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GRAPHS OF C*-CORRESPONDENCES AND FELL BUNDLES
VALENTIN DEACONU, ALEX KUMJIAN, DAVID PASK, AND AIDAN SIMS

ABSTRACT. We define the notion of a A-system of C*-correspondences associated to a
higher-rank graph A. Roughly speaking, such a system assigns to each vertex of A a C*-
algebra, and to each path in A a C*-correspondence in a way which carries compositions
of paths to balanced tensor products of C*-correspondences. Under some simplifying
assumptions, we use Fowler’s technology of Cuntz-Pimsner algebras for product systems
of C*-correspondences to associate a C*-algebra to each A-system. We then construct
a Fell bundle over the path groupoid G5 and show that the C*-algebra of the A-system
coincides with the reduced cross-sectional algebra of the Fell bundle. We conclude by
discussing several examples of our construction arising in the literature.

1. INTRODUCTION

The Cuntz-Krieger algebras introduced in [7] in 1980 were considered the C*-analogues
of type III factors, and formed a bridge between symbolic dynamics and operator algebras.
These algebras have since been generalised in various ways including discrete graph alge-
bras [29], Cuntz-Pimsner algebras [38], topological graph algebras [23], and higher rank
graph algebras [28]. Between them, these generalisations include large classes of classifi-
able C*-algebras, like AF-algebras, AT-algebras, crossed products by Z*, and Kirchberg
algebras.

In the current paper, we will be interested in a further generalisation of this theory based
on structures which we call A-systems of C*-correspondences, and on the relationship
between this construction and Fell bundles over groupoids. Our construction contains
elements of both higher-rank graph C*-algebras and of Cuntz-Pimsner algebras, so we
must digress a little to discuss both before describing our results.

Building on the theory of graph C*-algebras introduced in [12, 29], higher-rank graphs,
or k-graphs, and their C*-algebras were developed in [28] to provide a graph-based model
for the Cuntz-Krieger algebras of Robertson and Steger [46]. They have subsequently
attracted widespread research interest (see, for example, [§, 13 15, 19} 26], 40, (41, [49]).

A k-graph is a kind of k-dimensional graph, which one visualises as a collection A° of
vertices together with k collections of edges A°', ..., A°* which we think of as lying in k
different dimensions. As an aid to visualisation, we distinguish the different types of edges
using k different colours. The higher-dimensional nature of a k-graph is encoded by the
factorisation property which implies that each path consisting of two edges of different
colours can be re-factorised in a unique way with the order of the colours reversed. When
k =1, we obtain an ordinary directed graph, and the definition of the higher-rank graph
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C*-algebra given by Kumjian and Pask then reduces to that of the graph C*-algebra
[29]. However, for k > 2, there are many k-graph algebras which do not arise as graph
algebras. For example, the original work of Robertson and Steger on higher-rank Cuntz-
Krieger algebras describes numerous 2-graphs A for which C*(A) is a Kirchberg algebra
and K,(C*(A)) contains torsion.

Cuntz-Pimsner algebras, originally introduced by Pimsner in [38] and since studied
by many authors (see, for example, [1, [4, [5, 10, 17, 18|, 24, BT, B35, 47]) are a common
generalisation of graph C*-algebras and of crossed products by Z. Let B be a C*-algebra
and let X be a right Hilbert B-module. If a second C*-algebra A acts by adjointable
operators on X, we refer to X as a C*-correspondence from A to B. The prototype
arises from a C*-homomorphism ¢ : A — B; there is then a C*-correspondence 4B from
A to B which is equal to B as a Banach space, has inner product (x,y)p := x*y for
z,y € 4B, and has operations given by a -z -b = ¢(a)zb for a € A, x € ,B, and b € B.
A C*-correspondence from A to itself is called a C*-correspondence over A. Pimsner’s
construction associates to each C*-correspondence over A a C*-algebra Oy which (under
mild hypotheses) contains an isomorphic copy i4(A) of A and an isometric copy ix(X)
of X, and in which the operations in X are implemented C*-algebraically.

In this paper we seek to combine elements of these two constructions. Our model is
the situation of I'-systems of k-morphs introduced in [30] to unify various constructions
of higher rank graphs. A k-morph is the analogue at the level of k-graphs of a C*-
correspondence between C*-algebras. Specifically, there is a category M whose objects
are k-graphs and whose morphisms are isomorphism classes of k-morphs, and there is
a functor (A — C*(A),[W] — [H(W)]) from M to the category C whose objects are
C*-algebras and whose morphisms are isomorphism classes of C*-correspondences. Given
an (-graph T, a [-system of k-morphs is a collection {A, : v € '’} of k-graphs connected
by k-morphs {W, : v € T'} satisfying appropriate compatibility conditions. This gives
rise to a family indexed by v € I' of C*(A;(y))-C*(As(y)) C*-correspondences H(W.,). The
[-system also gives rise to a (k+1)-graph X called the I-bundle for the system, and this X
encodes all the information in the I'-system. The C*-algebra C*(X) contains isomorphic
and mutually orthogonal copies of the C*(A,) and isometric copies of the H(W,), so it
has the flavour of a Cuntz-Pimsner algebra for the system of correspondences arising from
the I'-system. Indeed, when I'" is the graph consisting of just one vertex v and one loop
e, Theorem 6.8 of [30] shows that C*(X) = Oya,).

In this work, we generalize this idea, defining a system (A, X, x) of C*-correspondences
over a k-graph A, by associating a C*-algebra A, to each vertex v € A°, a Aroy—Asony CF-
correspondence X, to each A € A, and a compatibility isomorphism x, , : XA ®a,,) X, —
X, to each composable pair A, i of paths. The case k = 1 is the easiest, since we may
always take each X, to be X, ® --- ® X, where A = Ay -+ \,, with d(\;) = 1, and the
compatibility isomorphisms xy , to be the canonical ones. Under a number of simplifying
assumptions (see Definition B.1.2)), we define a C*-algebra C*(A, X, x) by first constructing
from (4, X,x) a product system Y of C*-correspondences over N¥, and then tapping
into Fowler’s theory of Cuntz-Pimsner algebras for such product systems [16]. Under
the same simplifying hypotheses, we then construct a Fell bundle Ex over the graph
groupoid G, developed in [2§] such that C(Ga, Ex) and C*(A, X, x) are isomorphic. Our
main results are: a version of the gauge-invariant uniqueness theorem for C*(A, X, x)
(Theorem B3T]); the construction of the Fell bundle Ex itself (Theorem E3T]); and the
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isomorphism between C*(A, X, x) and the reduced cross-sectional algebra C}(Gx, Fx)
(Theorem A.3.6)).

Our construction is consistent with the example of I'-systems of k-morphs: given an
(-graph I' and a I'-system W of k-morphs in the sense of [30], there is a I'-system
X = (A, X,,x) of C*-correspondences, where A, = C*(A,) and X, is equal to the
C*-correspondence H(W.,) constructed in [30, Proposition 6.4]. Moreover, C*(A, X, x) =
C*(X) where ¥ is the I-bundle described above associated to the I'-system of k-morphs
|

Our construction is quite general, and includes a number of diverse situations studied
by a variety of authors in recent papers. We will briefly discuss here how our work relates
to four such situations; we present the details of these examples as well as a number of
others in Section [l

The first situation covered by our construction which we mention here is Cuntz’s study
of twisted tensor products [6]. Cuntz considers a C*-algebra A xy O,,, where A is a C*-
algebra, O, is the Cuntz algebra, and U = (Uy, ..., U,) is a family of unitaries implementing
automorphisms «; of A. This defines a system of C*-correspondences over the 1-graph
B,, with one vertex v and n loop-edges e, ..., e, based at v, whose C*-algebra C*(B,,)
is canonically isomorphic to O,. The C*-algebra which we associate to this B,-system
coincides with Cuntz’s twisted tensor product.

Our construction also generalises the situation considered in Section 5.3 of [39]. There
Pinzari, Watatani and Yonetani study KMS states on a (C*-algebra constructed from
a family of compatible C*-correspondences X ;, one for each non-zero entry in a finite
{0, 1}-matrix ¥ = (0;;) € M,({0,1}). The C*-algebra they associate to these data is
the Cuntz-Pimsner algebra of @UH:I X;j. Let A be the 1-graph with a vertex v; for
each 1 < ¢ < n and an edge ¢;; from v; to v; if and only if 0;; = 1. Then X, = X, ;
determines a A-system of C*-correspondences (A, X, x). By construction, our C*(A4, X, x)
coincides with the Cuntz-Pimsner algebra studied by Pinzari-Watatani-Yonetani.

A third situation related to our work is that of Ionescu, Ionescu-Watatani, and Quigg
[20, 21, 22 42] on C*-algebras associated to Mauldin-Williams graphs. In the setting
studied by Ionescu [21], a Mauldin-Williams graph consists of a directed graph A, compact
metric spaces T, associated to the vertices of A, and strict contractions . : Tye) — T} ()
associated to the edges. Let A, := C(T,) for each vertex v. For each edge e, the induced
homomorphism ¢} : C(Ty)) — C(Ty)) determines a C*-correspondence X, := = Ay
from A, to Age). These correspondences determine a A-system (A, X, x). Quigg [42]
considers a more general situation.

A fourth connection between our construction and the literature arises in Katsura’s
realisation of the Kirchberg algebras using topological graph C*-algebras. In [25] section
3], Katsura uses a family of topological graphs which are fibered over discrete graphs to
construct all nonunital Kirchberg algebras. We can interpret his construction in terms of
systems of C*-correspondences over 1-graphs, where each vertex algebra is C(T) and each
C*-correspondence is constructed using two covering maps (see also [9]).

Our paper is structured as follows. In Section P2l we collect basic facts about k-graphs,
C*-correspondences, product systems and Fell bundles, and we establish notation. In
Section 3] we define A-systems (A, X, x) of C*-correspondences and, for systems satisfying
a number of simplifying hypotheses which we refer to collectively as regularity (see below),
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the associated C*-algebras C*(A, X, x). In Section [ we construct from each regular A-
system (A, X, x) a Fell bundle Ex over the graph groupoid G, and prove that there is
an isomorphism C*(Gy, Ex) = C*(A, X, x). Section [ is devoted to a discussion of the
examples outlined above amongst others.

As already mentioned, for all the C*-algebraic results, we restrict our attention to the
reqular A-systems such that the k-graph A is row-finite and has no sources (that is, for
any degree in N¥ and any vertex v of A, the set of paths with range v and degree n is
finite and nonempty), that the C*-correspondences X, are full and nondegenerate, and
that left action of each A,(,) on X, is implemented by an injective homomorphism into
the compacts. One good reason for this is that if A = T} is the k-graph with one vertex
and one path of each degree (that is, A is isomorphic as a category to N¥), then A-systems
are precisely the product systems of Hilbert bimodules over N* considered in [16] 48]; in
particular, since this special case is not yet well understood, it seems bootless to worry
overmuch about non-regular A-systems at this juncture.

Acknowledgements. The authors wish to express their gratitude for the financial sup-
port as well as the stimulating atmosphere of the Fields Institute; this work was initiated
during our time there as participants in the special session entitled Structure theory for
operator algebras in November 2007. Much of the work was done when the authors gath-
ered at the University of Wollongong in August—September 2008: VD and AK would
like to thank DP and AS for their warm hospitality and kind support during this period.

2. PRELIMINARIES

2.1. Higher-rank graphs. We will adopt the conventions of [28, [36] for k-graphs. Given
a nonnegative integer k, a k-graph is a nonempty countable small category A equipped
with a functor d : A — N satisfying the factorisation property: for all A € A and
m,n € N¥ such that d(\) = m + n there exist unique pu,v € A such that d(u) = m,
d(v) =n, and A = pur. When d(\) = n we say A has degree n. We will use d to denote
the degree functor in every k-graph in this paper; the domain of d is always clear from
context.

For k > 1, the standard generators of N¥ are denoted e, ..., es, and for n € N* and
1 < i < k we write n; for the i*" coordinate of n.

Given a k-graph A, for n € N¥ we write A" for d~(n). The vertices of A are the
elements of A°. The factorisation property implies that o — id, is a bijection from the
objects of A to A°. We will frequently use this bijection to silently identify Obj(A) with A°.
The domain and codomain maps in the category A therefore become maps s,7: A — AY.
More precisely, for o € A, the source s(«) is the identity morphism associated with the
object dom(a) and similarly, 7(a) = ideoq(a)-

Note that a O-graph is then a countable category whose only morphisms are the identity
morphisms; we think of a 0-graph as a collection of isolated vertices.

For u,v € A and F C A, we write uF for ENr~!(u) and Ev for EN s (v). We say
that A is row-finite and has no sources if vA™ is finite and nonempty for all v € A° and
n € N,

Given pu,v € A, we say A is a common extension of i and v if A = pa = vf3 for some
a, 3 € A. This forces d(\) > d(p) V d(v). We say A is minimal if d(A\) = d(p) V d(v). We
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define
A™(u,v) = {(, B) : pa = v3 is a minimal common extension of y and v}.

Two important examples of k-graphs are the following. (1) For & > 1 let € be the small
category with objects Obj (£,) = N¥, and morphisms Q; = {(m,n) € N¥ x N* : m < n};
the range and source maps are given by r(m,n) = m, s(m,n) = n. Define d : €, — NF
by d(m,n) = n —m. Then €, is a k-graph. (2) Let T' = T} be the semigroup N* viewed
as a small category. If d : T — N* is the identity map, then (T, d) is also a k-graph.

