-Algebras Associated to Higher-Rank Graphs, Phd. Thesis, University Of

Newcastle. (2003)