2.2. The path groupoid of a higher rank graph. In this section we summarise the
construction and properties of the path groupoid associated to a row-finite higher-rank
graph with no sources. For further details, see [28], 37].

By a k-graph morphism from a k-graph A to a k-graph I', we mean a functor f: A — T’
which respects the degree maps.

Definition 2.2.1. Let A be a row-finite k-graph with no sources. We define the infinite
path space of A by

A* = {x:Qr — A:xis a k-graph morphism}.
For each p € N* define o? : A — A> by oP(x)(m,n) = x(m + p,n +p) for all z € A®
and (m,n) € Q.
We define r : A — A° by r(x) = 2(0,0). Our identification of vertices and objects in
k-graphs identifies z(0,0) with x(0), and each x(n,n) with z(n). For v € A, set

vA* = {z € A* :r(z) = v}.
For A € A and z € s(A\)A™, there is a unique x € A* such that x(0,d(\)) = X and
0 (z) = z. We denote this infinite path = by Az. The cylinder sets
Z(A) :i={x € A* : 2(0,d(\)) = A},
where \ € A are a basis of compact open sets for a Hausdorff topology on A*°. Note that
vA> is just Z(v).
Definition 2.2.2. Let A be a row-finite k-graph with no sources. Let
Ga = {(z,n,y) € A° x ZF x A>* : o' (z) = 0™ (y),n = £ —m}.

Define the range and source maps r,s : Gy — A by r(x,n,y) = x, s(z,n,y) = y. For

(z.n,9), (y,,2) € Ga set (z,n,y)(y,,2) == (x,n+{,2), and (z,n,y)"" = (y,—n,2).
Then G, is a groupoid called the path groupoid of A.

For A\, p € A with s(\) = s(u), we define

Z(A ) ={( Az, d(N) —d(p), pz) € Gy = z € s(A)A™}.

The family Uy := {Z(A\,p) : s(A\) = s(u)} is a basis of compact open bisections for
a topology under which G, becomes a Hausdorff étale groupoid. Moreover, for every
g = (x,n,y) € Ga, the collection of sets Z(\, ) such that there is z € A with r(z) = s())
satisfying © = Az, y = pz and n = d(\) — d(u), constitutes a neighborhood basis for g.

Fix A1, Ao, pi1, o € A with s(\;) = s(u;). Suppose that (x,n,y) € Z(A1, 1) N Z(Aa, i2).
Then x = Az = Aozp and y = 121 = poze for some 21,29 € A*. The factorisation
property forces z; = az and 2z = 32 for some (a, 3) € A™"(\1, Xo). We then have

(2.2.1) POz = Ji1z1 =Y = JigZs = pa3%
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so that g = pef is a common extension of p; and ps. Moreover that (z,n,y) €
Z(A1, 1) N Z(Ag, o) forces d(Ay) — d(p1) = n = d(Na) — d(uz), so
d(a) = (d(M) V d(A2)) — d(A1) = ((d(pa) + 1) V (d(p2) + 1)) = (d(p2) + 1) =
= (d(p) V d(p2)) = d(p),
and similarly
d(B) = (d(p1) V d(p2)) — d(p2)-
In particular d(po) = d(p1) V d(uz) = d(pef), and combined with (Z21]) this forces
(o, B) € A™™(paq, o). Tt is easy to check that for any («, 3) € A™™( Ay, o) N A™® (1, p12)
and any z € s(a)A®, we have (A\jaz,d(\) — d(p), praz) € Z(A, 1) N Z(Aay p2). It
is likewise easy to check that if (a, 3),(a/,3) are distinct elements of A™™(A;, Ay) N
A™ (g, p12), then A™ (Ao, Apa’) = (). We conclude that

Z(A1, 1) N Z(Ag, o) = |_| Z(Ma, ra)
(222) (a,8)€A™IN (A1, A2)NA™IR (111, )
= L Z(MB, 125)

(e, B) €A™ (A1, A2)NA™IN (11, pu2)
Let p = (d(\1) V d(\y)) — d(Ay). Since
ZO,m) = || Za ma),
a€s(A)AP

we also have
Z(A, 1) \ Z (Ao, po) = U{Z(Ala,ula) o € s(A\)AP, B such that
(O{, ﬂ) € Amin()‘la )\2) N Amin(ﬂl? :u2)}

Lemma 2.2.3. Any finite union \J." | Z(\i, 1) of elements of Uy can be expressed as a
finite disjoint union | |_, Z(0;,7;) of elements of Uy in such a way that each (0;,7;) has
the form (0;,7;) = (N5, payvs) for some i(j) < n and vj € s(Xig))A°.

(2.2.3)

Proof. Fix a finite collection of pairs {(A;, p;) : i =1,...,n} such that each s(\;) = s(p;).
Then we may write |J;_, Z(\;, ;) as the disjoint union

U200 = L (NE00m)\ 20v.1)).

Since intersection distributes over unions, it therefore suffices to show that given basis sets
Z(A\ p) and Z(o,7) in Uy, the intersection Z (A, u) N Z (o, 7) and the relative complement
Z(A\p)\ Z(o,7) can both be written as finite disjoint unions of elements of Uy of the
desired form. These statements follow from ([Z2.2]) and (22.3). O

2.3. C*-algebras associated to higher-rank graphs. Given a row-finite k-graph A
with no sources, a Cuntz-Krieger A-family is a collection {t, : A € A} of partial isometries
satisfying the Cuntz-Krieger relations:

{t, : v € A’} is a collection of mutually orthogonal projections;
trt, = ty, whenever s(\) = r(u);

thix = tsn) for all A € A; and

bty = D yeonn Eath for all v € A% and n € N*.
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The k-graph C*-algebra C*(A) is the universal C*-algebra generated by a Cuntz-Krieger
A-family {s) : A € A}. That is, for every Cuntz-Krieger A-family {t) : A € A} there is a
homomorphism m; of C*(A) satisfying m(s)) = ¢, for all A € A.

By [44, Theorem 3.15], the generators s, of C*(A) are all nonzero.

If A is a O-graph, then it trivially has no sources, and the last three Cuntz-Krieger
relations follow from the first one. So C*(A) is the universal C*-algebra generated by
mutually orthogonal projections {s, : v € A°}; that is C*(A) = ¢o(A°).

Let A be a k-graph. A standard argument (see, for example, [43, Proposition 2.1])
using the universal property shows that there is a strongly continuous action 7 of T* on
C*(A), called the gauge action, such that 7, (s)) = 2?Vsy for all z € T* and X € A.

2.4. C*-correspondences. We define Hilbert modules following [32] and [2], §I1.7]. Let
B be a C*-algebra and let 'H be a right B-module. Then a B-valued inner product on H

is a function (-,-)p : H x ‘H — B satisfying the following conditions for all £,7,¢ € H,
be Band o, € C:

hd <€7 am + 6()3 = OK<€, 77>B + ﬁ<€> C)B?

hd <f>775>B = <§777>B : b>

i <§77]>B = <7]7§>*Bv

e (£,6)p >0, and (£,&)p =0 if and only if £ = 0.
If H is complete with respect to the norm [|£||? := ||(&, €) 5|, then H is said to be a (right-)
Hilbert B-module. If the range of the inner product is not contained in any proper ideal in
B, 'H is said to be full. Note that B may be endowed with the structure of a full Hilbert
B-module by taking (¢,n)p = {*n for all {,n € B. Let H;, H2 be Hilbert B-modules; a
map T : Hy — Hs is an adjointable operator if there is a map T™ : Hy — H; such that
(T¢,m)p = (€, T*n)p for all £,n € H. Such an operator is necessarily linear and bounded.
We denote the collection of all adjointable operators by L(Hi, Hsz). For & € H; there
is a rank-one adjointable operator g, ¢, : Hy — Hy defined by 0¢, ¢ (n) = & - (&1, 1) B
Note that 0, . = 0. The closure of the span of such operators in L(Hy,Hz) is
denoted KC(Hi,Hs) (the space of compact operators). For a Hilbert B-module H, both
K(H) =K(H,H) and L(H) = L(H,H) are C*-algebras. Moreover, K(H) is an essential
ideal in £L(H), and L(H) may be identified with the multiplier algebra of IC(H). There is
a canonical identification H = K(B, H) which identifies ¢ € ‘H with the operator b — &b.
With this identification we have the factorization 0, ¢, = &&;. Set H* := K(H, B). We
may regard H* as a left-Hilbert B-module.

Let A and B be C*-algebras; then a C*-correspondence from A to B or more briefly
an A-B C*-correspondence is a Hilbert B-module H together with a x-homomorphism
¢ A— L(H). We often suppress ¢, writing a - for ¢(a)§. A homomorphism ¢ : A — B
becomes a homomorphism from A to K(B) = B when B is regarded as a Hilbert B module
as above, and therefore gives B the structure of an A-B C*-correspondence denoted 4B.
So it is natural to think of an A-B C*-correspondence as a generalised homomorphism
from A to B.

A C*-correspondence H is said to be nondegenerate if span{¢(a)€ : a € A, £ € H} =
H (some authors have also called such C*-correspondences essential). The above C*-
correspondence ,B is nondegenerate if and only if ¢ : A — B is approzimately unital,
that is, ¢ maps approximate units into approximate units (note that by [2, Theorem
II. 7.3.9] this condition implies that ¢ extends to a unital map between the multiplier
algebras).
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As discussed in [2] 11, 33, [47], there is a category C such that Obj(C) is the class of C*-
algebras, and Hom¢(A, B) consists of all isomorphism classes of A-B C*-correspondences
(with identity morphisms [A]). Composition

Home(B, C) x Home(A, B) — Home(A, C)

is defined by ([Hi],[Hz]) — [Hs ®p Hi] where Hy ®p H; denotes the balanced tensor
product of C*-correspondences. This Hy ®p H; is called the internal tensor product of
H, and H; by Blackadar and the interior tensor product by Lance (see |2, 11.7.4.1] and
[32, Prop. 4.5] and the following discussion).

Observe that any full right-Hilbert B-module H is a nondegenerate KC(H)-B C*-
correspondence (¢ is the inclusion map); this is the basic example of an imprimitivity
bimodule between K(H) and B. In this case, J(H) and B are said to be Morita-Rieffel
equivalent. Moreover, H* may also be viewed as a B—C(H) imprimitivity bimodule. Given
two Hilbert B-modules H;, Hz, there is a natural isomorphism K(Hsy, Hy) — Hi @ H;
such that O, ¢, — & ® &.

2.5. Representations of C*-correspondences. Let ‘H be an A-A C*-correspondence.
Recall from [24], 38], that a representation of H in a C*-algebra B is a pair (¢,7) where
7 : A — B is a homomorphism, ¢t : H — B is linear, and such that for all « € A and
¢,n € H, we have t(a - &) = m(a)t(§), (£ - a) = t(&)m(a), and 7((, n)a) = t(£)"t(n).

Given a C*-correspondence H over A and a representation (¢,7) of H in B, there is a
homomorphism ¢ : K(H) — B satisfying t1 (6, ,,) = t(£)t(n)* for all £, € H (Pimsner
denotes this homomorphism 7" in [38]). The pair (¢,7) is said to be Cuntz-Pimsner
covariant if t(¢(a)) = 7(a) for all a € ¢~ (K(H)) N (ker ¢)* (see [24, Definition 3.4]).

In the cases of interest later in this paper, ¢ is injective and ¢(A4) C K(H), so t(M o ¢
is a homomorphism from A to B. Then the pair (¢,7) is Cuntz-Pimsner covariant if
tWo ¢ =.

Given a C*-correspondence ‘H over A, there is a Cuntz-Pimsner covariant representation
(J2¢,ja) in a C*-algebra Oy which is universal in the sense that given another Cuntz-
Pimsner covariant representation (¢,7) of H in B there is a unique homomorphism ¢ x
m : Oy — B satisfying (t X ) o jyy =t and (t X ) 0 j4 = w. Both jy and j, are
isometric. Moreover, Oy is unique up to canonical isomorphism. There is a strongly
continuous gauge action v : T — Aut(Oy) such that v,(jx(§)) = zjx(§) for £ € ‘H and
v:(ja(a)) = ja(a) for a € A.

2.6. Product systems and representations. Let (P,-) be a discrete semigroup with
identity e and let A be a C*-algebra. A product system of A—A C*-correspondences over
P is a semigroup Y = |_|p€P Y, such that

e forcachp € P, Y, CY is a A-A C*-correspondence with inner product (-, -)%;

e the identity fiber Y, is the A—A C*-correspondence ;4A;

o for p,qg € P\ {e} there is an isomorphism ©,, : Y, ®4 Y, — Y, satisfying
O, (r®@ay)=ayforallz €Y, and y € Y;

e multiplication in Y by elements of Y, = A implements the right and left actions
of A on each Y,

The homomorphism of A into £(X,,) implementing the left action on Y, is denoted ¢,. The
product system Y is said to be nondegenerate if each Y), is a nondegenerate correspondence.
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Let B be a C*-algebra, and let Y be a nondegenerate product system such that each ¢,
is an injection into K(X,). A map ¢ : Y — B is called a representation of Y if, writing
1y, for ¥ |y, we have

e cach (1, 1.) is a representation of Y),; and
L wp('r)wq(y> = 7\ppq(xy) fOI' a‘H p7q E P,Z' E }/pay E )/q

There is a C*-algebra 7y (called the Toeplitz algebra) and a representation iy : Y — 7y
which is universal in the following sense: 7y is generated by iy (Y) and for any represen-
tation ¥ : Y — B there is a homomorphism ), : 7y — B such that 1, o iy = 1. The
representation 7y is isometric and unique up to isomorphism.

For each p € P we write 1/ for the homomorphism (3,)) discussed in the pre-
ceeding section. The representation v is Cuntz-Pimsner covariant if each (v,,1.) is
Cuntz-Pimsner covariant, that is if 1) o ¢, = 1, for all p € P.

There is a C*-algebra Oy and a Cuntz-Pimsner covariant representation jy : Y — Oy
which is universal in the following sense: for any Cuntz-Pimsner covariant representation
¥ 1Y — B there is a unique homomorphism v, : Oy — B such that v, o jy = . The
pair (Oy, jy) is unique up to canonical isomorphism and jy is isometric. For more details
about product systems, see [16].

For P = N¥, universality allows us to define strongly continuous gauge actions v : T% —
Aut(Oy) and 7 : TF — Aut(7y) such that v.(jy (y)) = 2"y (y) and 7.(iy (y)) = 2"y (y)
for y € Y,,. If Y is nondegenerate and each ¢, is an injection into K(Y},), the fixed point
algebra OJ is isomorphic to the inductive limit

lim KC(Y,,).
H
neNk

We will be mostly interested in nondegenerate product systems over P = N¥ (under
addition) such that each ¢, is an injection into K(Y,,).

2.7. Fell bundles over groupoids.

Definition 2.7.1 ([27, Definition 2.1]). Let G be a groupoid and let 7 : E — G be a
Banach bundle. Define

E® = {(e1,e3) € E X E : (n(e1), m(ey)) € GP}.

A multiplication on E is a continuous map (ey, e3) — ejes from E® to E which satisfies:
(i) m(eires) = w(er)m(ez) for all (e1,ey) € E@
(ii) the induced map E,, x E,, — E,,,, is bilinear for all (g1, g2) € G2
(iii) (ejez)es = eq(eses) whenever the multiplication is defined
(iv) [lerea]l < |led|| |lez]| for all (ey,ey) € B,
An involution on E is a continuous map e — e* from E to E which satisfies:
(v) w(e*) =m(e)  foralle € E
(vi) the restriction of the involution to E, is conjugate linear for all g € G
(vii) e =e for all e € E.

Finally, the bundle E together with the structure maps is said to be a Fell bundle if in
addition the following conditions hold:
(viii) (erez)* = eset for all (eq,ey) € E@
(ix) |le*e|| = |le||?* for all e € E
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(x) for each e € E, e*e is positive as an element of Ey(r()) (which is a C*-algebra by
(i)-(ix)).-
The Fell bundle E is said to be saturated if E,, - E,, is total in E,,,, for all (g1, g2) € G@.

Remark 2.7.2. Tt follows that ||e*|| = ||e|| for all e € E.
Note that E, is a right-Hilbert E,,-module with right action implemented by multi-
plication and inner product given by

(e1,€2)m,,, = €ies.

Similarly, F, can be regarded as a left Hilbert FE,)-module. Observe that £ is saturated
if and only if £, is full as a right Hilbert module for all g. Moreover, E is saturated if
and only if E, is an E, (g~ Fs() imprimitivity bimodule for all ¢g. In this case, if s(¢g1) =
x =1(g2), there is an isomorphism E, ®pg, E,, = E,,,, such that e; ® ey — ejes.

We denote by E© the restriction of the bundle E to G, and observe that E© is a
C*-bundle. We denote the corresponding C*-algebra of sections vanishing at infinity by
Co(GO, BO)),

Given a Fell bundle E over an étale groupoid G we construct the C*-algebra C}(G, E)
as a completion of C.(G, F) in the following way. First we use the groupoid structure of
G to define a product and involution on C.(G, F):

(frf2)(g) = Z fi(g1) f2(g2), f9)=flgh)"

9=9192

Then regard C.(G, F) as a pre-Hilbert right Cy(G©®, E(©)-module under pointwise oper-
ations, and form the completion L*(G, E). Left multiplication by elements of C.(G, E)
induces an embedding into £(L*(G, E)). We define C*(G, F) to be the completion of the
image of C.(G, E) in the operator norm. For more details see [27), §3].

3. A-SYSTEMS OF C*-CORRESPONDENCES AND REPRESENTATIONS

3.1. A-systems of C*-correspondences. Given a k-graph A, we define a A-system of
C*-correspondences by associating a C*-algebra to each vertex, and a C*-correspondence
to each path, as follows.

Definition 3.1.1. Let A be a k-graph. Fix

e for each vertex v € A a C*-algebra A,;

e for cach A € A an A,(,)~A,») C*-correspondence X; and

e for each composable pair a, 8 in A a map of A, ,)~Asg C*-correspondences:
Xa,8 © Xa ®a,,, Xg — Xap such that if @ & A% then x, s is an isomorphism.

Suppose that the A,, the X and the x, g have the following properties:
(1) for each v € A% X, = ;4A, (the identity correspondence over A,);
(2) for each X € A, the maps x,)x and x» s are given by

Xroa (@ ®a,,, 2) = da(a)z and  Xo s (2 @4,y @) =2 a
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(3) for each composable triple «, 3,7 € A, the following diagram commutes.

Xa,3®ldx .,
Xa ®As(a) X,B ®As(ﬁ) X"/ Xaﬁ ®As(ﬁ) X"/
idx, ®Xﬁ,ny{ XaﬁwJ{
Xov, By
Xa ®As(a) Xﬁ’y XQIB'Y

Then we say that (A, X, x) is a A-system of C*-correspondences. By the usual abuse of
notation, we will frequently just say that X is a A-system of C*-correspondences.

Definition 3.1.2. We shall say that a system X of C*-correspondences is reqular if it
satisfies all of the following assumptions:

e A is row-finite and has no sources;
e cach X, is nondegenerate and full; and
e cach ¢ : A,y — L(X)) is injective and takes values in KC(X}).

Remark 3.1.3. Suppose that X is a regular A-system of C*-correspondences. Note that
each map ¢, : A,(n) — K(X,) is approximately unital. Furthermore, for every A, since Xy
is nondegenerate, X, @ Xp0) ® Ari X, — X, is an isomorphism. Hence by the third
bullet-point of Definition B.1.1] x, g is an isomorphism for every composable pair «, (3.

Remark 3.1.4. Fix a A-system X of C*-correspondences. Recall that C denotes the cat-
egory whose objects are C*-algebras and whose morphisms are isomorphism classes of
C*-correspondences. There is a contravariant functor Fx from A to C determined by
Fx(\) = [X,]; in particular, the object map satisfies F%(v) = A,. As with systems of
k-morphs (see [30]), more than one system may determine the same functor, and there
are functors which cannot be obtained in this way from any system.

Remark 3.1.5. To specify a A-system when A is a 1-graph it suffices to give a C*-algebra
A, for each vertex v € A and a C*-correspondence X, for each edge A € Al. For
A=A\, €A" withn >2and \; € A, define

Xy = X)‘l ®AS(>\1) X)‘Q ®AS(>\2) o ®AS(ATL71) X)‘”;

the maps x, 3 are given by the canonical isomorphisms.
When A is a 0-graph, a A-system of C*-correspondences simply consists of a C*-algebra
A, for each vertex v € AD.

Ezxamples 3.1.6. We pause to mention a number of examples from the literature which can
be regarded as A-systems. We will indicate how each example relates to a A-system, but
will postpone detailed discussions of these and a number of other examples until Section

(i) In [34] section 3], the authors consider two C*-algebras A and B, an A-B C*-
correspondence R, and a B—A C*-correspondence S. Suppose R and S are nonde-
generate with both left actions injective and given by compacts. Then they prove
that the Cuntz-Pimsner algebras Ogg s and Ogsg , g are Morita-Rieffel equivalent.
Let A be the path category of the directed graph pictured below.
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If we let A, :== A, A, := B, X, = R and X; = S, then we obtain a A-system X
of correspondences as in Remark B.T.0l If we assume in addition that R and S are
full, then the A-system is regular.

(ii) Recall from [30] that if I" is an ¢-graph, then a I’-system W of k-morphs con-
sists, roughly speaking, of k-graphs A, associated to the vertices v € TV, k-
morphs W, associated to the paths v € I', and compatible isomorphisms 6,3 :
W A% W3 — Weg. Under the technical hypothesis ("), [30, Theorem 6.5] shows

firstly that each k-morph W, gives rise to a full nondegenerate C*-correspondence
H(W,) whose left action is implemented by an injective homomorphism into
the compacts, and secondly that the isomorphisms 6, s determine isomorphisms
X(0a5) : H(Wa) @cr (a0 H(W5) — H(Wag). In particular, if T is row-finite with
no sources, and each W., satisfies ("), then the assignments A, := C*(A,) and
X, = H(W,) and the isomorphisms X (a,5) : Xo ®4,,, Xg — Xap determine a
regular I'-system of C*-correspondences.

(iii) Every product system of C*-correspondences over N* can be regarded as a Tj-
system of C*-correspondences where T}, is the k-graph isomorphic as a category
to N¥ (see section Z.1]).

(iv) Given a C*-algebra A, let End;(A) denote the semigroup of approximately unital
endomorphisms of A, regarded as a category with one object A. Let A be a k-
graph. Then each contravariant functor ¢ : A — End;(A) determines a A-system
of C*-correspondences. Specifically, 4, := A for all v € A, X, := oA for all
A€ A, and xqp is defined by xas(a ® b) := ¢g(a)b for all a € X, = ,)A and
be Xg = 4pA. Conditions (1)) and () of Definition B.I.1] are clearly satisfied,
and condition (B]) boils down to the identity

vy (ps(a)b)c = ppy(a)py(b)e.

The system is regular precisely when A is row-finite with no sources, and each
@, is injective. This example may easily be generalized by replacing the target
category End;(A) with the category of C*-algebras and approximately unital ho-
momorphisms.

Fix a regular A-system X of C*-correspondences. Let A denote the ¢y direct sum

A= @UEAO Ay

We can regard the X, as A-A correspondences in the obvious way. Hence, for n € N* we
may define a C*-correspondence Y, over A by

Y, = @AeAn X

(this time, we are taking an ¢* direct sum). For o € A, let ¢ : Xy — Yy denote the
inclusion map.

By checking that it preserves inner-products, one can see that for m,n € N*¥\ {0}, the
formula

Onnlta(®) @4 15(y)) = {La’ﬁ(xa’ﬁ(x Oy 9)) 1 s(a) = r(5)

Oy, otherwise

determines an isomorphism ©,,,, : Y, ®4Y,, — Y 4p.
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Proposition 3.1.7. With notation as above,

Y =Yy = |_|Yn

neNk

is a product system over N¥. If X is reqular (this entails, in particular, that A is row-finite
and has no sources), then Yx is nondegenerate, and the left action of A on each fibre Y,
of Yx is implemented by an injection of A into IC(Y,).

Proof. Fix [,m,n € N*. Then Y; ®4 Y,, ®4 Y, is spanned by the subspaces
{i(Xn) @4, tu(Xp) ®a,, (X)) 1 A € A e AN™ v e A" s(\) =r(p),s(p) =rv)}.

Fix x € X,,,y € X,, and z € X,,, and for convenience, write Z for ¢,(z) € ¥; and similarly
for p and v. Then the associativity condition Definition BT[] ensures that

(Z9)Z = O (O @ 1) (TR Y )
= L)\MV(X)\M,I/(X)\,M & 1)([E XY Z)) = L)\/W(X)\’/W(l X Xu,l/)(x RY R Z)) — f(gg)

Hence Y is a product system.

Now suppose that X is regular. It is immediate that Y is nondegenerate because each
X, is. To see that each ¢, is injective, fix n € N and a € A\ {0}. Then there is some
v € A such that the component a, of a in A, is nonzero. Since A has no sources, there
exists A € vA™. Since ¢, is injective, the direct summand ¢, (a,) of ¢,(a) is nonzero,
and hence ¢, (a) is itself nonzero. Finally, to see that ¢, takes values in IC(Y},), observe
that the A, span a dense subspace of A and that for a fixed v and a € A,, the operator
On(a) = Breoandr(a) belongs to K(Y;,) because each ¢y(a) € K(X,) and because vA™ is
finite. U

The construction of the product system Y from the A-system X is the analogue for
systems of correspondences of the I'-bundle construction from [30].

Fix a A-system X, and paths «, 5 € A with s(a) = r(3). As on [32], page 42], there is
a homomorphism (¢3). 1 £(Xo) — L(X4 ®a,,, Xp) characterised by

(@) (T)(z®y)=T(z)®y.
By [32, Proposition 4.7], if ¢5(As@)) C K(Xp), then (¢5).(K(Xa)) C K(Xa ®a4,,, Xp5),
and (¢gs). is injective if ¢y is injective, and surjective if ¢z is surjective. We define a
homomorphism %7 : £(X,) — £(Xas) by

(3.1.1) i67(S) = Xaus © (9)-(S) © X}

Hence, if ¢ : A5y — L(Xj) takes values in K(Xj), then i%” restricts to a homomorphism
from K(X,) to K(X,s), which is injective if ¢p is.

The maps i%” are compatible with composition in A in the sense that for a composable
triple «, 3,y of A, we have

i 0 i2f = o,

To see this, fix S € L£(X,), apply each of (zgg“’ 0i2%)(8) and i277(S) to the image of an
elementary tensor r ® y ® z and use condition (3) of Definition BTl to see that they
agree.

Similarly, if Y is a product system over N*¥ and m,n € NF, let i™*" : L(Y},) —

L(Y4n) denote the map obtained as in (B.1.1]) from the isomorphisms O,,,, : ¥, ®4Y,, —
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Yiin. If ¢n(A) C K(Y,,) we reuse the symbol i7" to denote the restriction of i to a
homomorphism from K(Y;,) to K(Y40).

3.2. Representations of A-systems of C*-correspondences.

Definition 3.2.1. Let (A, X, x) be a regular A-system of C*-correspondences. A repre-
sentation of X in a C*-algebra B is a pair (p, 7) consisting of
e linear maps p) : X, — B, and
e homomorphisms 7, : A, — B
which satisfy the following conditions.
(1) For each v € A%, p, = T,.
(2) For a, € A, x € X, and y € X,

_ JPap(Xap(z ®a,,, ) if s(a) =r(B)
pa(®)ps(y) = {OB ) if s(a) % ().
(3) For all o, 8 € A with d(a) = d(f3), and all x € X, and y € Xp,

pa () psy) = {”s(a)((%yms(a)) if o =3

Op otherwise.

We say that a representation (p, ) of X in B is Cuntz-Pimsner covariant if
(4) for all v € A°) all n € NF and all a € A, we have

T (@) = Z p™ (pa(a)),

A€vA™

where pM = p(;).

Remark 3.2.2. Since, in a regular A-system of C*-correspondences, each X, is nonde-
generate, conditions (2)) and ([B]) of Definition B:2.1] are then equivalent to the apparently
weaker relations

(A) m,(A4,) L 7y(A,) for distinct v, w € A°.
(B) pa()ps(y) = pap(Xa,s(T ®4,,, y)) Whenever s(a) =7(8), z € X, and y € Xp.
(C) mson ({5 ) a,y) = pa(x)*pa(y) for all A € A and z,y € X,.

Let (p, ) be a representation of (A4, X, x) in a C*-algebra B. We will say that (p, )
is universal if for any other representation (p/,7’) of (A, X, x) in a C*-algebra C, there
is a unique homomorphism ® = ®, » : B — C satisfying ® o py = p) for all A € A,
and ® o, = 7/ for all v € A°. A Cuntz-Pimsner covariant representation of (A4, X, x) is
universal if it has the universal property described above with respect to Cuntz-Pimsner
covariant representations (o', 7').

Proposition 3.2.3. Let A be a row-finite k-graph with no sources, and let X be a regular
A-system of C*-correspondences. Let Y = Yy be the product system over NF of C*-
correspondences over A = ®A, obtained as above.

(1) If ¢ is a representation of Y in a C*-algebra B, then there is a representation
(p¥,7%) of X in B given by p¥ :==1 o1, and ¥ := 1) 0 1,.

(2) Conwversely if (p,m) is a representation of X in a C*-algebra B, then there is a
representation *™ of Y in B determined by 1" (1,(x)) = pa(z) for o € A and
r e X,.
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These constructions are mutually inverse in the sense that for a representation 1 of Y, we
have p°* ™) =), and for a representation (p,v) of X, we have (PP 7y = (p, ).
The representation (p™ , ) of X in Ty is universal in the sense described above.

Proof. For (), fix a representation 1 of Y in B, and let p¥ and 7% be as in (I). We have
p¥ = 7¥ for all v by definition.

Fix a, 0 € A, 2 € X, and y € Xg. Suppose first that s(o) = r(f). Since the
multiplication in Y is determined by the isomorphisms x,, and since the representation
1 is multiplicative, we have

Pis(Xas(z @4,y Y) = V(tas(Xas(@ @a,, )
= Y(ta(@)tp(y) = U(ta(@)(1a(y)) = P4 (x)ph ().

Now suppose that s(a) # r(f). Then, by definition of the multiplication maps ©,,,, in
Y, we have to(2)t5(y) = tap(0x,,) = Oy. Since 1 is a representation, it follows that

P @)p(y) = (a(@)P(t5(y)) = Y(talz)is(y)) = ¥ (Oy,,) = Op.

Fixa,3 € A, x € X, and y € Xp, and consider p? (x)*pg(y) Since 1) is a representation,
we have

pL() Pl (y) = 1 (ta(@)) Y (1s(y)) = P ((ta(2), 15(y)) 4)-

If a« # [, then (t4(x),158(y))a = 0 by definition of the inner-product on Y, giving

pg(x)*pg(y) = 0 as required. If o = 3, then (1o(7), ta(y))} = Ls(a)(<x,y>‘§j(k)) by def-

inition of Y. Hence

¢(<La($)a Lﬁ(y»z‘l) = ¢(Ls(a)(<$a y)l%(x))) = Wﬁa)(@a y>As()\)>7

SO pg(x)*pg(y) = ﬂf(a)(@, Y)A,,) as required. This establishes ().

For (@), let (p, 7) be a representation of X. By definition of the direct sums Y;,,n € N*,
there exists a map ¥»™ : Y — B satisfying the given formulae, and the restriction 1 of
¥ to Yy = A is a C*-homomorphism. Fix z,y € Y, say x € Y,,, and y € Y,,. We must show
that (™ (zy) = ™ (2)1P™ (). To see this, first recall that (by definition of a product
system) the multiplication in Y implements a bimodule isomorphism Y;, ®4 Y,, — Y10,
and in particular is continuous and bilinear. Since Y, = span{¢,(z) : p € A™, z € X}
and similarly for Y,,, it therefore suffices to fix y € A™, v € A", x € X, and y € Y,, and
show that

(3.2.1) O (1, (@)1 () = 0 (1 ()P (1 (y)).

We consider two cases: either s(u) = r(v), or not. Suppose first that s(u) = r(v). Then
we have ¢,(2)1,(Y) = tu (X (T ®4,,, y)) by definition of the multiplication in Y. Hence
;b(p’”)(LM(x)L,,(y)) = Q/’(p’W)(LuV(Xu,V(x 2 Y))) = puv(Xp (@ ® A4 y))

= pu(@)pu(y) = ¥ (u(2))0 7 (1 (y)).

Now suppose s(u) # 7(v). Then t,(z)i,(y) = Oy, .., by definition, so ™ (1, ()1, (y)) =
0. We also have

Y (1 ()0 (1 (1)) = pul)pu(y) =0,
establishing (3.2.1]).
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We must next check that ¢ ™ ((z,y)4) = ™ (2)*P™)(y) for all 2,y € Y. By sesqui-
linearity and continuity of the maps involved, it suffices to show that for fixed o, 5 € A,
r € X, and y € X3, we have

VO ((ta(2), 15(y)) a) = pal)* ps(y)-

If a # [ then the left-hand side is equal to zero by definition of the inner-product in Y,
and the right-hand side is equal to zero because p is a representation of X. If « = 3, then

PP ((10(2), 15(y)) a) = lb(p’ﬂ)(bs(a)«xa Y Asar) =TT Y) 4,00)) = Pa(2)"Pa(y)

because (p, ) is a representation of X. This completes the proof of (2I).

That the two constructions are inverse to each other follows from the definitions of the
maps involved. For the final statement, observe that the universal representation 5 of Y in
7y determines a generating representation (p/, /) of X in Ty If (p, 7) is a representation
of X in B, then (¢(»™) is a representation of Y in B. The universal property of 7y gives
a unique homomorphism o : 7y — B such that oo j = Y™ and it is easy to check that
this is equivalent to 0 o m = 7, and o o p} = p, for all v € A and X € A. O

Our next goal is to show that the bijection between representations of a regular A-
system of C*-correspondences X and representations of the associated product system
Yx preserves Cuntz-Pimsner covariance.

Proposition 3.2.4. Let X be a reqular A-system of C*-correspondences. Let Y = Y be
the product system associated to X (see Proposition[3.1.7). A representation ¢ of Y in a
C*-algebra B is Cuntz-Pimsner covariant if and only if the representation (p¥,7%) of X
in B is Cuntz-Pimsner covariant.

Proof. Since ¢*” ™) = 4 for all representations (p, ) of X and vice versa, it suffices to
show that if ¢ is Cuntz-Pimsner covariant, then (p¥, 7%) has the same property and that
if (p, 7) is Cuntz-Pimsner covariant, then 1(»™ has the same property.

Before doing this, we establish some notation. For each A € A, there is a homomorphism
(N (X)) — K(Yaey) determined by

(3.2.2) W (Oay) = i @)
for z,y € X,. For x,y € X, we then have

(p") N (00) = p¥(2)p" ()"
= (A (@)V(A(Y)" = LIV (O, @) un ) = VN (N (0,,));

that is,

(3.2.3) (p")N = A o N for all X € A.
Equivalently, for a fixed representation (p, ) of X,

(3.2.4) pN = (P EN) o /N for all X e A.

To prove the equivalence of the two notions of Cuntz-Pimsner covariance, first note
that since A = @, 0 A, is spanned by the A, and since, for a representation v of Y,
we have m¥ = |4, by definition, it will suffice to fix a representation 1 of Y, a vertex
v € A%, an element n € N* and an element a € A, and prove that

Y (1) (@a(a)) = 1 (@u(a)).

AEVAT
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We have ¢,(a) = >\ conn tM(9r(a)) by definition of the product system Y, so we may

use (B23) to see that
Y ("N (6ala) = Y MV (9a(a)

AEvVA™ AEvA™

=90 (3 P(éa(@)) = ¢ (én(e))

AEVAT

as required. O

Recall from [16] that each nondegenerate product system Y in which each ¢,, is injective
with range in IC(Y;,) has an isometric universal Cuntz-Pimsner covariant representation
jy‘Z)/-—éc)y.

Corollary 3.2.5. Let X be a regular A-system of C*-correspondences. Let Y = Y be the
product system associated to X (see Proposition[3.1.7). The representation (p’,m) of
(A, X, x) in Oy is Cuntz-Pimsner covariant. This is a universal Cuntz-Pimsner covariant
representation in the sense that for any other Cuntz-Pimsner covariant representation
(p,m) of (A, X, x) in a C*-algebra C, there is a unique homomorphism ¥V =V, . : Oy — C
satisfying W o pﬁ\y =px forall N € A, and Y o /¥ = 7, for all v € A°.

Proof. The results follow from the universal property of Oy and Proposition .24 as in
the proof of the final statement of Proposition [3.2.3] 0J

Definition 3.2.6. Let X be a regular A-system of C*-correspondences, and let Yy be the
product system associated to X as in Proposition B I.7. We define C*(A, X, x) := Oy,
and let (pX,7%) denote the universal Cuntz-Pimsner covariant representation (p/v, 79v)
of (A, X,x) in C*(A, X, x). Given a Cuntz-Pimsner covariant representation (p,n) of
(A, X,x) in a C*-algebra C, we denote the homomorphism induced by the universal
property by ¥, . : C*(A, X, x) — C.

3.3. The gauge-invariant uniqueness theorem. There is a strongly continuous gauge
action v : TF — Aut(C*(A, X, x)) (inherited from Oy) such that for all z € T* we have

Y. (7 (a)) = 7 (a) for all v € A and a € A,,
Y (pX () = 2N pX (2) for all A € A and z € X,
where 24 is multi-index notation: 24 = ¥, 2/

Theorem 3.3.1. Let X be a reqular A-system of C*-correspondences. Let B be a C*-
algebra equipped with a strongly continuous action 3 : TF — Aut(B). Let (p, 7) be a Cuntz-
Pimsner covariant representation of (A, X, x) in B. Suppose the following conditions are
satisfied:

(1) for all z € T* we have
B.(my(a)) = m,(a) forve A’ and a € A,,
B.(pa(x)) = 22V p, () forall X € A and x € X;

(2) for allv € A°, m, is injective.
Then U, : C*(A, X, x) — B is injective.
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The proof follows from Proposition B.I1.7, the definition of the gauge action and the
following lemma.

Lemma 3.3.2. Let Y be a nondegenerate product system over N¥ such that the left ac-
tion on each Y, is injective and by compacts. Let B be a C*-algebra equipped with a
strongly continuous action (3 : T — Aut(B), and let ¢ be a Cuntz-Pimsner covariant
representation of Y in B. Suppose that the following conditions are satisfied.

(1) For all z € T*, n € N* and y € Y,,, we have B,(¢,(x)) = 2" (z).
(2) The homomorphism 1 : A — B is injective.
Then the induced map 1, : Oy — B is injective.

Proof. The map a +— fw v.(a) dz is a faithful condltlonal expectatmn P Oy — OF,
and condition (1) ensures that the linear map ®° : 1,(a) Jo B:(1h.(a)) dz satisfies
1, 0 ® = ®F o0 1),. It therefore suffices to prove that the restriction of ¢, to OF is
injective. We claim that 1), is injective for all n € N*. Indeed, fix a nonzero y € Y,,. Then
(y,y)" # 0, and since (y,y)"% € Yo = A, we have

U (Y) " Un(y) = Yo({y, y)a) # 0

by (2). Hence 9, (y) # 0. Moreover, ™ : K(Y,) — B is injective because vy is (see the
opening paragraph of [38, p.202]).

For all m,n € N¥ with m < n, we have jx(/m)(/C(Ym)) C jx(fb)(lC(Yn)). These embed-
dings are compatible with the natural injection i, : K(Y,,) — K(Y,,) guaranteed by our
assumptions on Y. Moreover, |, j}(,")(lC(Yn)) is a dense subalgebra of 0., and hence

0y = lim K(Y,).

neNk

It remains to show that the restriction of v, to each j}(,") (K(Y,)) is injective. But this
follows from the fact that each 9™ : K(Y;,) — B is injective. O

4. CONSTRUCTION OF A FELL BUNDLE

Fix for this section a row-finite k-graph A with no sources, and a regular A-system X
of C*-correspondences.

4.1. The fibres of the Fell bundle.

Definition 4.1.1. Given an infinite path z € A*, let E, be the C*-algebraic inductive
limit
E, = lim K(Xz0m))

neNk

EO )) s K(Xa0,m)) = K(Xg(0,n)) defined by equation (B.I.])
K(Xz0,n)) — E» denote the canonical embedding.

under the connecting maps ¢
for (m,n) € Q. Let if

Proposition 4.1.2. Let X be a reqular A-system of C*-correspondences. Fiz x € A*°.
Let x* X be the pullback Qy.-system given by

(x*A)m - A:c(m)a (x*X)(m,n) = X:c(m,n) and (x*X)(m,n),(n,p) = Xz(m,n),z(n,p)-
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Let (p,m) denote the universal representation of x*X in C*(z*A, 2* X, 2*Y). Fizn € N,
Then 7, @ Agmy — C*(x*A, 2* X, 2*x) extends to multiplier algebras; denote this extension
T,. Let

P, =T (1(zra),) € M(C*(z"A, 2" X, 27X)).
Then P, is full, and Eqgn(y) =2 P,C*(x* A, 2* X, 2*X)P,. In particular, n = 0 yields
E, = RBC*(x" A, 2" X, 2" x) P.

Proof. To see that m, extends to multiplier algebras, recall that since the X, ) are
nondegenerate, the product system Y associated to z*X by Proposition B is also
nondegenerate. Hence the universal representation of Y in Oy extends to a unital ho-
momorphism jy from M(A) = M(D,,cyr Aueim)) to M(Oy). The restriction of jy to
M(Az ) is then the desired extension of m,.

To see that P, is full, let I(P,) be the ideal of C*(ax*A, z* X, x*x) generated by P,.
Since (p, ) is Cuntz-Pimsner covariant and X is regular, each a € A, satisfies m(a) =
pO")(T) for some T € IC(XI(OH ). Since K(Xz0,n)) = 5pan{be,, : £,1 € Xyon)} and

0 (95777) = P(o,n) (S)Pnp(o,n) (77)*’

it follows that A,y C I(P,), and hence that I(P,) contains I(F). Now for any other
m € N¥ and any a € Ag(my, that X is regular, and in particular that X, is full,
ensures that a € span{({,n)a,,,, : §&,m € Xs0m)}, and in particular that

x(m)

Tm(a) € Span{ p(o,m)(€)* Popo.m) (1) : &1 € Xaom)}-

Thus span(|J,, e mn(Az@m))) belongs to I(F,). Since each X, is nondegenerate, it follows
that I(P,) = C*(z* A, x*X r*Y).
For the final statement, we will invoke the universal property of the direct limit Fyn () =

hL)H(IC(Xx(n,n—i-p)),Z;EZ:ZIZ;). First fix p € N*. By definition, p™"*?) is a homomorphism

from K(Xy(nnip) to PaC*(z* A, 2* X, 2*x) P,. Lemma 3.10 of [38] shows that the p(n+?)

w(nntq) . x(nntq) _
(n,n+p) z(n,n+p)
p"7 ) for all p. The universal property of the direct limit now implies that there is
a unique homomorphism p") : E u) — P,C*(x*A,z*X,2*X)P, such that p(™>) o
.z:(n,00)
Zw(n,n—i—p
hence isometric, which implies that p

C* (2" A, 2" X, x"x)
= span{ p(m,q) ()P (M) 1 ¢ € N*m,p < q, £ € (" X)(mg), 1 € (" X)po)

are compatible with the connecting maps @ in the sense that p™"+9 o ¢

) = p™mP) for all p. Since each ., is injective, each p(™"*P) is injective and

(m.20) i5 isometric. Finally, since

we have
P.C*(a* A, 2" X, 7°X) P,
= Spai{ P(np) (§) Py (M) 10 2 1y €1 € X}
=span{p"?(T) :p > n,T € K(Xotnp)}
= p(n’oo)(E:c%

so that p(™>) is the desired isomorphism. O
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The C*-algebras E, will be the fibres over the unit space of the k-graph groupoid of the
Fell bundle we will construct. We now turn to the construction of the other fibres. We do
this using linking algebra techniques of [3]. Our first step is to associate a C*-algebra and
two complementary full projections in the multiplier algebra to each groupoid element.

Notation 4.1.3. Given paths A, u,v € A such that s(A\) = s(u) = r(v), there is a homo-
morphism zi”u“ LX) ® X,) — L(X), @ X)) obtained in an analogous manner to the
definition of i%’ in equation (BII). Specifically, regarding X, & X, as a right Hilbert

A,y module, [32, page 42] gives a homomorphism
(P)s s L(Xn & X,) — L((Xn @ X,,) ®A,) X,).

combining this with the isomorphism x, @ X, : (XA & X,) @4, Xo = Xow © Xy, We
obtain the desired homomorphism, namely

IBH(S) = (Xow @ Xpuw) © (60)(S) © (Xaw & X))

Proposition 4.7 of [32] and that X is regular imply that zi”u“ Y restricts to an injective

approximately unital homomorphism from (X, & X,,) to K(Xy, & X,.).

Lemma 4.1.4. Given paths \, i, v € A such that s(\) = s(pu) = r(v), let Py, P, € L(X,\@
X,.) be the projections onto X, and X, respectively, and define Py,, P,, € L(X), & X))

similarly. Then
(1) the homomorphism ziyj Y takes Py to Py, and P, to P,,;
(2) the projections Py and P, are complementary full projections in M(K(X,®X,)) =

L(X)® X,); and
(3) under the canonical identification of P\KC(X\ @ X,,) Py with K(X)), we have
Py (S) Py = i3 (S)
for all S € K(X)), and similarly for .

Proof. A typical spanning element of X, ® X, is of the form (x», ®x..) (2B z,) ®z,)
where z) € X, z, € X, and z, € X,,. By definition of z'j\\i’f”, we have

I (P (X @ Xuw) (22 @ 2) © 2)) = (Xow @ Xpuw)(Pr(2r @ 7,) @ 1)

= (X)\,V D Xu,u)(x)\ ¥ 0) X T,.
Since (X & Xpuw) (T2 © ) @ 2,) = XA (T2 @ T,) B Xy (T @ 7,), We deduce that
Zitj‘f”(P)\) <(X>\’V & X“’V)((x)‘ D x“) ® ‘r’/)) = P)‘V((XA,V ¥ Xﬂ,u)((x)\ @ xﬂ) & xu))

That Py and P, are complementary projections is clear from their definitions. They are
full because each of X and X, is a full right-Hilbert A)-module. The last assertion is
verified via a straightforward calculation using spanning elements like the one above. [

For the next result, we need the following notation. For g = (x,n,y) € Gy we define

Dy = {(pt) - 0 = Az, = oz, d(N) — d(p) = n}.
The set D, is ordered by the relation (A, ) < (N, ') if and only if d(A) < d(X'). Moreover,
we have (A, ) < (XN, ') in D, if and only if there exists v such that X' = Av and p/ = pv.
We may therefore form the inductive limit
li_IQ KX\ ® Xu)
(Ap)EDy
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with respect to the connecting maps ziyj ” defined in Lemma T4l We denote the uni-
versal inclusion maps into the direct limit by

2.‘()]\# ’C(X)\@XM) ad h_H)l IC(X)\@XM)
()\,;,L)EDQ
Proposition 4.1.5. Fiz g = (x,n,y) € Gr. The maps 2";’\7“ defined above extend to unital
homomorphisms of multiplier algebras such that for each (\,u) € D(g), the elements

i§\7“(PA) and i§\7“(Pu) are complementary full projections which do not depend on the choice
of (\, i) € D(g). We define P, :=13 ,(P\) and P, =1 ,(P,). We then have

E, = Px< lim KX, ® X,))Pz, and
(Avu)EDQ
Ly, = Py( lim (X @Xu>>Py§
()\,;,L)EDQ
so lim K(X\® X,) is a linking algebra for E, and E,.
(>‘HU')GDQ
Proof. First observe that the map if]\,u is approximately unital for every (A, u) € D,.
This follows because all the linking maps ziyj TLK(X) @ X,) — K(Xy @ X,,) are ap-
proximately unital. Hence the map i?\,u extends to a unital map between the multiplier
algebras. By the preceding lemma, the projections Py and P, are complementary full pro-
jections, and since the map 43 , is approximately unital, their images, i§ ,(Py) and &5 ,(F,),
are also complementary full projections. By the same lemma, i“/’\,u(P,\) = if’\,,u,(PX) and
i3, (Pu) = 4%, (Py) for all (A, p), (N, 1) € D(g); therefore P, and P, are well defined.
Lemma [LT4[3]) combined with the universal property of the direct limit gives the two dis-
played equations in the statement of the Proposition. The final statement is a consequence
of the preceding ones. O

It will frequently be useful to make the identification:
(4.1.1) K(X,, X)) = PAK(X\ @ X,)P,.

Corollary 4.1.6. For g = (z,n,y) € Gy, the C*-algebras E, and E, are Morita-Rieffel
equivalent with imprimaitivity bimodule

By =Pl K(X® X)) P,
(>‘HU')GDQ
Moreover, under the identification (L11]) we have (as Banach spaces):

Ey = ILIE IC(XWXA)'
()\,;,L)EDQ

Proof. The first statement follows immediately from Proposition and [3, Theo-
rem 1.1]. The second statement follows from the first and ([ILT]). O

Remark 4.1.7. Let g,h € G with s(g) = s(h) = . Then
B = B, ®p, Epr = B, ®p, B = K(Ey, E,).
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Using the identification (£1.1]), we retain the notation i;\”’” ” and i , for the embeddings

zi"ﬂ‘“’ (X, X)) — K(Xow, X)),
iS5, KX, X)) — B

Note that if A = p we have (X, X)) = (X)) and our embeddings satisfy z)‘” N =i
It follows that for all z € A*, we may identify E(, () with E,, and that if T = )\z we
have ¢ = 4.
4.2. The operations and topology of the Fell bundle. The following lemma shows
that the connecting maps are compatible with composition. This will be used later to
define the multiplicative structure of the Fell bundle.

In this lemma and throughout the rest of the paper, given right Hilbert A-modules
X,Y,Z and given T € K(X,Y) and S € K(Y, Z), we will use the juxtaposition ST to
denote the composition SoT € K(X, Z).

Lemma 4.2.1. Fiz A\, Ao, A3, u € A such that s(N\;) = r(p) for each i =1,2,3. Then for
ﬂ S IC(X)\ X)\i>;

i1
A1, A A2 [, A
D)5 (Ty) = i (VD).

Proof. Embed each K(X,,,,,X),) in £(X), ® X), ® X),) in a way analogous to ([@ILIT]),
and then use that the linking map

K(X @ X, © Xog) = K(Xouu @ Xogu © Xogy)
is a homomorphism. O

Before setting ourselves up to define the multiplication between the various E,, we
establish a simple technical lemma that we will use a number of times.

Lemma 4.2.2. Fizn > 1, a composable n-tuple (g1, ..., gn) € gg’“, elements e; € E, for
i <n, and e > 0. There exist v € A, \y,..., A1 € Ar(), and T; € K(X),,,, X),) for
1 < n such that, for each i < n,

(421) gi = ()\Zx, d()\l) — d()\i+1), )\i+1x) and | ‘g; 1 (T‘z) — GZH < €.
Proof. We proceed by induction on n. The base case n = 1 follows from the definition
of B, as hm()\ Na)eDy, K(X»,, X»,). Now suppose that the result holds for n < k, and

fix (g1,---,9k11) € Q(kH and e; € E,. Apply the inductive hypothesis with n = k
o (g1,---,9x), (e1,...,ex), € and with n = 1 to (gr+1), (€xt1), € to obtain y,z € A,
Py fer1 € Ar(y), v, € Ar(2), R, € K(X,,,,,,X,,) and S € K(X,,, X,,) with the
appropriate properties.

We have g1y = s(gr) = 7(gr41) = 112, SO

= y(0, (d(prsr) V (1)) — d(per1))  and v = 2(0, (d(prs1) V d(r1)) — d(1n))
satisfy (,u V) € A (g q,v1). Let Ay i= gt for @ < k+ 1, let A\pyo := vot/, and let
z = 0¥ (y). Then

Mot1 = ppapt =1 and  p'z =y and V' = 2.

Hence g; = (piy, d(pi) — d(pira), pivry) = (Niw, d(N;) — d()\l-i‘l) )\z+1x) for i < k, and
similarly grr1 = (Agr12, d(Agg1) — d(Aks2), Ayox). Let T; = zﬁjiﬁ““ (R;) for : < k and
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let Tpyy := i97*2Y(S). By the compatibility of the connecting maps in the inductive

vi,v2
limit, we have

HS) ifi=kt L
In particular, each HZ‘Z}\H(TZ) — ¢;|| < e by choice of the S; and R. O

Zg‘iv)‘iﬂ(Ti) = { Hisfbit1

Lemma 4.2.3. Fiz composable elements g1 = (x1,n1,22) and go = (x9,n9,x3) of Ga.
There is a bilinear map (e, e2) — erez from E, x E,, to E, 4, determined as follows: if
A, A2, A3 € A and z € A® satisfy n; = d(N;) — d(Nig1), and x; = Nz, (so in particular
g; = ()\Z'Z,TLZ', )\z’—i-lz) c Z()\m >\i+1)) then fOT’ ﬂ c IC(X)\i+17X)\i)7

(122) 9 o (Ti%2 0, (T2) = 2%, (TV ).

Moreover, |leres|| < |le1lllle2ll- If g3 = (x3,n3,x4), so that go and gs are composable and
es € B, then (ejez)es = eq(ezes).

Proof. That ([£2.2) is bilinear follows from Lemma .2.T] and the definition of the direct
limit, and we then have

1553 ()< 1235 o, (TONIS 0 (T2

1,

because the ! A, are restrictions of the injective C*-homomorphisms

igfi’)\iﬂ (X @ Xay,) — lim KX, ® X,)
(M,V)eDgi
and are therefore isometric. It follows from Lemma 2.2 that the assignment (Z.2.2)
extends uniquely to the desired bilinear map (eq, es) — ejes, and that this map satisfies

lerea]] < |ler]|]|ez]|. For the final statement, use Lemma [1.2.2] to approximate ez by an
element of the form 2'*‘/’\1;)\4 (T3), and then use (L22) and that (117%)T3 = T1(T2T3). O

We now define an involution on [] geon P which is compatible with the product structure
defined in Lemma [£2.3] Recall that for right Hilbert A-modules X,Y the adjoint map
T — T* defines a conjugate linear isometry from K(X,Y) to (Y, X).

Lemma 4.2.4. For each g = (x,n,y) € Gy there is a conjugate linear isometry e — e*
from E, to E,~1 which is determined by the following property: for (A\,pu) € Dy, and
T e K(X,, X)),

. * . 71 3
(4.2.3) zf]w(T) :2;’;7/\ (T).

For e € E,, we have e = e, the element e*e is positive in Eyg) and ||e*e|| = |e||*. For
g1 = (1,11, 22), g2 = (22,9, 23) € Gy, €1 € E,, and ex € Ey, we have (ee3)* = ejel.

Proof. For each (A, i) € D, the involution on (X, @ X,) restricts to the adjoint map
from IC(X,, X)) to K£(X), X,). By definition of C*-algebraic direct limits, it follows that

the involution on lim AwED, K(X) @ X,,) restricts to a conjugate linear map from E; to

E,-1 satisfying (£.2:3]). This map is an isometry because the connecting maps in the direct
limit are all isometric.

To see that e** = e, that e*e > 0 and that |[e*e|| = ||e||* for all e € E,, note that by
continuity it suffices to consider e =43 ,(T'). Two applications of ([LZ3J)) then give e** =

—1

(ZZ_; (T%))* =i ,(T*) = e because T** = T'. We have e*e =i , (T*)i{ ,(T) = 9 (7T
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as i5?) is a homomorphism. Moreover, regarding T as an element of K(X, & X,,) and 4 p

as a homomorphism of (X, @& X,,), we have
le*ell = 13 (T T = 1135, (T)II* = el
For the final statement, it suffices by Lemma to consider e; = i ;.  (T;) for
1 =1,2, and then

-1 -1 —1 -1
(ere)” = iR, (MTo)" =02 3! (TR 1Y) = 032 5\, (T3 )ixs 5, (T7) = esel. O

The disjoint union | | ., E, will form a Fell bundle over Ga, but we must first endow
it with an appropriate topology. To do this, we first make it into a Banach bundle by
defining a linear space of sections of continuous norm which is fibrewise dense.

Definition 4.2.5. Fix a pair A, u € A such that s(\) = s(u). Let T € (X, X)). We

define an element f* € [] geay Eg DY
)\,u(g> — Zg,u(T> lf g € Z()‘v :U/)
T 0 otherwise.

Lemma 4.2.6. For each g € Gy, the collection
{f%“u(g) : ()‘nu) € DQaT € ’C(X}MX)\)}

is a dense subspace of E,. Moreover, for a fized pair \,;n € A with s(\) = s(u), the
map T — [ is a linear map such that || f*(9)|| = ||T|| for g € Z(\, u); in particular,
g |lf3(9)| is locally constant and thus continuous.

Proof. The first statement follows immediately from the definitions of fi’}’“ (g9) and of E.
Fix A\, 1 € A with s(\) = s(u). The map T — f* is linear because the iy are linear,

and for g € Z(\, p), we have || f3"(g)| = 135, (T)]| = [IT'|| because 7 , is an injective
C*-homomorphism. The final statement follows because Z (A, i) is both open and closed
in QA. O

We now define
Ex =span{fp* N\ p e A s(\) = s(p), T € K(X,, X»)}.
This is the collection of sections which will determine the topology on the Fell bundle.

Proposition 4.2.7. Let E = Ex denote the disjoint union |—|g€GA Ey, and letm: E — Ga
be the fibre map. There is a unique topology on E under which w : E — Gx becomes a
Banach bundle and such that the elements of Ex are continuous.

Proof. By [14] Proposition 1.6], it suffices to check that each E, is a Banach space, that
g — ||f(g)| is continuous on G, for each f € Ex, and that for each g € G, the set
{f(g9) : f € Ex} is dense in E,. Let f € Ex be given; to prove that g — | f(g)| is
continuous on Gy, it is sufficient (by Lemma [L.2.0]) to observe that f agrees locally with
functions of the form fj’}’“ . The other statements follow from the definition of E, and
Lemma [£.26] O
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Remark 4.2.8. A basis for the topology on Ex obtained from Proposition [1.2.7] is de-
scribed in the second paragraph of the proof of [14, Proposition 1.6]: it consists of the
sets

W(f,Uye):={ec E:|f(r(e) —e|| <eand n(e) € U}
where U varies over open subsets of Gy, f varies over £x, and ¢ > 0.

Indeed, we may restrict U to vary over any basis for the topology on G,. In particular,
we may restrict U to the basis U, as defined in subsection

The following lemma will be needed for the proof of the main theorem.

Lemma 4.2.9. Fix fi, fo € Ex, an element g € Gy and an open neighbourhood U of g.
For any €,0 > 0 such that || fi(g) — f2(g)|| < € — 0, there exists an open neighbourhood V/
of g such that

W(f2, V,6) C W(f1,U,e).

Proof. By Proposition .27, each element f of Ex has the property that g — || f(g)] is
continuous. In particular, since || f1(g) — f2(g)|| < e—49, there exists a basic neighbourhood
V of g such that for all h € V, we have || fi(h) — fo(h)|| < € — 6. We claim that this V/
suffices. Indeed, if e € W ( fs, V,d), then in particular m(e) € V' C U, and |le—fi(7(e))|| < &
by the triangle inequality. Il

4.3. The main results.

Theorem 4.3.1. Endowed with the multiplication given in Lemma[{.2.3, the involution
given in Lemma and the topology given in Proposition [{.2.7], E forms a saturated
Fell bundle over Gy.

Proof. To prove that the multiplication is continuous, fix (g1, g2) € 91(\2), elements e; € Ey,,
and a basic neighbourhood W (f, U, ¢) of e;es where U belongs to the basis Uy described
in Remark .22.8 We must find neighbourhoods W; = W(f;, U;, €;) of the e; such that

WiWy = {vjvy 1 v; € Wy, (m(v1), m(vg)) € gf”} Cc W(f,U,e).

To do this, we first show that W (f, U, ) contains a smaller neighbourhood of a specific
form as justified by the following claim.
Claim. There exist 6,7 > 0 such that, for any compatible pair of decompositions g; =
(A1z,d(A1) — d(Aa), A2z) and go = (A2, d(N2) — d(A3), A\32), and for any pair of operators
T; € K(Xy,,,, X)) satisfying

1355 7, (T3) — el <,

there exists n € N¥ such that v := 2(0,n) and V := Z(\ v, \3v) satisfy g1go € V C U and
eres € W(fNAL,V.6) C W(f.U,e).

To prove the claim, we choose 0 € (0,¢/2) such that ||e;es — f(g1g2)|| < € —2J. Since
the multiplication map (e, f) — ef from E,, x E,, to E,,,, satisfies |[ef|| < ||e]|||f]], there
exists n > 0 such that for all a; € E,, with |a; — €;|| < n, we have ||a;as — ejes]| < 0. Fix

T; € K(X,,,,X),) satisfying
13552 (T3) = ell < -

Then setting a; :== i ,,.,(Ti), our choice of 1 forces

1F352 (g192) — f(g192) |l = llaraz — f(g192)| < llaraz — exea| + |leres — f(grg2)|| <& — 6.
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By Lemma applied to f1 = f and fo = f%ll’T>2‘3, there exists a neighbourhood Vj of
g19> such that
eres € W( g, Vo,8) C W(f,U,e).

There exists n € N* such that, with v := 2(0,n),
g192 € Z()\ll/, )\31/) C ‘/0 N Z()\l, )\3)

since such sets form a neighborhood basis for g (see subsection 22). Setting V :=
Z(A\v, Agv) concludes the proof of the claim.
Let 6 and n be as in the claim. Let

M := max{|le]l, [leal|} + 27,
and define 5
K = min {m,n}.
By Lemma 2.2, we may fix z € A® and \i, Ay, \3 € Ar(x) such that g; = (N, d(\;) —
d(Nit1), Miqax) and T; € K(X,,,,, X»,), and such that

(4.3.1) |

By the claim, there exists n € N* such that, with v := 2(0,n), V = Z(Av, Asv) is a
neighbourhood of ¢;¢s contained in U and satisfying

eres € W(fpi52,V,8) C W(f,U,e).

Observe that ||T;|| < |le;
+ k& < el +n, s0 M = les|| +2n > (| T3] = n) + 2n = [|T3|| + n for each i.
Let V; := Z(\jv, \ip1v) for i = 1,2, and observe that V' = V; V5. We claim that the sets

W= W, Vi)
have the desired properties. Indeed, suppose that b; € W, for i = 1,2, and let h; :=
7(b;) € V. By Lemma 23 we have fp'7 (hiho) = f172(h1) f72(ho). Using this fact
and the estimate
16:l] < T3l + 5 < lesll + 26 < M,
obtained from the definition of the b; and ([A3]), we may calculate:

b1ba — [ (haho) || < N1ball 102 — f2% (ha) || + [1br — f 2 (Ro) || || £227 (o) |
< klb1|| + K[| T2 ||
< 4.

We have ejey € WWy because ||T; — e;|| < & forces e; € W; for i = 1,2. This completes
the proof that multiplication in E is continuous.

By ([£2.3), the set Ex is closed under the map f +— f* where f*(g) := f(¢~')*. Hence,
the involution on E'x is continuous.

To complete the proof that 7 : Ex — G, is a Fell bundle, we must verify that Ex is
a Banach bundle, satisfies conditions (i)—(x) of Definition 2.7.1] and is saturated. It is
a Banach bundle by Proposition 27l It satisfies (i)—(iv) by Lemma .23 and satisfies
(v)—(x) by Lemma .24 Finally, that E is saturated follows from Corollary and the
remark following Definition 2.7.11 OJ
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Ezample 4.3.2. Let (A, X, x) be a regular Q-system of C*-correspondences. We have
O = {x, : n € N*} where z,, is the unique infinite path with range n. Note that
for each n we have x, = 0"(xy). For each pair m,n € NF there is a unique element
Gmn = (Tm,m —n,x,) of G = Go, whose range is x,, and whose source is z,, so G is
isomorphic to the complete equivalence relation N* x NF,

The pullback 25X associated to the infinite path with range 0 may be identified in the
obvious way with X itself. Hence Proposition 1.2, implies that for each n, the fibre
E,, is isomorphic to the corresponding corner P,,C*(A, X, x)P,. More generally, the fibre
E,,n over the groupoid element g,,,, is the subspace P,,,C*(A, X, x)P,.

Remark 4.3.3. Fix paths A1, Ay, A3 € A such that s(A;) = s(Ay) = s(A3), and for i = 1,2
let T; € K(X),,,, X»,). It follows from Lemma that

A2 pA2,A A
(4.3.2) lel QfT; 3 = T11T23'

Recall from 27 that C(Gy, Ex) is defined to be the closure of C.(Gy, Ex) in the operator
norm.

Lemma 4.3.4. Let X be a A-system, and Ex the Fell bundle described in Theorem[4.3.1].
Then Ex is a dense x-subalgebra of C*(Ga, Ex).

Proof. Each element of £x is a linear combination of continuous sections supported on
compact sets of the form Z(A, u). Hence Ex C C.(Ga, Fx). As noted above, equa-
tion (A23)) implies that Ex is closed under involution. To show that Ex is closed under
convolution, fix A, p, v, 7 € A with s(\) = s(u) and s(v) = s(7) and fix 71 € K(X,, X))
and Ty € K(X,, X,). We must show that fC/F\{M 7. € Ex. To calculate the product, fix
g € Gp. Since G, is étale, we have

() 9) = D i (Th)i (Ty).
g192=g

Suppose that g1, gs € Ga satisfy gig» = g and i}, (T1)i%% (T2) # 0. Then g, = (Az, d(\) —
d(p), px) for some x € A®, and go = (vy,d(v) — d(7),7y) for some y € A®. Since
(91,92) € G?, we have

pr = s(g1) = r(g2) = vy,
so there is a unique (o, 3) € A™"(u, v) such that z := o®WVIW) (7)) satisfies
paz = pr = vy = vfiz.
Let m = d(\) — d(u) and n = d(v) — d(7). Then
d(Aa) — d(7B) = d(X) + ((d(u) V d(v)) — d(n) — (d(7) + ((d(p) V d(v)) — d(v)))
— d(N) — () — d(r) + d(v)
=m+n.
We then have g = g192 = (Az,n 4+ m, 17y) = (Aaz, d(Aa) — d(73), 78%).

We conclude that if ( f%l’“ 777) (g) is nonzero, then there is a unique (o, 8) € A™(u, v)
such that

g = (Aaz,d(Aa) —d(10),702) € Z(Aa, 73),
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and in this case,

(fj):lﬂ T2 )(g) _ ig\A;c,m,uw) (Tl)i(uy,n,ﬂ—y) (T2>

Zg\);éz:; JAT) ( o poe (Tl)) l(/l/ﬁy;—nﬁﬂ/) ( Zﬁq—Tﬁ (Tg))

A T
Z)\a T (7’)\0;(;“0[ (Tl )ZZI,% 7 (T2))
_ pAa, 0
B iif’g“C‘(Tlﬁz,‘W(Ta(g)‘

It follows that

(fT{u 7 )(9) = { %%ZS(Tl)z‘Z%rﬁ(Tg)(g) if g € Z(Aa, 73) for some (e, ) € A™ (1, v)
0 otherwise.
Hence
et = Z %%Zg(:rl)iz{if‘*(nﬁ

(o, B)EA™IR (p,0)
which belongs to £x as required.

It remains to prove that €y is dense in C¥(Gy, Ex). Since C.(Gp, Fx) is dense in
C*(Ga, Ex) it suffices to show that we may approximate each f € C.(Ga, Ex) by an
element of Ex. Given f € C.(Gy, Ex), we may rewrite f as a finite sum of sections, each
of which is supported on an element of U,. So it suffices to consider the case where the
support of f is contained in U € Uy. On such sections, the uniform norm agrees with the
C*-norm. Fix e > 0. For each point g € U fix f, € £x such that || f,(¢9) — f(9)] < &/2.
Then there is an element V, of U, containing ¢ such that ||f,(h) — f(h)| < € for all
h € V,. We pass to a finite subcover and then disjointize to obtain a cover of U by
disjoint compact open sets Vi, ..., V, and elements fi,... f, € Ex such that the support
of each f; is contained in V; and each f; is within € of f uniformly on V;. Now > 7 | f;
approximates f within €. 0

To reduce confusion in the next two results and their proofs, we adopt the following
notation. For A € A and £ € X, there is an element of C(A,(y), X») defined by a — &-a; we
denote this operator by l¢. In particular, for a € A,, we wrlte l, for the compact operator
on X, = A, implemented by left multiplication by a. Observe that [; € (X, Asyy) is
defined by Iz (n) := (£, 1) 4,(,,, and in particular that l¢ly = 0¢ , whilst [{l, = l<fﬂ7>A5(A)
Proposition 4.3.5. The assignments m,(a) == f" and px(z) = l’g\n’s(}‘) determine a
Cuntz-Pimsner covariant representation (p,m) of (A, X, x) in C*(Ga, Ex).

Proof. Throughout this proof, we use 1 ,) to denote the indicator function of a cylinder
set in Gy.
We first show that each m, is a C*-homomorphism. They are linear by definition.

By #2Z3), we have m,(a)* = (f,"")"(9) = 1z() (9)i9 " (I¥) = my(a*). We have 1z(,.,)(g) =
lif and only if g = g7% = (2,0, x) for some x € vA>, and since a + [, is a homomorphism

we obtain 7,(a)* = (f,"")"(g) = 1Z(U 0 (9)¥(ler) = f32°(g) = mp(a*). Similarly,
m(@)m(0) = (ffi")(9) = Y 1200)(91) 1200 (92)i8 (a)i%2 (0)

gi192=g
= Lz(0)(9)15(a)i(b) = f,"(g) = m,(ab).

since 9 and a +— [, are homomorphisms.
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The py are clearly linear maps, and p, = 7, for v € A° by definition.
We must next check the multiplicative property Definition B21I[2). Fix a, 8 € Gy, and
fix £ € X, and n € Xg. Then for g € Gy,

Z 1Z(asa a1 1Z(ﬁ8(,3))(g2) (lf) (g)(ln)
9192=9g

The conditions g1g2 = g, 1z(a,s(a))(g1) = 1 and 1z(5,48))(g2) = 1 combine to force g =
(afzx,d(af),z) € Z(af,s(B)) for some x € s(f)A>, and g; = (afz,d(a), fz) and go =
(Bx,d(0), x); in particular, they force s(a) = (), so pa(§)ps(n) = 0 if s(a) # ().

If s(a) = r(B), let go := (r(g),d(a), 0" (r(g))) and g5 := (6% (r(9)), d(B). 5(9))-

Then we may continue our calculation:

Pa(f)Pﬁ(n) = 1Z(aﬁ,s(,3 (g)zias (o) ( ) ﬁs(,@) (l )
= 12(015,3(,3 (gﬁgﬁ s(af) ( (l§>l77)
= 12(a8,59) )(9) iﬁ s(aB) ( xa,ﬁ(§®77))
= Pap(Xa,(€ @1)).

We have next to show that if d(a) = d(8), then pa(£)*pp(n) = da,57s(0) ({€, M) 4,,) for
all £ € X, and n € Xj3. Fix such a, 3, £ and n. For g € Gy,

(pa (&) ps(m)) (9) = ((£° ) 25D (1)) ()
_ Z as(a —l fﬁs(ﬁ( )

g192=g
= > 1z(s(@00)(90) 128,59 (92)i ) 0 (1E)i%, 5y (1)
g192=g

The conditions g1g2 = ¢, 1z(s(a).0)(g1) = 1 and 1z(3,43))(g2) = 1 combine to force g =
(z,0,z) for some = € s(a)A>®, g; = (r,—d(a),ax) and go = g;'. In particular, if o # 3,
then (pa(€)*ps(n))(9) = 0. Hence, writing g, = (r(g), —d(a), ar(g)),

(0 (&) (M) (9) = Ga s 2(s(0),5(0)) (9)1%5) o (1) (a>(ln)
= 5(1,51Z(8(o¢),8(a)) (g) s(a),s(a)(lfln) = aﬁﬂ—s (a) (<§ 77) S(a))

as required.

It remains to show that (p,7) is Cuntz-Pimsner covariant. To do this, we first show
that for A € A, T € K(X,) and g € Ga, we have pM(T) = Lz, ()33 4(T). By linearity
and continuity, it suffices to consider T' = 0, for some £, n € X,. For this we calculate

PN (Oe.) = pr(€)pa(n)”
— Z “(A ())*(92)

g192=9g
= > ) ) g
g192=9g
(4.3.3) = D Lz (9126000 (92)i5 0 ()i 1 (1)

9192=9g
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by [#2.3). The conditions gig2 = g, 1z(s00)(91) = 1 and 1z(s0,0)(92) = 1 combine to
force g = (\x,0, Ax) for some x € s(\)A®, g1 = (Ax,d()\),x) and g, = g; '. Hence ([Z3.3)
together with the characterisation (£2:2) of multiplication in Ex implies that

PN (Be.) = 12000 (9)75 5 (Be)

as claimed.
By Condition B.ITI[), we have ¢,(a) = iﬁ(/\)(la) for all a € A, (). Hence
(4.3.4) PN (0x(a)) = 120,981 (10 (1) = 1200 ()7 ) ) (La)-

We are now ready to establish that (p,7) is Cuntz-Pimsner covariant. Indeed, fix
n e NF v e A”and a € A,. Observe that Z(v,v) = | |,coan Z(A, A). Hence, for g € Gy,
using equation (£34]) to obtain the first equality, we calculate

Z P(A)((bk(a)) = Z 1Z(A,A)(9)i7g~(>\),r(>\)(la) = 120w (g)ig(x),r(x)(la) = 1. (9) = m(a),

AEVA™ AEVAT

so (p,m) is Cuntz-Pimsner covariant as required. O

Our second main theorem identifies the cross-sectional algebra of the Fell bundle with
the C*-algebra C*(A, X, x) of the A-system X (see Section [3)).

Theorem 4.3.6. There is an isomorphism ¥ : C*(A, X,x) — C(Gx, Ex) such that
under the canonical identifications A, = K(X,, X,) and Xy = K(X), Xa), we have

U(my) (a) = f"  forallve A® and a € A,, and

v

T(pX(x) = fli’s(A) for all X € A and x € X,.

Proof. Let (p, m) be the Cuntz-Pimsner covariant representation of (A4, X, x) in C!(Ga, Ex)
obtained from Proposition [£.3.5l This gives a homomorphism

U= \:[IPJT : C*(Ava X) - C:(g/\u EX)

as in Definition satisfying the given formulae. It remains to show that ¥ is bijective.

We use Theorem B.3.1] to prove injectivity. Observe that for each v € A°, the map m,
is injective, so condition Theorem B3TI[2]) holds.

Define a cocycle ¢ : Gy — Z* by c¢(z,n,y) := n. Then c is locally constant and therefore
continuous. Hence there is a strongly continuous action 3 : TF — Aut(C!(Ga, Ex))
determined by £.(f)(g) = 2@ f(g). Observe that f,(f}*) = zHN=dw) (A4 for all T e
K(X,, X,). In particular, for all v € A° and a € 4, = K(X,, X,) we have

Ba(mo(a)) = B:(1") = £, = m(a),

and for all A € A and = € X, we have

B.(pa(2)) = Bu(fr* ™) = 240 £ = 240 ) (),

Hence Theorem B3I[) is also satisfied. Thus ¥ is injective.

For surjectivity, it suffices by Lemma [£.3.4] to show that the set £x is contained in the
range of W. For this it suffices by definition of £x to show that f%’“ is in the range of ¥
for all A, € A with s(\) = s(p) and all T € K(X,,, X)). Fix such A, p and T, and let
v := s(A) = s(u). Since the range of W is closed, we may assume that 7" is finite rank, that
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is, T'= 37, 0s,y, Where 7; € Xy and y; € X, forj=1,...,n. Wehave T'=3"7, I,y .
Hence, by the linearity of the section map S +— f)"” and equation (£.3.2]), we have:

wal* Zf“flﬂ Zf (FL"y

= Z W (px ()W (px (y))"
j=1
Thus f%’“ is in the range of W. This concludes the proof of surjectivity. O

5. EXAMPLES

5.1. Higher-rank graph C*-algebras. Let A be a higher-rank graph. For each v € A°,
let A, be the 1-dimensional C*-algebra C, and for each A € A, let X, be the 1-dimensional
Hilbert space C regarded as an A, y)—~Ay) C*-correspondence. The multiplication isomor-
phisms Y, g : w ® z — wz determine a A-system (A, X, x) of C*-correspondences. This
system is regular precisely when A is row-finite and has no sources, and then C*(A4, X x)
is canonically isomorphic to C*(A).

Suppose that A is indeed row-finite with no sources. Then the Fell-bundle Ex is the
trivial bundle Gy x C, and its reduced cross-sectional algebra is the completion of the image
of C.(Ga) under the regular representation, that is, the reduced groupoid C*-algebra
C*(Ga). The isomorphism C*(A) = C*(Gy) of Kumjian and Pask (see [28, Corollary
3.5(1)]) is a special case of Theorem

5.2. Strong shift equivalent C*-correspondences. Consider the situation of Exam-
ple BIGI[). That is, let A and B be C*-algebras, let R be an A-B correspondence, and
let S be a B—A correspondence. Suppose that R and S are each full and nondegenerate,
and that the left action of the coefficient algebra on each is implemented by an injective
homomorphism into the compact operators. Let (A, A') be the directed graph with ver-
tices v, w and edges {e, f} where s(e) = r(f) = v and r(e) = s(f) = w. Define A, = A
and A, = B, X. = Rand X; =S, and for m > 2 and p € A™, define

Xy = Xy ®ay,) Xz @4
X, by

: ®5(Nm—l) Xﬂm :

s(ug)

Define isomorphisms x,., : X, ®a,,,

Xu,l/((xm®"'®xum)®(xl/1®"'®xvn)):xm@"'@xum@xm®"'®xvn'

The result is a regular A-system (A, X, x) of correspondences. Notice that our notion of
regularity implies the one in [34].

Mubhly, Pask and Tomforde show in [34] that Ogrg,s and Osg,r are Morita-Rieffel
equivalent. We can reinterpret this in terms of the A-system. Indeed, if 1,,1, €
M(C*(A, X, x)) are the images of the units of the multiplier algebras of A, and A,
respectively, then each of 1, and 1, is a full projection, and two applications of the
gauge-invariant uniqueness theorem show that

1UO*(A7 Xa X) 111 = OR®BS and 1w0*(Aa X> X)lw = OS®AR>
so that 1,C*(A, X, x)1,, implements the desired Morita-Rieffel equivalence.
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The graph A has precisely two infinite paths, namely (ef)> € vA*> and (fe)™ € wA™.
By construction,

Eeppe =imK((R®p S)®")  and  Eo~ = lmK((S @4 R)™"),

n n

which are precisely the fixed-point subalgebras of the copies of Ogg,s and Ogg,r em-
bedded in C*(A, X, x) as above.

More generally, let A be the path-category of the directed graph consisting of a simple
cycle of length n. Let (A, X, x) be a regular A-system. For any two vertices v,w € A°
let 1., denote the unique path of minimal length from w to v, and for each vertex v,
let A\, denote the unique cycle of length n with range v. Proposition implies that
the fibre E,, is isomorphic to the fixed point algebra O}QU for the gauge action on the
Cuntz-Pimsner algebra of X, (see the final paragraph of Section 25)). Then for distinct
v, w, the correspondences X, , and X, , become an instance of the situation considered

w,v

above, and we obtain a Morita-Rieffel equivalence

(521) OXAU = OXMv,w®AwXMw,v ~ OXMw,v®AvXHv,w = OXAw‘

Indeed, as argued above, each 1,0%(A, X, x)1, = Ox,  and the 1,C*(A, X, x)1,, imple-
ment the Morita-Rieffel equivalences (52.1]). For each vertex v € A? there is a unique
infinite path =, = (\,)* such that v = r(z,). Recall that we may identify A> with Qf\o),
and then for each v € A° the fibre E,, is isomorphic to the fixed-point algebra for the
gauge action on Oy, .

5.3. I'-systems of k-morphs. Let I' be a row-finite /-graph with no sources, and let
W be a I'-system of k-morphs satisfying the technical assumptions () of [30]. Proposi-
tion 6.4 of [30] shows how to associate to each k-morph W, (where v € ') a C*(A )~
C*(As(y)) correspondence H(W.,). The proof of [30, Theorem 6.6] shows how to construct
isomorphisms .., : H(Wy,) ®@c+(a,(,) H(W,) — H(W,,), and it is routine to verify using
the associativity conditions imposed on the system W of k-morphs that the x,, satisfy
the associativity condition (B)) of Definition BTl Let A, := C*(A,) for all v € "% and let
X, == H(W,) for each v € I'. Then (A, X, x) is a I'-system of C*-correspondences.

Let ¥ be a I-bundle for the I'-system of k-morphs. This is a (k + £)-graph X to-
gether with a functor f : ¥ — I called the bundle map such that the degree d(f(\)) =
(d(N)ga1y -+ d(N)pae) for all X € X, each f~(v) 2 A, and each f~1(AN)N{p € T : d(un); =
0 for i < k + 1} is isomorphic to X,. We claim that C*(X) = C*(A, X, x). To see this,
fix 0 € ¥. Factorise 0 = y\ where d(\); =0 for i > k+ 1 and d(y); = 0 for i < k. Then
we may identify A with an element of Ay and y with an element of Wy(,). Let v = f(0),
so that y € W,.

Proposition 6.7 of [30] shows that

X, =HW,) = C.(W,) ®CO(A(S)(’Y)) C*(Asy))-

In particular if 4, € C.(W,,) is the point-mass, and if s, denotes the canonical generator of
C*(As(y)), then 6, ® sy is an element of X,. Let (p, ) denote the universal representation
of (A, X,x) in C*(A4, X, x), and define ¢, € C*(A4,X,7) by t, := p,(0, ® s)). It is
routine to check that {t, : 0 € ¥} is a Cuntz-Krieger ¥-family. These elements generate
C*(A, X, x) because the elements J, ® s, span a dense subspace of each X,. Hence the
universal property of C*(X) ensures that there is a surjective homomorphism ¢ : C*(X) —
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C*(A, X, x) such that ¢(s,) = t, for all o. A straightforward application of the gauge-
invariant uniqueness theorem [28, Theorem 3.4] shows that ¢ is injective.

For g = (ax,d(«) — d(B), Bz) € Gr, the fibre E, of the Fell-bundle E can be described
using the isomorphism ¢ : C*(X) — C*(A, X, x) as

Ey = 551 ( Upera {0(5057) : /(1) = aw(0,n) and f(v) = B(0,m)}).

5.4. Systems of endomorphisms of a single C*-algebra. Consider a C*-algebra A
and a row-finite k-graph A with no sources. Suppose that A — ¢, is a contravariant
functor from A to End;(A), the semigroup of approximately unital endomorphisms of A
regarded as a category with one object A. Assuming each ¢, is injective, we construct
a regular A-system (A, X, x) as in Example BLO(iv]), where A, = A for v € A° and
Xy =, A for A € Al In this case, E, = h_H)l(Az(n), Pa(mmny) for x € A® = Qf\o); if all ¢y
are automorphisms, F, is isomorphic to A for all z.

We regard the C*-algebra C*(A, X, x) as a kind of crossed-product of A by an action
of A. We consider two special cases (see also section 4.3 in [39]).

Example 5.4.1 (Crossed products by Z*). Consider k commuting automorphisms o, ..., a
of a C*-algebra A. For m € N¥ let X,,, = ,m A, where o™ = of" - --a;™. Then X = (X,,)
is a Tp-system of correspondences, where T}, is the k-graph whose path category can be
identified with N*. The corresponding C*-algebra C*(A, X, x) is isomorphic to the crossed
product A x Z*.

In this instance, the groupoid G, is isomorphic to Z*. Note that E, = A, and, more
generally, for n € Z* we have E,, = ,»A with the same multiindex convention as above.
Observe that the Fell bundle E is the Fell bundle over Z* obtained in the usual fashion
from the dual action of T* on the crossed product.

Ezxample 5.4.2 (Cuntz’s twisted tensor products). In [6], Cuntz constructs a twisted tensor
product A xy O,. Let A be a unital C*-algebra acting nondegenerately on the Hilbert
space ‘H, let U = (Uy, ..., U,) be a family of commuting unitaries in £(H) implementing
automorphisms aq, ..., o, of A, and let S, ..., S, be the isometries generating O,,. Cuntz
defines A %y O,, as the C*-subalgebra of L(H) ® O,, generated by A ® 1 together with
Uy ® 65, ...,U, ®S,. Notice that we have the relations

(ai(a) &® 1)(UZ ® SZ) = (UZ ® SZ)(CL (%9 1), fora € A, 1= 1, o, n.

Let A be the 1-graph with A = {v} and A’ = {ey,...,e,}. Let ay,...,a, be any
collection of automorphisms of A (we need not assume that the a; commute, though this
is the case in Cuntz’s setting). Let A, := A, and for each edge e; let X,, := -1 A. Let

(A, X, x) be the corresponding A-system. The C*-algebra C*(A, X, x) is generalted by A
and n isometries Vi, ..., V,, with relations

ViVi=65, Y ViV =1, ai(a)Vi=Via, i=1,.n
i=1
Indeed, for i <n,let x; = (0,..., 14, ...,0) € B}, X.,, where the 14 is in position i. Then
(i, xj) = 0;; and @ = > xi(w;, x) for all z € @), X.,. Consider the image V; of z;
in C*(A, X, x). Then V;*V; = d6;;, iy ViVi* = 1, and since a - z; = x;(x;,a - z;), we get
aV; = Via; ' (a) or a;(a)V; = Via for a € A. If the a; commute, the isomorphism between
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C*(A, X, x) and A xy O,, is given by
a—a®l, Vi—U®S;.

Notice that C*(A, X, x) unitally contains an isomorphic copy of C*(A) = O,,, and the
groupoid G, is the Cuntz groupoid described in [45, Definition I11.2.1]. As noted above,

each fibre of the Fell bundle over ggo) is isomorphic to A.

5.5. Ionescu’s (C*-algebras associated to Mauldin-Williams graphs. Our discus-
sion is based on the class of examples considered by Ionescu in [2I]. Let A be a k-graph
(Ionescu considers a finite directed graph). Let 7 be the category whose objects are com-
pact metric spaces T', and whose morphisms are contractions. Let A — ¢, be a covariant
functor from A to 7; since we identify the vertices of A with its objects, we have ¢, = idr,
for each v € A°.

For v € AY, let A, := C(T,), and for A € A, let % : A,(\) — Ay be the induced map
O3 (f) = fopx. Now define X to be the C*-correspondence @KAS(A) from A,y to Agn).
For each composable pair «, 3 in A, there is an isomorphism x, g : Xo R 4,0 Xp — Xop
given by

Xo(f @ags)) 9)(t) = (05()g)(t) = f(ps(t))g(t).

Since T'— C(T') and ¢ — ¢* determines a contravariant functor from 7 to the category
of C*-algebras with C*-homomorphisms as morphisms, the triple (A, X, x) is a A-system
of C*-correspondences.

The X, are always full and nondegenerate with a left action by compact operators.
The left actions are all injective when the ¢, are all surjective. In particular, the system
X is regular if A is row-finite with no sources, and each ¢, is surjective.

For each element x € A*°, the fibre E, of the Fell bundle F is given by

E, = hi,nlC(Xx(O,n)) = hi,n(C(Tw(n)% @;(m,n)) = O(@(Tm(n% Pu(mon)))-

In Ionescu’s setting, A is the path category of a finite directed graph with no sinks
or sources and there is a constant ¢ < 1, such that the contraction constant c, of @,
satisfies ¢y < ¢ for every A € Al. As in Remark B.I1.5] the functor is then determined by
{T, : v € A%} and {p. : e € A'}. Since ¢y < ¢ < 1 for every A € Al| the intersection
Moy @) (Tem)) is a singleton {t,} for any infinite path z € A>. By the universal
property of projective limits, it follows that im(7% (), @u(mn) is a singleton, so E, = C.
Unfortunately, the ¢, will typically not be surjective in this setting. So the resulting
A-system will fail to be regular.

Quigg (see [42]) considers graphs of C*-correspondences over row-finite 1-graphs with
no sources with a view towards generalizing Ionescu’s result by working in the category
of locally compact Hausdorff spaces with continuous proper maps.

5.6. Pinzari, Watatani and Yonetani’s systems of C*-correspondences. In sec-
tion 5.3 of [39], Pinzari, Watatani and Yonetani study KMS states on the C*-algebra
defined using a finite family of C*-correspondences. More precisely, let Ay, ..., A, be uni-
tal simple C*-algebras. Fix a matrix ¥ = (0;;) € M, ({0,1}) with no row and no column
identically zero. For each pair (7, ) such that o;; = 1, let X; ; be a full, finite projective
A;-Aj C*-correspondence. Pinzari, Watatani and Yonetani study the KMS states on the
Cuntz-Pimsner algebra of the C*-correspondence X := @Ui}j Lo Xij over A== @, A
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Let Ay, be the 1-graph with A° = {vy,...,v,} and A’ = {e;; : 0;; = 1} with s(e; ;) = v;
and 7(e; ;) = v;. As in Remark[3.1.3] setting 4,, := A; and X, , := X; ; determines a regu-
lar Ag-system of C*-correspondences. Our construction of C*(A, X, x) in Definition
is so that C*(A, X, x) = Ogy x,, the C*-algebra studied by Pinzari-Watatani-Yonetani.

5.7. Topological graphs fibred over directed graphs. Let A be a 1-graph, and fix
locally compact spaces T, and U, for each v € A° and e € A'. Suppose there are local
homeomorphisms o, : U, — Ty and continuous maps p, : U, — T, ) for each e € Al
These data define a A-system of C*-correspondences, by taking A, = Cy(7T,) and X, to
be the A, )~Ase) C*-correspondence obtained from the completion of C.(U,), with inner
product defined by

Emm =Y &unw)
oe(u)=t
and with right and left multiplications defined by

(f - €-9)(u) = flpe(u))§(u)g(oe(u)),

where {,1 € C.(U.), [ € Co(Tr(e)), and g € Co(Ts()). This A-system is regular if A is
row-finite with no sources, the maps o, are surjective, and the p. are proper with dense
range. By construction, C*(A, X, x) is isomorphic to the C*-algebra of the topological
graph with vertex space | |, 0 T3, edge space | | .1 Ue, and source and range maps defined
using o, and p.. An important special case of this example is given by the following.

5.8. Katsura’s realisation of nonunital Kirchberg algebras. Building on earlier
work of Deaconu (see [9]), Katsura (see [25]) constructs the topological graph A x,,,, T
as above, with T, = U, = T for all v € A and e € A!. Given two maps n : A' — Z, and
m: At — Z, define o, : U, — Ty by 0c(z) = 2 and p, : U, — Tr(e) by pe(z) = Zmle),
He shows that every nonunital Kirchberg algebra is isomorphic to the C*-algebra of such
a topological graph where the maps n,m are chosen appropriately (see [25, Lemmas
4.2 and 4.4 and Proposition 4.5]). The associated A-system of C*-correspondences is
regular precisely when A is row-finite with no sources and m(e) # 0 for all e € Al
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